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TY Aving for a long time obſersd, that 
H moſt of thoſe, that take in hand the 
Elements of Euclid, are apt to 

aiſhike them , becauſe they cannot- preſently 
diſcern, to what end thoſe ſeemingly inconſi» 
derable, and yet difficult. Pro aa, can 
conduce.;.. thought I ſhould ao an accepta- 
ble prece of ſervice, in not only rendring them 
as eaſie as poſſible, but alſo adding to each 
' Propoſition a brief account, of ſome Uſe, that 
25 made of them in the other parts of the Ma- 
thematicks.. /n proſecuting which deſign, 7 
have been oblig'd ta change ; Io Demonſtra- 
tions, that ſeem'd too intricate and perplex'd, 
and above the ordinary capacity of Beginners, 
and to ſubſtitute others more intelligible in 
their ſtead. For the ſame reaſon, I have de» 
monſtrated the fifth Book after a method, 
much more clear, than that by Equimulti- 
ples, formerly uſed. 1 would nat be thought 


to have {et down all the Vſes, that may be 
| A 2 made 
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made of theſe Propoſitions : to have done 
that, would have oblig'd me to have compras d 
the whole Mathematicks 7 this one Book ; 
which would have render'd it both too large, 
and too difficult. But 1 have contented my 
ſelf with the choice of ſuch, as may ſerve to 
point out ſome of the Advantages they-afford 
2s , and are alſo in themſelves moſt clear,and 
moſt eafie to be apprehended. I have diſtin. 
guiſh'd them by * Jnverted Commas; that 
the Reader may know them 3 not defiring he 
ſhould dell too long upon them, or labour to 
underſtand them perfetly at firſt, ſince they 
depend on the Principles of the other Parts. 

This therefore being the deſign of this ſmall 
Treatiſe, I voluntary offer it to the publicks 
n an Age, whoſe Genius ſeems more add- 
fed to the Mathematicks, than any that has 
preceded tt. 


* Inſtead of the Authors Italian charaRter. 
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Eight Books of the Elements 
of EUCLID, together 
with the Uſe of the Propo- 


ſittons. 


THE FIRST BOOK. 


F 1s to lay down the Firſt Principles of 
Geometry; and to do it methodically, 
© he begins with Defx#:10us, and the expli- 
* cation of the molt ordinary Terms. 'T'o theſe 
© he adds ſome Poſinlata; and then propo- 
© ling thoſe known Maxims, in which natu- 
© ral reaſon does inftruR us, he pretends, not to 
© advance a ſtep farther without a Demoyſirat:on, 
© bur to convince every man, even the molt ob- 
© ſtinate, thac will grant nothing, but what 18 ex- 
© torted from him, In the firtt Propolition, he 
© treats of Lines, and the diffecent Angles, waich 


c 
ary 


; Ti delign of EUCLID in this Book 


c 


. 4 of 


The Preface. 


made of theſe Propoſitions : to have done 
that, would have oblig'd me to have compris d 
the whole Mathematicks 7n this one Book ; 
which would have render'd it both too large, 
and too difficult. But 1 have contented my 
ſelf with the choice of ſuch, as may ſerve to 
pornt out ſome of the Advantages they afford 
as , and are alſo in themſelves moſt clear,and 
moſt eaſie to be apprehended. I have diſtin. 
guiſl?d them by * Jnverted Commas, that 
the Reader may know them 5 not defiring he 
ſhould dell too long upon them, or labour to 
underſtand them perfetly at firſt, ſince they 
depend on the Principles of the other Parts. _ 
This therefore being the deſign of this ſmall 
Treatiſe, I voluntary offer it to the publick, 
n an Age, whoſe Genius ſeems more adai- 
fed to the Mathematicks, than any that has 
preceded tt. 


* Inſtead of the Authors Italian charaRter. 


Eight 


('-8-J 


A — 


Eight Books of the Elements 
of EUCLID, together 
with the Uſe of the Propo- 


ſittons. 


THE FIRST BOOK. 


p 1s to lay down the Firſt Principles of 
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© areform'd by their concourſe ; and having oc- 
* calion ro compare divers 7Triaxg/es together, 
*in order ro demonſtrate the Properties of 
© Angles, he makes that the buſineſs of the 
© Eight firſt Propoſitions. Then follow ſome 
© Pralcal Inftruftions, how to divide an Axg le 
© and a Lize into two equal parts, and to draw a 
© Perpendicular, Next he ſhows the properties 
© of a Triangle, togerher with thoſe of Parallel 
© Lines ; and having thus finiſtd che. Explica- 
* tion of this firſt figure, he paſſes on to Paral- 
© lelograms, teaching the manner of reducing 
© any Polygone, or multangular figure into one 
© more regular, Laſtly, he finithes the fir 
© Book With that famous Propokition of Pytha- 
© goras, That in every reflangular Triargle the 
Square of the * Baſe is equal tos the Squares of 
both the other Sides. o 

*- He calls chat the Baſe, which is commonly ca!l'd che 
Hypotenuſe,i.e. the Line that is oppoſite to the right Angle. 
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DEFINITIONS. 


A Point is that which hath no parts. 

* This Definition muſt be underſtood in this 
© ſenſe : That quanticy, which we conceive 
© without diſtinguiſhing its parts, oriſo much as 
* confidering whether or no it has any, is a Ma- 


© chematical point 3 which 15 therefore very 
| © dif- 
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© different from thoſe of Zexo, which were ſup- 
© pos'd to be abſolurely indiviſible , and there» 
* fore ſuch, that we may reaſonably doubt whe. 
© ther they are poſſible ; bur the former we can- 
© not doubt of, 1f we conceive them aright, 

2. A Line is length without breadth. 

©The ſenſe of this definition is the ſame 
© with the former, That quantity, which we 
© conceive as length, without refleRing on irs 
© breadth or thickneſs, is that, which we under. 
© and by a Line though ir be impoſſible ro 
© draw a real Line, which will not be of a cer- 
© tain breadth. "Tis commonly ſaid, that a Line 
© is produc'd by the motion of a Point ; which 
© ought to be carefully obſerv'd z for motion 
© may on that manner produce any quantity 
© whatſoever : but here, we mult imagine a 
© Point to be only ſo mov'd, az to leave one 
© trace in the ſpace, through which it paſſes, and 
© then, that trace will be a line. 4 

3, Thetwo Extreams of a Line ave Points, 

4+. A right Line is that, whoſe poants are equal- 
ly plac d between the two Extreams. 

* Or thus. A righr Line is the ſhorteſt that 
© can be-drawn from one point to another. Or 
© yet, The Extreams of a right Line may caft a 
* ſhadow upon the whole Line. 

5. cA Superficies or Surface is a quantity, to 
which is attributed length ,and breadth,without the 
Conſideration of any thickneſs, 


6, The 
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6. The Extreams of a Superficies are Lines, 

' 7+ A plane or right Superficies is that, whoſe 
lines are equally plac'd between its two E xtreams ; 
Or that, to which a right line may be every way 
apply'd. 

A D 1 have before obſerv'd , that 
* Motion may produce any quan” 
* tity Wharſcever : accordingly 


*over another, it produces a Su- 
B GC © perficies, or a Plane; and that 
© har motion has a kind of affinity with Arith- 
© metical Multiplication, Suppoſe then the 
©line ABro paſs along the line BC, recaining 
© ill che Came firuarion, without any inclination 
*roone fide or other: the point A will deſcribe 
© the line AD, the point Brhe line BC, and 
© the intermediate points the lines parallel ro 
© choſe, which will make up the Superficies A 
*BCD.1I add further, that this motian anſwers 
© to Arithmetical Mulriplication j becauſe Cid 
© I kno thenumber of points,that are contain'd 
© in both rhoſe lines, AB, and DC ; by multt- 
© ptying them together, I ſhould find a produR, 
* which would give me.the number of points, 
* which conltirure the whole ſuperficies ABCD, 
* As for example, if AB contain'\{ four points, 
© and BC fix, =by ſaying four times fix make 
© rwenty four, 1 find, that the whole ſuperficies 
© ABCD conliſts of rwenty four points, Now 


| *we ſay, when or.E line moves 1 


—_ — _— »S WW - Rnd held 
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* by a Mathematical point, may be underſtood 
© any quantity whatſoever ; e.g. a Foo, provi- 
* ded it be nor ſubdivided into parts. 


8. A plain Angle is the * diſtance oy opening of 
two lines touching each other , ſo as not to compoſe 
only one line, 


* Overture. Gall. ggjs MAG; xaiots, Pack." 


B *As the diſtance D berwixr the 
© lines AB, and BC; which are not 
© parts of the ſame line, 

9. A Retlilineal Angle 1s the dj- 

D ſtance betwixt two right lines. 

A C *©'Tischiefly of this ſort of An- 
* oles that | would be unde:(tood at preſent ; 
© which I define by diſtance or opening, becauſe 
* Experience reaches, that the greateſt parr of 
* Beginners deceive themſelves in meaſuring 
© the greatneſs of an Angle by char of the lines, 
< within which it 1s contain'd, 


A | © The Angle that is more 
RD ©open, is the greater ; that 
> | © 1s, when the lines of one an- 


E 
E-7þ | 
>> i; © ole lie more apart from each 
mo ; \ * other than thoſe of another, 
Gl. _.\L * raking them ar the ſame di- 


" *the angle Ais greater than the angle E ; bes 
B 


© cauſe 


> 
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© caliſe taking the: points D and B as remote 
© from the point A, as the points G and L are 
* from thepoint E ; the points D and B lie fat- 
© rher apart from each other, than the points G 
© and L : fron whence I infer, that if the lines 
©EG and EL wee produc'd farther; the angle 
©E would be always of the fame largeneſs, and 
© always leſs than the angle 'A. , 

© Weuſe three letters when we ſpeik'pf an 
© Angle, of which the middlemoi dettores the 
« point of concourſe ; as the angle BAD is the 
© anzle which by the lines BA and ADis form'd 
© ar the point A: the avgle BAC is that made 
© by the lines BA and AC: the angle CADis 
© compris'd by the lines CA and AD. 

* ACircle ts the meaſure of an Anc le, There- 
© fore to know-the magnitude of the Angle 
© BAD, I place the foot of the Compaſs upon 
© the point A, and deſcribe the circle BCD : 
©the angle is ſo much the greater, by how 
© many more parts of a circle the arch,that mea- 
© ſures it, contains : and- becauſe a circle is uſu- 
& ally divided into 360 parts, or degrees, there- 
©fore an 2ngle 1s ſaid to have twenty, thirty, 
© forty degrees, according as the arch, com. 
6 pris'd ber:vixc the lines that form ir, contains 
© ſo many. So the angle is the greater, which 
© contains more degrees, as the angle BAD is 
© oreater than the angle GEL, © The line CA 
« divides the angle BAD in the middle, becauſe 

the 
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© the arches BC and CD are equal : and the an- 
© ole BAC is part of the angle BAD, becauſe 
* the arch BC is part of the arch BD, 

10, When one line falling upon another makes 
two equal angles, they are bath right angles; and 
the line perpendicular, 

A © As for exampl2: 1f the line 


T * AB, plac'a upon che line CD, 
make the angles ABC and 
#9 ABD equal ; that is, if, ha. 


F B D ving deſcrib'd a . ſemicircle 


©CAD from the center B, the arches AC and 
*AD are equal : the angles ABC, and ABD 
© are call'd right angles, and the line AB per- 
© pendicular, 'Therefore becauſe the arch CAD 
©1s a ſemicircle, the arches CA and AD are 
© each of them a quarter of a circle, that 1s the 
© fourth part of three hundred and fixty degrees, 
© chat is ninety, 

11, An Obiuſe angle is that which is greater 
than a right one. * 

© As the angle EBD is an obtuſe or blunt an- 


| ©ole, becauſe its arch EAD contains more 


© than aquarter of a circle, 

12, An Acute angle is that which 1s leſs than 
4 right one, 

© As theapgle EBG is an acute, becauſe the 
*arch EC, which meaſures it, has leſs than 
©ninety degrees. 

13. A Term is the extremity or end of any 
quantity. B 2 14. 


8 The Elements of Euclid. 

14. A Figure is a quantity comprehended by 
one or more Terms, | 

* Thar which is call'd a Figure ought to be 
* limited and inclos'd on every fide. 

I5. A Circlets a plain figure, terminated by 
the encompaſſing of one line, which is call'd the 
Circumference; and is every where equally remote 
from the middle point, 


| S © 'The Figure RVSX is a 
©Circle, becauſe all the 
© lines TR, TV, TS; TX, 


—dx © drawn from the point T 


"To V 
*rothe line RVSX, are e- 
© qual, 


R 16, The middle point is 

cal'd the Center. 
17. The Diameter of a Circle 1s any line paſ- 
ſing through the Center , and terminated at the 
Circumfer ence, dividing the Circle into two equal 


parts. 

© As the lines VTX, and RTS. 

© Bur if any ſhould donbr, whether rhe line 
©VTX does indeed divide the circle into two 
© equal parts, ſo that the part VSX be equal to 
© the part VRX ; it may on this manner be 
* prov'd + 

* Suppoſe the part VRX to be plac'd upon the 


© other VSX;: 1 fay, they will nor _—_ 
| the 


5 vv 


The Firſt Book. 9 


* the other. For if one ſuppoſe 
© VSX exceed the other VRRX, 


S I 


_3* TS; andinlike m:nnes TZ 

X © than TY, whichis contrary to 
© the definition of a Circle, which affirms all 
© the lines drawn from the center to the circum. 
* ference to be equal, 


R "> © the line TR will be leſs chan 


18, A Semicircle 15 4 fignre terminated by the 
Djameter, and half the Circamference. 


19. Retlilineal figures Are ſuch as are termi- 
nated by right lines, having three, or four, or five, 
or 4s many ſides as you pleaſe. 

*Exclid divides Triavgles with reſpeR et- 
* ther to their angles, or (ices. 


20. An Equlateral Triangle 38 


A 
that which, has its three ſides equal : 
F\ " AB Go 


A 21, Au Iſoſceles, or equicruyal Tri. 
angle, is that which has two ſides equal : 
© As if the rwo ſides AB, and AC be 
© equal, © the triangle ABC 1s an Iſo- 

B C *«ſceles. 


H 22. A Scalenum 3s 4 triangle hav- 


\ ing all the three ſides unequal, as GH. 
: 23. A 


[ G 
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*% 23+ 4 Reflangle triangle ts that 
D hich ha one 11ght angle, $ 


*As DEF,ſuppoling the avgle E to 
; *be a right one. 


H 24. An Ambligone, or Ob- 


tuſaugle triangle 15 that which 
Las one argle obtuſe. As IGH. 


I G 
A 25. Oxygone, or Acutangle 
triangle is that whoſe angles are 

all acute, As ALC. ) 

B C / 
A 26. A Reflargle (properly ſocall'd) 


is a figure conſiſting of four ſides, and 
having all its agles right. 


27. eA Square has all its ſides * 
- equal, and us angles right, a AB, 


\ 


C - 28. AnOblong Reflargle has its 
ſides unequal , but its angles right* 
as 


x 
"1 
j 
4 * 


, D 
29. A Rhombug, or Loſauge, has equal ſides, 
but unequal angles: 4 EF. 


30s A 
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G 30. A Rhomboides,or oblo 


Loſange, hath both irs ſides ay 
angles nnequal : as GH, 


H 31, Other irregular figures of 


| four ſides are call'd Trapeſia. 
32, Parallel lines are 


A B 


OY ſuch, a being "re 
plane will never Corncur, 
D keeping ſtill an equal di. 


C————— 


G 


ftaxce one from the other ; as AB, CD. 


3#'A BH B 


tt 


33. eA Paralllogram is a 


figure, whoſe two oppoſite. ſides 
; le {i are Payakels :*** as the Figure 
© ABCD, whoſeſides AB,CDs 


GW D © and AC, BD, are parallels. 


34. The Diameter of a Parallelogrars ts a 
; 1 * right line drawn from one angle to another : as BC, 


35. The Complements are the two ſmall Pa- 
rallelograms, through which the Diameter does 
not paſs: as AFEH, and GDIE, 


A, 


"w———— 4” 


\ 
*'Y 
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DEMANDS, or SUPPOSITIONS. 


1. TIS ſuppos'd, that a right line may-be 
drawn from any point whatſoever to 


another, | 
3. 'Thar a right line may be continu'd to 
; what length you pleaſe, 


3. That 


ſame 
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7 
3- That from a Center given a Circle may 
be deſcrid'd at any dittance whatſoever, 


DO o— 


MAXIMES, or AXIOMES, 


'Þ 'T Hoſe quantities that are equal to a 
| third, are equal ber-vixe themſelves. 
© 2, Ifequal quantities be added to thoſe that 
are equal, the products will alſo be equal, 

3. If equal quanriries be taken away from 
thoſe rhat are equal, the remainders will be e- 

ual. 5s 
A 4. If you add equal parts ro quantities une- 
qual, they will remain unequal. 

' 5, If from equal quantities you rake away 
unequal parts, the remainders will be unequal. 

6. Quantities that are double, criple, qua. 
druple, &'c. in reſpeR of the ſame, are equal 
among themſelves, 

7. Thoſe quantities are ſaid to be equal, 
which being apply*'d one to the ocher, neicher 
exceeds, 

8. Equal lines and angles being plac'd one 
upon another, do not ſurpaſs each other, 

'9. The whole is greater than its patr. 

to, All right angles are equal ro one ano- 


ther. 
Let 
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© Ler the wo 


: A 
"right angles pro» 
© pos'd be ABC, 
a - B DH F 6G CEFH, I ſay they 
© are Equal; For if 
© ewo equal circles CAD, HEG, be deſcrib'd 
* from the centers B and F ; the fourth parrs of 
© thoſe circles CA, HE, which ate the meaſures 
© of the -angles, ABC, EFH, will be equal: 
© therefore the angles ABC, EFH, having e- 
* qual meaſures, will be equal, 
1 The eleventh Maxime of 
A. B. Ewilidis to this effe&, If rwo 
lines AB, CD, being cut by a 
C /F D third EF, make the internal 
angles, BEF, DFE, leſs than 
ro right angles ; the lines AB, CD being pro- 
duc'd, will at length concur towards the points 
B and D. 
© Which, though ir be crue, is not clear 
© enough to be reciv'd for a Maxime : cherefore 
© [have ſubſtituted another in 1ts place. 


i1, If ews lines be parallel, all che perpen- 
diculars contain'd beewixt them will be equal. 


G B © As for example, if the lines AB, 


AE 
| | | © CD, are parallels, che perpendi- 
CF 


© cular lines FE, HG, are equal. 
HD <Fporif EF was oreater than GH, 
© the lines AB and CD, would be more remote 

G from 
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© from each other towards the points EGF, 
© than towards G and H ; which would be con- 
© trary rothe definition of Parallels, where tis 
© ſaid, they are ſuch as always keep the ſame 
© diſtance, meaſu:'d by perpendiculars. 


"LONPn \ 
12, Two right lines cannot encloſe any ſpa e 
that 1s to ſay , they cannot encompaſs it on al 
ſides. | 


13. Two right lines cannot have one com. 
mon ſegment, 


©By which I mean, that ta 
© right lines, ſuppoſe AB, and 
—_ * CB, meeting art the point B, 


© cannot together make one ſole 
E © line BD ; bur curring one an- 
© other ſeparate again immedi- 
© ztely afrer,their rencounter, For, if you de- 
© ſcribe a circle from the point B as a center, 
© AFD will be a ſemicircle, becauſe the right 
© line ABD, paſſing through the center B, will 
© divide the circle into two equal parts. 'The 
© ſeement CFD-will be alſo a ſemicircle, be. 
© cauſe CBD will be alſoa right line, and will 
* paſs through the center B: therefore the ſeg- 
* ment CFD will be equal ro the ſegment AFD, 
© che part to the whole ; which 1s repugnanc 
Fro the pinth Maxime, =» 
Aduere 


£ 


ADVERTISEMENT. 


© T*Here are two ſorts of Propoſitions : In 
£ * ſome we have nothing bur the bare Spe- 
© culation of a Truth, without deſcending ro 
© Pra&ice, which we call Theorems; in the 
© other ſomerhing is propos'd tre be done, and 
© thoſe are call'd Problems, | 

© The firſt number of the quotations denotes 
© the Propofitions, the ſecond the Book. As 
*by the 2. of the 3. that is, by the ſecond Pro- 


- * poſition of the third Book: but if only one 


© number occur, it ſignifies ſuch a Propopoſi- 
© tion of the book you are then upon, 


" PR OPOSITION L 
A'PzOBLEM. 


To draw an Equilateral Triangle upou 
any lim given, 


| T the line AB be propos'd for the baſe. 


2.4 of an Equilateral Triangle 3 from the 
cenrer A mt the diſtance AB deſcribe the cir= 
cle BCD; and likewiſe from che center B ar 
the diſtance BA deſcribe the circle DAC cut- 

C 2 ting 
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ting the former at chepoint C, Then draw 
the lines AC and BC ; and all the fidesof the 


_ triangle ABC will be equal, 
Demonſtration, 


4 N The Lines AB, and 
| AC being drawn from 
the ſame center A to 
the circumference of 
| the circle BCD are e- 
qual, by the Definition of a Circle ; the lines BA, 
and BC are likewiſe equal being drawn from 
the center B tothe circumference of 'the cir- 
cle CAD. Lafily the lines AC and BC being 
equal to the ſame line AB, are alſo equal be- 
tween themſelves. All the three fdes there- 
fore of the tr1angle ABC are equal. 


The USE, 


=— == © The defgn of Exchd in 
EZ =X== © placing rhis Problem here 
== © was only to demonſtrate the 
©rwo following Propoſitions. 
S— © Bur ic may be alſo. further 

G C « ferviceable for the meaſuring 
© 2n inacceſſible line, as for example, the line 
* AB, which by reaſon pf a River qt Precipice 
© cannot be approach'd. In ſuch a gaſe make- 
©a ſmall. Equilateral Triangle BDE, either of 
© wood or copper , or the like ; and baving 


© placed it Horizoncally upon B, obſerve the 
point 


. - = 


Y 
- 
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} ©<pointA, by the ſide BD, and any ether point 
 *C,by the fide BE. Then. cxansfes your I ri- 
© angle along the line BC, and place it upon 
© divers parts of the ſame line ; ll ar lepgrh 
© you fnd a foint C, upon jvhich placing the 
© Triapgle you ſhall ſee he point B, by the fide 
* CG, and che point A by the hde CF. I lay 
© che lines CB and CA are equal ; ſo that by 
© meaſuring the line BC, you may know the 
* line AB, I might further demonſtrate thar 
*the lines AB, and BC are equal ; bur lerir 
© ſuffice'thar in this Propoſition, you are taught 
*che way of making an , Inftrument proper to 
* rake the dimenfions of an inacceſſible line. 


| | 
PRO 


PROPOSITION Il 


-A PROBLEM 


From a. Pouvt given to draw a line equal to 
another ling given, 


E T the point propos'd be 

B, from which a line 1s to 

be drawn equal to the line A, 
Take with the Compaſs the 
D levgth of the line A, and at that 
T,- Interval, making Bihe Center, 
deſcribe the cixcle CD, Drawing then ou 
che 
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the point B ro which (ide you pleaſe, a line BI, 
or BD, *cis evident it will be equal tothe 
line A. 
© Exclid propoſes a more myRerious and in- 
*tricate' method of demonſrating this Pro- 
* poſition z bur in praRtice we alwayes make uſe 
* of this-; in as much as, having taken with che 
* compaſs the line A, *cis as eaſy deſcribing a 
. circte from the center B, as from the cen- 
ter A, 


PROPOSITION IIL 
A PROBLEM, 


From 4 greater line to takg a part equal to 4 leſs. 


© Vepoſe you were,to,take from the line BC, 
| a part BI, equal co the line A. Take be- 
rmixr the points of the compaſs the-lengrh of 
the line A, and ar thar diſtance, from the cen- 
rer B deſcribe a cirche, which ſhall cur rhe line 
BC at the point 1. *Tis certain the lines Bl, 
and A, are equal, * - x 

© The Uſe of theſe two preceding Propoſi- 
© tions is ſufficiently evident ; for as much as 
©we are frequently oblig'd in prattic al eome- 
© txy to draw one line equal to another ; and ro 
* rake a part of agreater line equal to a line that 


«t 
: 
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PROPOSITION IV, 
A THEXOREM. 


If two Triangles have two ſides equal, each to 
the other reſpeBlively, and the angles alſo, form'd 
by thoſe two ſides, equal ; their baſes and other 
angles will be equal, 


D A | bo the triangles A 


BC,DEF, have two 
ſides equal each to the 
£ ! c bh other reſpeRively ; that 


is to ſay , let AB be 
equal to DE, and AC to 
DF ; and ler the angles BAC, EDF, ferm'd by 


' thoſe ſides be alſo equal : I ſay, the baſes BC, 


- the triangle ABC : the fide DE _— 


EF, are equal, and the angles ABC, DEF ; 
ACB, DFE, are equal'; and laſtly, the whole 
triangles equal in all reſpe&s. 
Demonſtration. 
SupPoſe the trizvgle DEF to be plac'd upon 


AB, they will not exceed each other, becauſe 
rhey are ſuppos'd to be equal z ſo rhar the poins 


.. E willbe upon B, aud the paint D upon the 


point A, For the ſame reaſon the line DF will 
Gall upon AC, For if ic {bould fall on the = 
: 1 
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fide of it, the angle E£DF would be greater than 
che angle BAC ; and if it ſhould fall within 
AC, the angle EDF would be lefs ; andyer they 
are ſuppos'd ro be. equal. "Therefore fince the 
point D is upon the point A, amt the line DF 
falls upon the line AC, to which it is equal, 
they will not exceed each other, but rhe poinr 
F will fall upon C. Laftly, fince the points E 
and F of che line E F, fall upon B and C; the 
linz EF will fall upon BC ; becauſe it can nei- 
ther fall higher as in BHC, nor lower as in 
BGG; for then two right lines would encloſe 
ſpace ; which 1s contrary to the twelfch Ma- 
xime. Therefore the two triangles do not at 
alt exceed each other ; bur nor only the baſes 
BC, EF, bur alſo the angles ABC, DEF ; and 
ACB, DFE, are equal. 

Goroll, An Equilateral triangle hath all its 


anoles equal. | 
F © The H $ E, 
HA BY © Suppoſe I 
© vas tO Mea- 
- /E*® ſure an in- 
* © acceſſible 
E ©line AB. I 
E © obſerve 


© from the point C the points A, and B; and 
©*rhen meaſure the'angle C. This done, placing 
© z board horizontally, and obſerving PR 

*ly 


fe & I 0 5 - (Þ 15) A w 55 (0: "99 ou: a 
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© ly by a rule the points A and B, I draw-rwo 
© lines according to the rule, » hich. make rhe 
*angleC; and meaſure with a yard the lines 
*AC, and BC, which arei ſuppos'd acceſſible, 
© Then going into an open field, and placing 
* My board again horizoncally upon the point 
© F, and obſerving the lines that I drew upon ir, 
©T make an angle DFE equal to the' angle C. 
* I make likewiſe FD, FE, equal ro CA, CB, 
© Then according to this propoſition the line: 
© AB, and DE, are equal. So chat meaſuring 
© by the yard the acceſſible line DE, 1 ſhall 
* know AB, which is inacceſſible, 


eAnother 1 SE, 


BO «© The ſame propoſition may 
A. © ſerve to teach now to hit 2 
_ © bowl at Billiards by refle- 


= = © xion. Suppoſe one bowl to 

© be at the point A, and that 

E © which you would hic at the 

* point B, and CD the Billiard cable.. Imagine 
© then a perpendicular BDE, anq1 rake the 
© line DE equal ro BD. I fay, if you direct 
© che. bowl from the point A to E, the reflexion 
© will carry it co B. For in che triangles BFD, 
© EP, the fide FD being common, and the 
© fides BD and DE equal ; the ' angles BFD, 
* EFD are equal, -by this propofition, The an 
D * oles 
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Foles AFC, DRE, being oppoſite, are alſo-equal, 
© as I thall. demonſtrate hereafrer. Therefore 
* the angle of Incidence. AFC, is equal :ro the 
© angle of Reflexion BED ; and by conſequence 
the Reflexion will be by AFB, 


-t; z 


11. | $ | 
PROPOSITION Y, 
ToEonn. 


In Tfofceles, or. E quicreral rriang les, the angles 
that aye above the Baſe arc equal: au alſo 
thoſe that are below 11, 


A D Let the Ifoſceles be 
4 ABC, thar is to ſay, 
ter the fides AB, AC 
be equal, 1 ſay the an- 
gles ABC, ACB are e- 
qual ; as alſo the an- 
G HI K oles GEC, HCB, that 
are below che baſe BC, Suppoſe another trj- 
angle DEF, having rhe argle D equal co the 
angle A ; and the ſides DE, DF, equal to AB, 
AC. Since the fides AB, AC arecqual, all the 
four lines AB, AC, DF, DF will be equal. 
" Demonſtration, Since the hides AB, DE ; AC, 
DF, re, equal ; as alſothe angles A, and D : 
if the trtangle DEF be- plac'd upon ABC; they 
| will 


4 


- 
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will not exceed each other, bur the line DE 


- will fall "Too AB; DF uvon Af md-+F 
- upon BC' 


che ath, \ therefore the angle 
DEF, will beequal to ABC. ...And becauſe one 
part of the line DE falls' upon AB, the whole 


" tine DI will be upon: AG; orher\wiſe. 2Wo 


right lines wonld have i a+ ' common ſeg- 
ment ; therefore the angle IEF will be equal 
to GBC. . Suppoſe then the criangle DEF 
rurn'd, md apply'd another-way to the wtianzle 
ABC, thatis to ſay, ſo 48 DF may fall upon 
AB, «nd DF upon AC. Since the four lines 
AB, DF ;* AC, DE, are equal ; -as alſorhe an- 
oles A and Dt the triangles will:likewiſe agree 
this way, 'ati& the angles' ACB, DEF ; HCB, 
IEF, will be equal. "Now bythe firtt comparing 
thentir appear'd, that the angle ABC was e- 
qual to the'tngle DEF 3; GBC ro 1EF: there- 
fore the angles ABC, 'ACB [being equal to the 
fame DPF; and GBO, 'HCB,; alſo equal to the 
ſame IEF ; 5 they are (equal 'among them» 


ſelves, * 
©I was urwWilling to make 'uſe of Euchd's 


© demonſtration, becauſe being very difhcult, 
* it might diſcourage beginners, 


gs ” PROP. 
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A 


PROPUSILION V;c_ 
THrroREmM, ret 


If two angles of a triangle be equal, the triangle 
, will be an 1ſoſceles. - 


\{ETrhe angles ABC, ACB of the triangle 
ABC be equal: ( ſee Frg. preced.) 1 ſay 
it isan Iſoſceles; that 1s to (av, - the two fides 
AB, AC, which are oppohtite ro-.rhe: equal an- 
cles, are equal. Suppoſe rhe triangle DEF ito 
have a baſe EF equal to BC, . and ghe_angle 
DEF equil to ABC; as alſo DEE qqual ro ACB: 
fnce the angles ABC; ACB are -ſuppos'd to: be 
»qual; all. rhe four angles ABC; AC B, -DEF, 
DFE, will be equal. Suppoſe again- therefore 
the baſe EF to be plac'd upon the baſe BC, fo 
chat che point E lie upon the point B, the baſes 
being ſuppos'd equal ir -is evident they will 
noc exceed each other. Further, the angle E 
being equal to the angle B, and the angle F to 
the angle C ; rhe line E') will fall upon the 
line BA, and FD upon CA : ſo that the lines 
ED and FD +ill meet at the point A. From 
whence it follows, that the line ED is equal to 
BA. * ; 
Let then the triangle DEF be turr'd to the 
other fide, and be applied another way to the 
oct» 


le 
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eriangle ABC: thac 15 to (ay, (o that the point 


Elie uponC, 2nd F upop B: the baſes BC; 
+ FE will pe: t:&tiy agree, - being ſuppos'd he 


« equal : and becauſe the angles F,anc B; E, and 


C, are alſo ſuppos'd to be ecual, the ide FD 
will tall upon BA, and ED upon CA;- and the 
point D upon A. "Therefore the lines AC, 
DEMWill be equal. Whence it follows, that the 
ſides. AC, AB are cqual. between themſelves, 
being equal to the ſame kde DE, 


The ASE, 


A 1: © This Propohtion may ſerve 
. for taking the dimenſions of 
© 2ny-:fort of inacceſſible lines, 
e*Tis ſaid--that T hales was the 
- firſt chat meaſur'd the beighth 
© of Obelisks by their ſha- 
© dows tit may be done by this Propoſicion. 
© For,jf you were to meaſure the height of the 
© Obelisk AB; do bur expe& rill the Sun be 
© elevated; 45 degrees above rhe aq puny thar 
©1s roſay,- till the angle ACB be 45 degrees ; 
oand, by the ſixth Propoſi tion, the ſhadow BC 


© itt be equal to the Obelisk AB. For fince 
' ©che angle ABC iz a right angle, and'the angle 


*» 


'*ACB half a righr one, or of 45 degrees -: the 


© angle. CAB will be half a right one, as I ſhall 
« prove hereafter. Therefore the angles LY 
, "M 


, 
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© BAC, are equal: and (by the 6,) the fides AB, 
©BC, are alſo equal. I can alſo meafure rhe ſame 
© height without making uſe of the ſhadow, by 
© raking atand ſo far from the point B, as that 
"the anole ACB may be half a right angle, 
© which may be known by a Ouadrant. 
-X Theſe Propoſitions are of frequent uſe in 
©Trigonometry, and in all other traRs, 
; ©The ſeventh Propoſition may be vmicted 
© becauſe tis of no other uſe but ro Gencalimd 
* che eighth, which may be done withour ir, 


em —_ 


Wi — 


PROPOSITITION VIII, 


T uRBORE Mi; 


If two Triangles have all their ſides wi therr 
' oppoſite angles will alſo be equal, 


GI be equal ro 
LT; HI, o VT; 
GH, ro IV; 1 ay, 
that the angle GIH, 
will be equal ro the 
angle LTV ;"IGH, 
ro the ale Ls; an IHG, to rhe angle V. 
From the center H, at the diſtance HI, deſcribe 
the circte IG ;' and from che center* Gz \ar the 
diftatee GI, the circle HI, | 


, —_ 


ET the * fide 
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| 
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Demonſtration, 

Suppoſe rhe line LV brought upon HG : ;chey 
would nor exceed each orher, becauſe they are 
ſuppos'd ro be equal, 1 add, that => point 'T 
will fall preciſely upon che point I: For it 
ought to -reach preciſely to the citcumference 
of the circle 1G, becauſe by che ſuppoſition the 
lines HI and VT are equal. It ought in like 
manner to reach ro the circumference of the 
circle IH, becauſe the lines GI and LT are e- 
qual. So then ic will light upon the point I, 
being the point where Thoſe two circles cur 
each other, Indeed if it fell any where elſe, as 
upon O, the line HO, that is to ſay VT, 
would be greater than HI ; and the line GO, 
tharis LT, would be leſs than Gl; which is 
againſt rhe "ſuppoſition. _— | conchuce 
that the triangles vill exatly correſpond , 
the angle GlH be equal to the aogle + an 


The USE, 


© This Propoſition is neceſſary for the proof 

' of thoſe that follow. And further, when we 
© cannot take the meaſure of an angle, becauſe, 
* the lines meeting in a ſolid body, we cannot 
* apply our Inſtruments co it ; - we mult rake 
© the three ſides of the triangle, and make an» 
* other upon a paper, whoſe angles we may 


* meaſure, This 1s a very ordinary practice in 
Gro- 


way Oni gy Een 


aQ$Z The Elements of Euclid. 


© Gnomonicks, or i>1alling ; and in the treatiſes 
© concerning cutting precious ltones, * ſo as to fir 
© che panuels, and to retain the waters, 


—_—_— 


PROPOSITION IX, 


PROBLEM, 
To divide an A »gle into two equal parts, 


,R ET the angie SRT be 
propos'd to be divi- 
ded icto rwo equal parts. 
—_y Take the Compaſs, and from 
© the center R, at any diſtance, 
dF draw the arch ST, cutting off 
g ewo equal lines RS,RT, Then 
draw the right line ST, and(by the 1.) deſcribe 
an equilateral triangle ST V. I fay,the line VR 
divides the angle into t 0 equal parts : thar is 
to ſay, the angles VRT', and VRS, are equal, 
Demonſtration. 

The triangles VRS, and VRT, have the 
fide VR common; and the fide RT -was taken 
equal to the fideRS : the baſe alſo SV, 1s e- 
qual to VT, becauſe the triangle SV I 1s equt- 
lateral, Wherefore (by the 8.) the angles SRV, 
VRT, are equal, 
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The H5SE, 


© This propoſition is very uſeful to divide 
©the fourth part of a circle into degrees : for tis 
© the ſame thing to divide an arch, as an angle 
© into two equal parts z and the line KV does 
© both, thar is, it divides both the arch ST, and 
© the angle SRT, Having therefore apply'd the 
© ſemidiamerer to the fourth part of a circle, 
© you cut off an arch of 60 degrees, which divi- 
© ded equally-gives an arch of 30; and rhat 
© again divided, makes one of 15 degrees. Tis 
© true, to finiſh this diviſion, we mult divide an 
© arch into three equal -parts, bur that is not to 
© be done Geometrically, Pilots alſo divide 
© the Compaſs into 32 winds by the help of this 


. <Propofition only. 


—— 


PROPOSITION X 


A PROBLEM. 


To divide a right line into two equal parts, 


A , 
— 


. by 
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Uppoſe the line AB was to 

be divided into two equal 
parts ; .upon the line AB des 
ſcribe an equilateral triangle AB 
C, (by the 1.) and divide the an- 
ole ACB into two equal parts by 
the line DC, (by the g.) I ſay 
E the 


[ 
| 
| 
| 
| 
| 
| 
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the line AB is divided equally at the point E ; 
that 1S ta ſay, the lines AE and EB are equal. 
| Demonſtr ation, 
The triangles ACE, and BCE have the fide 
CE common, and the fides CA and CB. are e- 
qual, becauſe the criangle ACB is equilateral : 


and the angle ACB being divided equally, the 


angles ACE and BCE are alſo equal. There- 
fore (by the 4.) the daſes AE and BE are equal. 


The USE, 


© Great uſe is made of this Propoſition, or- 
© dinary praftices frequently requiring us to 
© divide a line in the middle, which Geometri- 
© c;ans require ſhould be done exaRtly at the 
© firſt daſh, by a method that is infallible, and 
© not by eflays. This pratice is likewiſe prin. 
© cipally uſeful for dividing meaſuxzes into leſs 


© parts, 


PROP. 
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> 4p * 


PROPOSITION XR 


A PROBLEM. OY 


4 Loan, ii irtredr 


' To draw a Perpendicular to a line given, pon & 
point of the ſame line. 


Uppoſe you were to raiſe 
a perpendicular upon rhe 
point A of the line BC, 
Take two equal lines AB 
and AC on both fides the 
point A, and make an equi- 
lateral triangle BDC up« 
on the line BC, (by the 1.) I fay the line AD is 
perpendicular, that 1s to ſay, the avgles BAD 
and CAD are equal. 
Demonſtration, 
The.triangles BAD, and CAD have the fide 
AD common, the fides AC and AB are equal, 
. and the baſes BD and DC alſo equal : therefore 
' (by the 8.) the angles BAD, and CAD, are e- 
* qual 3 and (by the 10, def.) the line AD per- 
| pendicular to B”, 


- . . "4 , &- = Ly 
Ps, no CET © "OLIEEN Mratoiln af Gut 


w_y 


E 2 PROF. 


22 The Elements of Euclid, 


PROPOSITION XIL 


A PROBLEM. 


To draw a perpendicular to a line given, from 4 
point, which is out of the lint« 


_- F* you would draw a perpen- 
FE, dicularco the line BC,from 
: ,- the point A: having ſer the 
B*.._ : .- © foorof the compaſs upon A, de- 
ſcribe the circle BC, which 

Rs ſhall cut the line BC, at the 
points B and C, Then divide the line BC in- 
ro tio equal parts at the point E, I ſay the line 
AE is perdendicular ro BC, Drav the lines 
AB, AC. 

Demor;ſtration. The triangles BEA,and CEA, 
have the fide AE common ; and the fides EC 
and EB equal, the line BC having been equal- 
ly divided ar the point E ; the baſes AB and 
AC, being drawn from the center A to the cir- 
cumference BC, are likewiſe equal : therefore 
the :nzles AEB,and AEC, are equal, (by the 8.) 
and theline AE perpendicular, (by defin, 10.) 

The method, in praRiice, of dividing che line 
BCin the middle,is ro deſcribe two arches arD, 
at the ſame interval, from the centers B and C, 


The 
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The USE, \ 

© We have need of a Plummer\or Squaring- 
© ine almoſt in all our operat!ons:_ no angles 
© are of uſe in buildings bur che right; and all 
© chairs, benches,rables,buffers, and other move- 
© ables, are fram'd by the ſquare, No ſurvey of 


* ©Land can be taken withour making uſe of per- 


* pendicular lines 3 nor can Dialing be per- 
*form'd without them. 'The Carpenter's Le- 
© yel contains a right angle, and the ſame is 
© preferr'd before any other, eſpecially by the 
© French, in Fortifications. Laſily, not only 
© eMathematicians, bur alſo the greateſt parr 


' ©of practical Artiſans, require that we ſhould 


© know how to draw a perpendicular. 


PROPOSITION XIIL 


A THEOREM, 


One line falling upon another makes with it either 
two right angles, or two angles equal to two 
right ones, 


A LE: the line AD fall upon BG ; 

; I ſay,*cwill make with ic either 

ro right angles ; or two angles, 

i one obtuſe, and the orher acute, 
"DG hich joyn'd rogether ſhall be of 
equal value with eworight ones. 7 

Demon. 


_ OOO 
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Demorftration, 


Suppoſe the line AD to fall perpendicularly 
upon BG, then tis evident (by defin. 10.) that 
the angles ADB, and ADG, are equal, and by 
conſequence right angles, Or, ' 


” Secondly, ſuppoſe the line 
ED not to fall perpendicular- 
ly upon BC, and draw a per- 
pendicular AD ( by the 11.) 
the angles ADB, and ADC are 
right angles, which are of e- 
qual value wich the three angles ADC, ADE, 
EDB, Bur the obtuſe angle EDC, and the 
acute angle EDB, are of equal value with the 
three angles AD }, ADE, and EDB : therefore 


- 


S 


B 


the avgles EDC, and EDB, are of equal value 


with wo right ones, 

This Propoſition may be. more eafily de- 
monſtrated by Gdeſcribing a ſemicircle from the 
center D vpon. the line BC, For the angles 
EDB, and EDC, will require a ſemicircle for 
their meaſure, which is the /meaſure of two 
right angles, as I have ſhown before ; in the 8, 
definition. 

Corollary 1, If the line AD falling upon BC, 
make one right angle ADC ; ir is evident the 
other, ADB, will be alſoa right angle. 

Coroll, 2. If the line ED, falling upon BC, 
make the angle EDB acute z the angle EDC 
will be obcuſe, The 
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The USE, 
/ © By this means, when we know one of the 
* © angles which is made by one line falling upon 
© another, We know alſo the other : as for.ex- 
© ample, if the angle EDB be one of 70 de. 
© grees, taking away ſeventy from 180, there 
© will remain 110 for the angle EDC. This 
© operation does frequently occur in Trigono.. 
- metry; and alſo in Affrovomy, for finding the 
© eccentticity of the circle through which the 
* Sun annually paſſes, 


- 
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PROPOSITION XIV, 


A THz ORE M, 


2 If twd lines meeting together at the ſame point of 
| another line, make with it two angles equal to 
©wo right ones ; they will make but one and the 
ſame line, | 


& | A 
1 B £ YUppoſe the lines CA, and 
' \/ DA,to meet at the point A of 
4 FA the line AB z and that the an- 


eles adjoyning, CAB, and BAD, 
x are equal ro two right ones. 1 
ſay, the lines CA and DA are 

bur one and the ſame line; ſo that CA being 


continued, will fall preciſely upon AD, 
Imagine 


_ —_—— —— 


—— OD — 
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Imagine, if you pleaſe, that CA continu'd 
will paſs on to E, and from the center A de. 
{cribe a circle. 

Demonſtration. 

If you ſay that CAE is a right lin$, the arch 
CBE will be a ſemicircle. Bur tis ſuppos'd, 
that the angles CAB, and BAD are equal to rwo 

iobt ones ,and that therefore rheir meſure is a 
ſemicircle. Therefore the arches CBE, and 
CBD will be equal ; which is impoſſible, one 
being a part of the other. Therefore che line CA 
being continu'd, will make bur one and the 
ſame line with AD. 


—_ LD —— 


PROPOSITION XV, 


A TuroReM, 


If two right lines cut each other, the oppoſite angles 
' * atthe top will be equal, 


s x7 xepugls, Eucl. au fommer, Galh 


A C [LET the lines AB and CD 
cut eachother ar the point 
E: I ſay, the angles AEC, and 
E DEB, which are oppoſite at 
the rop, are equal, 
-:: / B Demonſtration, 
The line CE falling upon the line AB, makes 


che 


FE ©, The Furſt Book * 37 
| the angles AEC and CEB equal to two right 
ones, (by the 13.) In like manner the line BE 
* falling upon the line CD, makes che angle CE 3 
2 and BED equal to two right ones. "Therefore 
| the avgles AEC, CEB, taken together, are e- 
qual ro the angles CE3, BED ; therefore taking 
away the angle CEB from both, the angle AEC 
will remain equal tro DEB, (6y the 3. Maxime.) 
'* _ OCoxroll. 1, If ewolines DE, and EC, concur» 
ring at the ſame point E of the line AB, form 
wich it the oppoſite angles AEC, DEB equal, 
* DE and EC make bue one right line. 
| Demonſtration. 
The line EC falling upon the line AB, makes 
; the angles AEC, and CEB equal to two right 
” ones, (by the 13.) Tis ſuppos'd likewiſe that 
= the angle DEB 1s equal to the angle AEC. 
» Therefore the angles DEB, BEC, are equal to 
” ewo right ones. And (by the 1 4.) the lines CE 
s + and ED make burone right line. 


STO ©” SD any 6 WW © w- 


6 The ll k) E, 
d) A © Therio preceding Propo- 
'C ] 7 ©fitions are made uſe of to 
d © prove, that two lines make 
[* D — © but one toral. As for 'exam 
Sl © ple,in Catoptricks or PerPe- * 

- « Rives, where that is required1- 
'S W_..1 © to prove, thar of all «fc lin, , 
F- = - than 


— — — —_— 
A —— — — — 
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© rhar cati'be drawn by reflexion from the point 
© A to the point B, thoſe are che ſhorteſt, 
© which make the angle of Incidence equal: to 
*the angle of Refletion. As fof example z if the 
© avgles BED and AEF be equal, the lines AE, 
* and EB; are ſhorter than AF; and FB, Ftoin 


* the poit'B draw a perpendicular BD, and 


© make the lines BD and CD equal ; then draw 
*EC;and-FC, Firſtin the triangles BED and 
© CED the- fide DE is comtnion; and” the fides 
© BD, and DC being equal, as alſo the angles 
*BDE, and CDE;; [the baſes BE , and Ck will 
* be equal ; as alſo the angles BED, and D:C, 
© (by the 4.) In like manner I may prove, that 
© BF, and CF are equal, 


Demonſtyation, 


© The angles BED and DEC are equal, and the 


* angles-BED and AEF are ſuppos'd likewiſe to 
© be equal ; therefore the oppoſite angles DEC 
* and AEF will be equal; and (by the Coroll, of 
© the 15.) AEC one right line; and by con- 
* ſequence AFC is a triangle, of which the fides 
© AF and FC mult be longer than AEC, that is 
© to fay, than AE, and EB, But the lines AF 
© and FC are equal to the lines AF, and FB ; 
' therefore the lines AF and FB are longer than 
*Tie lines AE and EB, And fince natural cau- 
Jes 4w2ys a@ by the ſhorteſt lines, the Refle- 
10n Wit always bappen in ſuch a manner, that 

e angles of Reflexion and Incidence may be 
qual, 6 Fur. 
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© Further, becauſe we can eafily prove, thac 
© all the angles that can be made upon a plane 
* abour ther ſame point, are equal tg four right 
$ ancles;, for as much.as inthe'firlh. figure of 
* this; propoſition , the angley AEC and AED 
Earerequal to two right ones, -2s ali9 BEC and 
© BED to ewo more : _ ive make 2 general rule 
$ toderermine what Polygones may-bejoyn'd in 
© paving a Hall,._ AccorGingly we ſay, that four 


: © ſquazes, fix triangles, and chree' hexagones, 


* may bq uſed for that purpoſe ; and that there- 


«+ ©fore Bees are always obſery'd to make their 


© lirele cells of the laft , chat is , of figures con- 
* filting of hx, ſides,. 


"WY 4 4 


PROPOSITION XVI 


A THEOREM. 
' The external angle :of a triargle is greater than 
tether of the interval oppoſite angles, 


A "WEE, Roduce the (fide BC 


/ 


of the triangle ABC: 
> i, 1fay the external angle 
\D; AGD, is greater than ei- 
. +4-:- ther of the internal op- 
polite anzles, ABC, or 
.. BAC. Suppoſe the t1- 
angle ABC to be. mov'd along the line BD , 
F 2 and 
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and carry'd into the place of CED., 
Demonſtration, 

Tis impoſſible that che triangle ABC ſhould 
be ſo mov'd, bur the point A muſt come into 
the place of the poinc E; and then will ap- 
pear, thar the angle ECD, that is to ſay, ABC, 
15 leſs than the angle ACD : therefore the in- 
eternal angle ABC is leſs- than -che- excernal 
ACD, ES - z 
Tis likewiſe eafie to prove, that the angle A 
is leſs than the external angle ACD : for hav- 


ing prolong'd the fide AC as far as F; rhe « | 
the 


police avgles BLF, and AED, are equal (by 
T5.) Therefore cauſing the' triangle ABC to 
flide along che line ACF, I ſhall demonſirace, 
the angle BCF to be greater than the angle 
"i % 

The US E, 


We mky draw from chis propoſition many 
© moſt uſeful conclufons. As firſt, that from a 
© point given only one perpendicualar can be 


© drawn to the ſame line, For example, Sup- * 


A © poſe the line AB to be 


{ © perpendicular to he line 
4 © BG: I'fay; that AC-will 
© not be perpendicular ; be- 


FE CB Dcuſe the righe angle 
© ABD muſt be greater than the internal angle 
*ACB ; rherefore ACB cannor-be a right angle, 
* nor AC a perpendicular, Se- 


þ< 
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| ... © Secondly, that from the ſame point A can. 


©nor be drawn more than two equal lines ; for 
* example, AC, and AD ; and if you draw a 
* third as AE, it will not be equal to the for- 
©mer. For fince AC and AD. are equal, the an- 
*gles ACD, and ADC, are equal, (by the 5.) 
Thur in the' triangle AEC, the external angle 
*ACB is greater than the internal AEC : and 


+ ©rherefore likewiſe the avgle ADE, is greater 


© than the angle AED, Therefore the lines AE, 


| *and AD, are not equal ; nor by conſequence 


*AC and AE, 

© Thirdly, that if che line AC makes the an- 
© ole ACB acute, and ACF obruſe, the perpen- 
« dicular &rawn from the point A will fall on 
© the fide of the acure angle. For if you ſay 
© that AE is a perpendicular, and that AEF is a 
© right angle ; the right angle AEF would be 
© oreater than the obtuſe ACE, Theſe conclu- 
< ffons are ſerviceable for meaſuring Parallelo- 
© lograms, Triangles, and Trapeſia, and to re- 
* duce them into reangular figures, 


w 


PROP. 
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PROPOSITION XVII 


A THEOREM. 


Any two angles of a triangle are leſs than twe 
right ones, : 


- the criangle. be ABC ;* 1 
ſay, that any two of its angles 
taken together, as BAC, and BCA, 
are leſs than rwo right ones. Pro- 
duce the fide CA tothe point. D. 
A. 5 Demorftration, L 

The internal angle C, is. leſs than the exter- 

nal BAD, (by the 16.) Add therefore to both 
the angle BAC; the angles BAC, and BCA, 
will be leſs than the angles AC, and BAD; 

yer thoſe are but equal to co cight ones, (by 

the 13.) therefore the angles BAC, and BCA, 

are leſs than two right ones. 

_ _ the ſame manner I can demonſtrate the 
les ABC, and ACB, tobe leſs than rwo 
oht ones, by producing the fide BC. 

coral, If one angle of a triangle be a right,or 

obruſe,anele;che others are acute, 
* «< This Propohition 1s neceſſary tro demon- 
* rate thoſe that follow, 


PROP. 
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PROPOSITION XVII, 


A TnzoRrtm, 


In every triangle whatſoever the greateſt ſide is 
ve oppos'd to the greateſt angle, 


Uppoſe the fide BC of the 


A 
| | triangle ABC, to be grea- 
$s 2 // rer than the fide AC : I ſay,the 
ly Lf D angle BAC, that is oppos'd to 


the ſide BC, is greater thanthe 

| angle B , which is oppos'd to the fide AC, 
> Cur the line BC in D, ſo that CD may be e- 
= .* qualtro AC; thendrai the line AD, 
d i Demonitration. 
» Since the ſides AC, and CD, are equal, the 
4 
p 


triangle ACD will be an //oſce/es,and (by the 5.) 

+ theangles CDA, and CAD, equal, Now the 
whole angle BAC is greater than the angle CA 

_. D: therefore the angle BAC is greater than 

- che angle CDA ; which yer, being an external” 


> © anglein:eſpe& of the triangle ABD, is grea« 
+ ter than the incernal B, (by che 16,) Therefore 
[ the angle BAC 1s greater than the angle B. 


PROP. 


44 The Elements of uclid. 


— Tr _— —_— 


D ——_—_ 


PROPOSITION XIX, 
A THEOREM, 


In every triangle the greateſt angle is oppos'd to 
of "Vs the pt. a" (de, 


A ET the angle A of the 


triangle BAC, be grea- 
ter than the angle ABC, I + 
C ſay, the fide BO, which is op- - 


pos'd to the angle A, is grea- 
rer than the fide AC, that is oppos*d co the an- 
gle B, 
Demonſtration. 

If the ſide BC be not greater than the fide 
AC,ris either equal z and then the angles A and 
B would be equal, (by the 5.) which is contrary 
to the ſuppoſition : or leſs ; and if ſo, the fide 
AC being greater than BC, the angle B would 
be greater than the angle A, though the con- 
trary be ſuppos'd. Ic remains therefore that the 
fide BC be greater thanthe fide AC, 


The ASE, 


© We may prove from theſe propoſitions, 
*not only that no more than one perpendicular 
Can 


+ o& ) 
of * #4. je he of . 
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' © and reduce irregular” figures to 


The Firft Book. as 


| ©can'bedrawn from the ſame point to the ſame 


* line; bur alſo thar ir is the ſhorteſt of all. ' As 
R © for example z if the line- RV 

© be perpendicular to ST, it will 
*beleſs than RS: becauſe the 
*angle RVS being a right angle, 
*che angle RSV will be an acute, 
=-* (by -the-Coroll, of - the - 15.)- and 
* the line RV will -be jeſs than 

© RS, (by the preceding.) Therefore Geometri- 
© c:ans do always make ſe of a perpendicular, 
© when they rake the dimenſions of any thing, 
Fuck as have 

© one or more right angles. I add, that it being 
* impoſſible char more than three perpendiculars 
© ſhquld meer at the ſame poing, ir. cannot be 
©imagin'd thar there ſhould be more than three 
© ſpectes or kinds of quantity, a line, a ſuperfi- 


>. < cies, and a ſolid body, 


© ©By theſe propoſitions ive likewiſe prove, that 
©2 bowl exadtly round ;cannor reſt , bur upon 


| Ofuch a certain poinr, For example; ler the 


*line AB repreſent a plane, 
"and C the center of the 
earth, and thar CA be 
' ©drawn perpendicular to 
"*theline AB ; I ſay, that a 
© bowl being plac'd upon 


' © the point B , cannot reſt there, For a heavy 


© body cannor reſt, when it may deſcend, Now 
G che 
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© che bowl B moving towards A continually de- 
* ſcends, _g approaches nearer the center of 
© che earch C ; becauſe inthe griangle CAB, the 
© perpendicular CA is ſhorter than BC, 

© In like manner we prove, that a liquid body 
© muſt flow from Bro A, and that its ſuperfi. 
© cies muſt be round. 


h—— 


PROPOSITION XX, 


A TuEoREmM, 


Any twa ſides of a triangle taken together are prea- 
you ter GT "1 ng _ 


R TI faythar the two ſides TL,LV, 
are greater than the fide TV, 
L Some met prove this Propoſition 
by the definicion of a right line, 
which is the ſhorteſt that can be 
F: drawn from one point to another : 
cherefore rhe line TV , is leſs 
than the two lines TL and LV, 

Bur ic may alſo be demonſirared another 
way. Continue the fide VL co R, ſo that the 
lines LR, and LT be equal ;/then draw che 
line RT. Demonſt» ation, 

The ſides LT, and LR, of the triangle LTR, 
are <qual ; therefore the angles R, and LTR, 
areequal, (by tbe 5.) But the-angle RTV is 

greater 


o 
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& | gienter chinthe angle R'TL: therefore the it 
of ole RTV is greater than the angle R: and ({ 
Ic '- | be t9.) in the criavgle RTV, the fide RV, 

| tharisto ſay, the fides LT and LV, are orete 


Y * cr than the G6de TV, 


- PROPOSITI ON KXXI. 


A THEOREM 


If « 4 ſmall triangle be deſerib'd within « greaters 
pon the f ame baſe, the _ of the ſmall one will , 
be Meſs than thoſe of the greater ; but they will” 
you agreater angle, 


y 
ET the ſmall triangle ADB be 
| Ne deſcrib'd within the triangle 
| ACB, upon the ſame baſe AB. I fay 
1 firſt, he ſides AC and BY are grea- 
ter "chan the fides AD and BD. 
Continue the line AD to E, 
Demonſtration. 

In the triangle ACE, the fides AC and CE, 
are greater than the fide. AE alone, (#7 the 20, ) 
Therefore adding co them the fide EB; the 
ſides AC, and CEB, are greater than the ſides 
AE, and EB, In like manner in the triangle 
DBE, the two ſides BE and ED are greater than 


the fide BD alone, and adding the (ide AD, 
G 2 che 
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the ſides ADE,and EB,will be greater than AD | 


and BD. . | Fe 

I lay further, that the angle ADB. is greater 
than che.angle ACB : for theangle -ADB is an 
external angle in reſpeR of the triangle DBE, 
and therefore greater than the internal DEB 
(by the 16.) In like manner the angle DEB, 
being an excernal angle in reſpeR of the trian- 
ole ACE, is greater than the angle ACE, 
therefore the angle ADB is greater chan che 


angle ACB, 


© By the help of this propoſition we demon- 
© ftrate in Optichs, that the Baſe AB. view'd 
© from the point C,, will appear leſs, than when 


© it is beheld from the point D; according to 


© that principle, That quan ities view'd under 
© a greater angle will appear greater. Therefore 
© tis, that Yitruvins adviſes, not much to leſſen 
© the tops of very high Pillars, becauſe they, 
© being ſo remote from our fight, quickly 
* appear ſlender enough without being dimi- 
CC * 2. 9 
niſh'd, | 


PROP. 
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J ; JA — Spmenfrmnghy —mmmmemting'? 
. PROPOSITION XXII 

1 | 4 A TrEORE M, *Y 

3 _ © To deſcribe a triangle, whoſe ſides ſhall be equal 
; to three ſides given, provided that any two of 


them be greater than the third, 


w 


cy 


ſides ſhall be equal co three 
B lines given, AB,D,and E, Mea- 
ſure with,che compaſs the line 
D, and ſetting one foot thereof- 
.. upon the point B make an arch, _ Then rake the 
> lineE, and placing the foot of your compaſs 
© upon the point” A make another arch, cutting 
» - © theformer at the point C- Which done draw 
| © the lines AC.and BC, I ſay that the triangle 
* ABC, is ſucha one as you deſite, 
| Demorſtration. 

The fide AC'is equal co the line E, becauſe 
it reaches'to the arch, whictiis'drawn from the 
center A at the diſtance of rhe line E ; and for 

' the ſame reaſon the ſide BC is equal to the line 
D : therefore the three ſides AC, BC; and 

' AB, are equal tothe lines E,D, and AB, 
' I added a Proviſo, that the two lines ſhould: 
be greater than the third : becauſe _— 
che 


| oY \ By it be, propog'd to de 
| ad ſcribe a triangle , whoſe 
A 


E 


” &* ww me ms © 
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che lines D and E were leſs than the line AB; 
chearches could not cut each other, | 


The USE, 


. . © This Propoſition may be uſeful for deſcrib- | 
"ing a figure equal or like ro anocher : for hav- | 
"Ing divided that , which is propos'd to be 
: equall'd or imirared, into triangles z and made | 
s other triangles, having equal (ides with the | 
; former ; we ſhall have a figare exaAly equal. 
* Bur if we defire only one that is [ike, bur leſs ; 
as when we would deſcribe a plain, or conun« 

try upon paper : having divided it into trian- 
* gles, and meaſur'd all cheir ſides, we mult 
© make ſimilar criangles ; giving to each of their 
- fides ſo many parts of a Scale, or line divided 

into equal parrs, as the ſides of the triatgles 
© propos'd have of yards or feet. 


— 


PROPOSITION XXII. 
| A PROBLEM. 
To make an angle equal to another at a point of 4 
| line given, 
JUepoſe you were to make 
an angle ar the point A 
of the line AB , equal ro che 
angle EDF. Deſcribe from 


the poinrs A and D as centers 
eo 
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> EZ rwo arches BC, and EF, at the ſame wideneſs 
2 of rhe compaſs ; ; then cake che diſtance EF, 


I and having meaſur'd as much at BC, draw the 


line AC. I ſay the angles BAC, and EDF, are 
equal. 


The triangles A FA} and DEF, have the 
ſides AB, and AC , equal to the ſides DE, and 
DF; _ the arches BE and EE were de- 
ſcrib'd wich the ſame widenefs of the compaſs : 
the baſes alſo BC and EF are equal, therefore 
the angles BAC and EDF are onus, (by the 8.) 


The US E, 


This Problem is ſo neceſſary in Ge ries 
tifications, Perſpefiive , Dialog, and all 

parts of che Mathemarticks, Thar che 

part of their Operations would be alk rag 

; we'did not know bow to make one angle equal 
toapother , or of ſuch a number of degrees as 
we pleaſe, 


- 


PROP. 
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'* PROQPQSITION: XY. 
"360 51 Y 
A THEOREM, 
Of two triangles, having ench two ſides equal to | 
 2w0 of the other, that which has "5 ba an- 
-&le, aces: the gridtet baſe. 


: EFche crioighls ABC, DEF, 

| hav& the fides AB and DE; 
AC and *DF equal; and "let the 
angle BAC be greater than the an- 


= G gle EDF, I fay, the baſe BC is 
greater than the baſe EF, 
Make -the angl6RDG'equal to 


*,12, .:_ - the,angle BAC,” (byvhe 23.) and 
the line DG equal AC; then! draw! 2 line 
EG. Firl(t the triangles ABC-4and' EDG, ha- 
ving the fides AB. and DE, AC-2n& DG, equal, 
and the angle EDG equal ro the angle BAC; 
their baſes BC and EG will be equal (by the 4. ) 
and the lines DG and DF being both equal to 
AC, will be equbl berwixr themſelves. 
Demonſtration. 
theriangle DGF, the tides DG and DE 
belns equal: rhe angles DGF and DFG will be * 
equal, (by the 5.) Bur the angle EGF is leſs * 
than the angle DGF, and the angle EFG is |! 


oreater than the apole DFG. Therefore * | 
cnc | 
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the triapgle EFG, the angle EFG will be grea- 
rer than the angle EGF: and therefore (by 
the 18.) the line EG oppos'd to the greater 
angle EFG, will be greater than EF, Therefore 
BC, being equal to EG, is greater than EF. 


Om 


PROPOSITION XXYV. 


A TarroRem, 


Of two triangles, having each two ſides equal to 
rwo of the ther, that which has the greateſt 
baſe, has likewiſe the greateſt angle, 


A ET che two triangles AB 
C, DEF, have the lides 
\ AB, DE ; and AC,DF, equal; 


; and ler the baſe BC be grea- 
F Þ G ter than the baſe EF. 1 ſay, 
that the angle A will be grea- 
rer than the angle D. 
Demonſtration, 
If the angle A be nor greater than the angle 
D ; ir will be either equal, and then the baſes 
BC, EF, will be equal, (by the 4.) or it will be 
leſs, and the baſe EF greater chan the baſe 
BC, (by the 24.) but both are contrary to the 
ſuppoſition. a 
«* Theſe Propoſitions are neceſlary to de- 
© monlirate thoſe that _ after. 


PROP 
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PROPOSITION XXVL 


A TrroREM. 


If one triangle has one ſide, and two angles, equal to 
to thoſe of another triangle ; tis equal to it in 
all reſpetts, 


A LET the angles ABC, DEF; | 
ACB, DEE, of the criangles 
\ ABC, DEF, be equal; and the 
& B hides BC, and EF, which are be- 
F rween thoſe angles , alſo equal, 
A I fay, that the other ſides are e- 
- > qual ; for example, AC, and DF, 
Imagine, if you pleafe,rthe fide DF 
to be greater than AC ; and cutting GF equal to 
AC draw the line GE. 
Demonſtration. 

The triangles ABC, GEF, have thefides EF, 
BC ; AC, GE, equal ; the angle C 1s alſo ſup» 
pogd ro be equal to F. Therefore (by the 4.) the 
triangles ABC, GEF, are equal in all reſpe&sz 
and the angles GEF, and ABC, are equal, Bur 
we ſuppos'd the angles ABC, DEF, to be equal: 
and ſo, the angles DEF, GEF, would be equal, 
that is, ths whole to the part ; Which is im- 
poſſible. Therefore the fide DE will nor be 
greater than the ſide AC, nor AC greater than 

» 


DF, . hecauſe the ſame demonſtration may be 
made in the triangle ABC, 

Again, ſuppoſe the angles A and D, C and F 
to be equal.;3 and alſo the ſides BC, and EF, op- 
pog'd tothe angles A and D, to be equal. 1 ſay, 
che other fides are equal. For if DF be grearer 
than AC, cut GF equal to AC, and draw the 
line GE, Demonſtration, 

The triangles ABC, GEF, having the fides 
EF,BC; FG, CA, equal, will ( by the 4.) be 
equal in all reſpe&s ; and the angles EGF, 
BAC, will be equal. But we ſuppos'd, thar 
the angles A and D were equal, therefore the 
angles D, and EGF, muſt be equal, which is 
impoſlible, fince the avgle EGF, being the ex- 
retnal angle in reſpe& of the triangle EGD, 
mult be greater than the internal D,(by the 16.) 
therefore the ſide DF is not greater than AC, 


The USE. 


© Thales made uſe of this propoſition to mea- 

* ſuxe, inacceſſible diftances, For example: the 
© diſtance AD being 

© propos'd, he would 

© draw from the point 

©A, the line AC per. , 

== © pendicular to AD : 

© then deſcribing a ſemicircle at the point C, 
© would-meaſure the angle ACD, and take an- 
H 2 other 
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© other equal to it on the other (ide, prolonging ® 
© the line CB ill ir mer with the line DA at the © 


*point B; and then demonſtrated the lines 
*AD and AB to be equal ; ſo that meaſurivg 


* theline AB, which was acceſſible, he could 77 
* know the other which was not. For the two 2 
* triangles ADC, and ABC, have the right an- [5 


© vles CAD, and CAB equal, rhe angles ACD, 


*and AC are allo taken equal ; and the fide 
* AC1s common to both : therefore(by the 26.) © 


© the ſides AD and AB are equal, 


A LEMMA, 


SE 
on 


- <A. 
mT” 
DS aa Sa a << ©® © 2 


eA line which is perpendicular to ont of two pa- | 


raliels, is alſo perpendicular to the other. 


A__t 2» *T[ertheparallel lines be AB, and | 
| { | CD, and ler EF be perpendicu- } 
[\ *lar ro CD. I ſay, tis alſo perpendi- ? 
XD culroAB. Cut the line CF e- | 
*qual ro FD, and upon the points } 


<C and D raiſe rwo perpendiculars co CD, 


« which, by the definition of Parallels, will be e- * 


« qual to FE ; then draw the lines EC and ED. | 


Demonſtration, 


* The triangles CEF, and FED, have the . 7 


* fide FE cemmon, the fides CF, FD, equal, 
* and the angles CFE, and EFD, right,and by 


© conſequence equal ; therefore (by the 4.) the 
A baſes 


_— 
af Sta . L LSE f 
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33 *© baſes EC, ED, and rhe anzles FED, FEC, and 
23 *FCE, +tDE, w:ll be «quzl; the rwo laſt of 
© which being taken away fro'n the right angles 
*ACF and BDY , leave the two orgles ACE, 
3X *<and ÞDF, cqual; therefore the: triangles 
7 © CAE, DBE, will have (by :he 4.) the angles 
7 *DE*',« A, equal ; whick being added tothe 
* © equal angles CEF, FED, make the angles 
3 © FEB, and FEA, equal ; therefore the line EF 
* is perpendicular to AB, 


© 
" 


PROPOSITION XXVIL. 


A TrzoREem 
If 4 line, falling upon two others, makes with them 
the alternate angles equal, thoſe two-lines are 


parallel, 


(\E LET che line EH, falling 

p upon the lines AB and 

XK \ 3 CD, make with them the 
F_-A 


B*. 
»I alcernate angles AFG,FGD 
| — equal, I ſay firſt, the lines 


; \ AB, and CD, will never 
4 Ez concur, though continu'd as 
2 faras you pleaſe, For ſuppoſe them ro concur 

b inl, and that FBI, and GDH, arerwo right lines, 
l: Demonſiraticn, 


If FBI, arid GDI, be ro right lines, FIG 
| is 


- 


Es. ne TT 
Li TY; C » 
— A "" . 


\ 


* 
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isa triangle 5 and (by the 16.) the external an- © 
ge AFG, 1s greater than the internal FGT. 
hey cannot therefore be equal, .if the lines 


AB and CDever con cur. 


© But becauſe we have examples of ſome 4 
© crooked lines, which never concur ; and yer 7 


©are not parallels, approaching ftill nearer and | f 


© nearer to Each other, 


I ſay ſecondly, char if the line EH, falling © 
upon rhe lines AB,and CD, makes i 
che alternate angles AFG , and |} 


*A__4B FECDequal ; the lines AB, CD, 
| areparallel, or in all reſpeas e- 
/ qually remote from each other, 
—cx D ſothat the perpendiculars berween 
4s them will be equal, From thc 
| point G draw the perpendicular 
GA to the line AB; and taking GD equal to 


AF, draw FD. 
tt Demonſtration, 

The triangles AGF, and FGD, have the 
Jide FG common; the fide GD is alſo taken 
equal to the ſide AF, and the angles AFG and 
-FGD ſuppos'd to be equal. Therefore ( ” the 
4-) thebaſes AG and FD are equal, and the 


-angle CDF is equal co the right avgle CAB ; Þ 


"therefore FD is perpendicular. I add, that the 
line AB is parallel ro CD : tor the only paral- 


lel line that can be drawn from the point F to 


.che line CD, ought to paſs by che point A, ac 
cording 


* 
| 
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n* 7 cording to the definition of Paralels; which re. 
[. 2 quires, that che perpendicular lines AG and 
& 4 FD beequal. 


_— — - 


er PROPOSITION XXVII 


-— —— 


A TREOREM., 


If « line, falling upon two others, makes the exter- 
nal angle, equal to the internal oppoſite angle 
the ſame ſide ; or the two internal angles onthe 
ſame ſide equal to two vight ones; thoſe two 
lines will be parallel, 


| bs the precedent figure, ſuppoſe the line EH, 
falling upon AB,and CD, to make firlt the 
exrernal angle EFB equal to the internal oppo= 
fite angle on the ſame fide FGD. I ſay, thar che 
lines AB, and CD, are parallel. 

| Demonſtration, 

The angle EFB is equal to the angle AFG, 
being oppos'd to ir at the top (by che 15.) and 
tis ſuppos'd that the angle FGD 13 alſo equal 
to the angle EFB; therefore the alternate an- 
les AFG, FGD, will be equal ; and (by the 
27.) thelines AB, and CD, will be parallel. 

* Ifiyinthe ſecond place, thar if the angles 
= BFG, and FGD, which are the internal angles 


*, onthe ſame fide, be equal trotwo right ones, the 
g lines 
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lines AB and CD will be parallel. | 
Demonſir, The angles AFG and BFG are "© 


| 
| 
equal ro two right angles, (by the 13.) and tis Y 1 
ſuppos'd that the angles BFG, and EGD, are F 1 
alſoequal to two right) angles ; therefore the F | 
angles AFG, BF&, are equal to. the angles IF t 
BEG, and FGD ; therefore raking away the & | 
angle BFG, waich is common to both, the al- 1 
rernate angles AFG and FGD will be equal; NY 14 
and (by the 27.) the lines AB and CD will be F « 
parallel, | ſ 
Na : 
t 
PROPOSITION XXIX. ( 
A THEOREM, c 

If a line cut two parallels, the alternate angles 
will be equal ; the external angle will be equal F e 
to the internal oppoſite angle ; and the two in- i 1t 
ternals on the ſame ſide will be equal to two if © 

right angles,. 

et 
T_ET the line EH [ſee fig, preced.J cut the two WW » 
parallels Ab, and CD; 1 fay firſt, che al- IF (4 
rernate angles AFG, and FGD, are equal. iF þ 


From the points F and G draw the perpendicu- 

lars GA, and FD, which by the definition of 
Parallels are equal. | 

Demonſtration. | 

In the reQangle triangles AFG, and FGD, | 

che | 
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the ſides FD and AG. being equal, as alſo the 
right angles A and D, .and the fide FG common 
, to both ; I ſay firſt, chat che fide GD is equal 
to AF; For if GD be greater ; having cut the 
line DI equal to AF, and drawn the line F ; 
che criangles AFG, and FD, would have their 
baſes GF and FI equal, which is impoſſible, 
For lince the angle D is a righr angle, the angle 
FIDis an acute,and F1G an obtuſe, (by the 13.) 
cherefore (by the 18.) in the triangle FIG, the 
ſide FG oppos'd to the obruſe angle , is greater 
than FI, Therefore DG is equal to AF ; and 
the triangles AFG and FGD, having all their 
ſides equal, will have the alternate angles AFG 
and FGD equal, as being oppoYd to the equal 
ſides AG, and FD, 

I ſay again, that the external angle EFZB is 
equal to the internal EGD, becauſe (by the 1 5.) 
it is equal co its oppofite AFG, which is equal 
ro its alternate FGD, 

Laſtly, ſince the angles AFG and GFB are 
equal to two right ones ; taking away AFG, 
and ſubſtituting 10 its place its alternate FGD, 
the ewo internal angles G FB, and FGD, will 
be equal to two right angles. 


The USE. 


© Eratoſienes found out by theſe Propofitions 
7 ©a way of meaſuring the circuit or circumfe- 
| rence 
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* rence of the Earth. In order to which he ſup- © 
© pos'd two rays, proceeding from the center of 
© che Sun to two points of the earth, tobe phy- \, 


* fically parallel ; and alſo that at Syerz, a rown 


*1n the higher parcs of Egypr, the Sun comes | 
© exactly to the Zenith upon the day of the Sol- © 
© ſtice, obſerving the Wells there to be then ® 
©:llaminared to the very bottom : and likewiſe 7 
© computed the diſtance between Alexandria : 


© and Syene by miles, or furlongs. 
© Ler us therefore ſuppoſe Sy= 


lar co the Horizon; and let 


© Having obſerv'd by the perpendicular Ryle 
©BC the angle GCB, made by the ray of the 


* Sun EG;I fay,the raysDA and EG being paral- | 
©lel, the alternate angles GCB and BFA are Þ 
© equal ; dy which means we have got the angle *? 
© AFB, and its meaſure AB ; which gives us in 2 
« degrees the diſtance berween eA lexandria and 7 
© Syeve. And having ſuppos'd it to be known | 


*in miles, the circumference of the carth may 


be | 


© exe to be at the poing A, and * 
© Alexandria at B, where we © 
© ere a ſtyle BC perpendicu- Þ 


* the ewo lines DF and EG re- | 
* preſent the rivo rays proceeding from the cen- | 
© ter of the Sun upon the day of the Solftice, * 
© which are parallel to each other. DA, | 
© which paſſes by Syene, is perpendicular, thar | 
© js, ir paſſes through the center of the earth, | 


» Www 6 A 8w 


fi. 


2 FEparallel [by the 27.] 
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* be found by the ſimple Rule of Three, ſaying, 


Þ © If ſo mary degrees give ſo many miles, how many 


* will 360 give ? 


PROPOSETION XXX. 


A TrzoREM. 


J Lines parallel to a third, are alſo parallel among 


themſelves, 


G Uppoſe the lines AB, 
i P B YS and FE to be parallel 
« H 


co the line CD: I ay, 
D” they are parallel berwixt 


Cc I 


—— 


he — themſelves. Letthe line 
F \ E GL cut them all three, 
Demonſtration, 


& * For as much as the lines AB and, CD are pa- 


rallel, the alternate angles AHI, and HID, are 
equal (by the 29,) and becauſe the lines CD 
and FE are alſo parallel, che external argle 
HID will be equal co the internal ILE; ,6y 
the [ame] therefore the alternate angles AHI, 
and ILE, will be equal, and the lines AB and 


I 2 PROP. 
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PROPOSITION XXXL 
A PROKLEM: 


 Todraw aline parallel zo «nother þy a point given, ; 


a line by the point C, 


rallel ro *B, Demonſtration. 


The alrernart angles DCE and CEA are e- : 
quat : cherefore the lines CD and AB are pa- | 


rallels. 


©*xpon two others makes the Trternal angles | 


* ewo right angles, thoſe ont will Concay, wmay' alfo 


© now be cafily demonſttared: 


ERS Ler the line AG, falline © 


| | PRELIES AB nd CD, ; 
B make the internal akvles | 
£ D ACD, and CAB, fefs than 


G tivo right angles: I ſay that 
che lines AB and D will concur, Let the an- 
oles ACD and C:E be equal ro rwo right an- 
cles: the lines AE and CD will be RG. 

M 


_ On it be requit'd to dra ; 


/  / which ſhall beparallelco che | 
LS MA... line AB. Draw the live CE, 7 
A E B nd make the angle ECD e- | 
qual to th2'angle CEA. I fay the line CD is pa. * 


©'Theeleventh Maxime,” 1.6 Falk qr F 


AR. AACR. _ a GE. 4 
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I [bythe 28.) Take the line AB as long as you 


LESS AF... 


pleaſe, and by the point B,dxaw EF parallel to 
CA, Then take the line EB fo oft as is neceſ- 
ſary, to make it reach lower than the line CD ; 
as in the preſent figure I -hayg, taken ir only 
rice ; ſo that EB and BY are Qual, By the 
poitit F draw a parallel FG equal ro AE, and 
Joyn the line GB. I ſay chat the line ABG is 
only one line ; and that therefore the line AB 
concurring in FG , if rhe line CD be conti. 
nu'd, fince ir canfot cut its parallel FG, ic will 
cut the line BG berween B and G, 
a Deminiſtration. 

The triarigI&8'AEB and BFG have the fides 
AE and FG; BE and BF; equal ; as alſo the al- 
rernate ariztes 'AEB; and''BFG, (by the 29,) 
therefore they are equal in #1} -reſpeRs, (by the 
4.) And the oppePire angles ABE, and FBG, 


4 are equal; and by conſequence [bythe coroll, of the 


15-] AB and BG make but one fight lines ©* 


The HSE, 

*The uſe of patallel liges is very common z 
© 23 in Perſpettives, for as much as the appears. 
© ances or images of lines parallel ro the ptAtire 
© or table, are parallel among rhemſElves, © Ih 
* Naviga:on, che lines of the fafneRhomb of 
©the wind. are deſcrib'd by Pirallels, © Polar 
© Dials have the hour-lines parallels. The Com- 


k © paſs of Proportion is'founded alſo upon paral- 


lels. PROP 
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T PROPOSITION XXXIL 


A TaxrzoRrsm, 


The external angle of a triangle is equal to both , 


| the internal oppoſite angles, taken together 3 and 


-- all the three angles of a triangle are equal to two ; 


right angles, 


A x, [LET thefideBCof the F 


duc'd to D: I fay, that 


— 


K C D nalangles A. and B taken 
together. By the point C draiv the line CE pa- 
rallel to the line AB. 

Demon#tration, 

- The lines AB and CE are parallels, therefore 
[by the 29-] the alrernate angles ECA and CAB 
are equal ; and [by the ſame] the external angle 
ECD is equal to the internal B, And by con- 
ſequence the whole angle ACD, being equal to 
both the angles ACE, and ECD, of which it is 
compos'd, will be equal to both the angles A 
and B caken together, | 

In the ſecond place. The angles ACD and 
ACB are equal to two right angles,(by the 13.) 
and I have demonſtrated the angle ACD tobe 
equal co both the avgles- A and B taken toge- 


ther 4 


triangle ABC be pro- | 


the external angle ACD *! 
1s equal to both the inter- * 
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ther ; therefore the angles ACB, A, andB, 
that is ro'ſay;all the angles of the triangle ABC, 
are equal to two right angles, or, which is all 
one, to 180 degrees, 

Corollary 1, All the three angles of one tri- 
angle are equal to all the three angles of another 
triangle, 

Coroll. 2. 1F two angles of one triangle be 
equal to two angles of another criangle, their 
third angles are alſo equal. 

Coroll, 3, If a triangle has one right angle, 
the other two will be acute ; and taken roge- 
ther will be equal to one right angle. 

Coroll, 4. From a point given onely one per- 
pendicular can be drawn to the ſame line ; be- 
cauſe a triangle cannot have two right angles. 

Coyoll, 5, A perpendicular is the ſhorteſt of 
all the lines, that can be drawn from the ſame 
point to the-ſame line. 

Coroll, 6, In a re&angle triangle the right 
angle is the greateſt angle, and the ſide oppos'd 
co it the greateſt fide. 

Coroll. 7, Every angle of an equilateral cri- 
angle contains 60 degrees ; that 1s to ſay, the 
third part of 180, 


The USE, 


©This Propoſition is of uſe in Afronomy to 
* determine the Parallax, Suppoſe the poinc 


\ 6 The Ferments of Fuclid. 


« A to bethe center of the earth ;, and that from 
L rhe pojnt B upop- che -ſuperfi.. /} 
* cies. be taken the angle DBC, | 


© that is to ſay, the dittance of a 
* tar from the Zewrb.D. If che 
© earch was tranſparent the Rar 
| © would appear remore from the 

© Zemth D, according tothe bigneſs of the an- 


0 gle GAD, which 1s leſs than the avgle CBD, | 
© For the angle CBD being an external angle | 
© in reſpeR of che triangle ABC, it is (by zhe | 


4 33.) equal ro both che oppoſize angles A and 
©C. 'Therefoxe the angle C will be equal to 
© che exceſs of the. angle CBD aboye the angle 
*A. Whencel infer, that if 1 can know by 


© the c Aſtronomical tables how far remote from | 
© the Zexith the far ought to appear ro him | 
© char ſhould be at the center of the earth, and | 


© obſerve irat the ſame time from the ſuperfices, 
© che difference of choſe two angles will be the 
© Parallax BCA. 


PROP. | 


4 -< -< ci 4 25» £6» 2a _ 


: 
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"PROPOSITION XXXilL. 


ATmregonEM. 


Two lines drawn towards the ſame parts, from the 
extremity of two other 'sxes that are equal aid 
parallel, are alſo chemſelves equal ' ans paral- 
lel. * 


A  __B Y ET the lines Band CD 
be parallel and” equal ; 
and let the lines AC and BD 
bedrawn from. their extremi- 
C ries toWards the ſame patts; 
I ſay, that the lin?s AC'and BD are equal and 
parallel, Draw the Diagonal line BC.” 
Rn . Demonſtration, RET 
Since the lines AB and .CD are parallel, the 
the alcernite angles ABC and BCD will be 
equal{by the 2.9.) therefore inthe triangles ABC 
and BCD, which have the fide BC common, 
and the ſides AB and CD equal, together with 


"the angles ABC and BCD equal alſo, the baſes 


AC and BD vill be equal, (by the 4.) and alſo 


the angles.. DBC, and BCA; which being al. 


rernate angles, the lines AC and BD will be pa- 

rallel, (bythe 27.) 
Ort ' The # SE. 

© This Propoſition is reduc'd ro praftice for 

_——_ K the 
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* che meaſuring the perpendicu« © 
D_* <lar hights, AG, of the vaſteſt | 
F B , © Mountains ; and alſo their hori- {| 
——J © zoncal lines, CG, which are hid 
Y ©by their bulk, Take a large ſquare 
CF 6 © ADB,andplice it fo ar'thepoint 
14 %A, thi chefide'DB my fall per- 
© penidicularly>; then \teaſure the fides AD | 
*:nd DB. Tris done, do the ſame again ar 'the | 
© roinc, By and meaſure; E and EC : the fides | 
© parallel to the horizon; AN, BE, added toge- 
'© ther give the horizontal live CG; and the | 
© perpendicular fides DB and EC, give the per. 
© pendicular hight AG. This way of meaſur- | 
<;ng is called * Cultellation, 
* Meaſuring ' by piecemeal. 


"tr 


'D 
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PROPOSITION XXXIV, 
Fg 


A THEOREM. 

The oppoſite ſides aud angles of a Parallelogram 
are equal ; and the diameter divides it imotmo 
equal parts, 


Uppoſe the figure ABDC [ſee the fig. of the | 

preceding Prop.) to be a Parallelogram,that | 

is to ſay, that the fides AB, CD; AC, and BD, © 

ace parallel. I ſay, the oppoſite des AB, CD; | 
AC, and BD, are equal ; as alſo that the angles 

| At 
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A and D, ABD, and. A+ D ; and that the dia- 


I nierer BC equally-divides the whole Figure. 


Demonſtration, Uy 

The fines AB, and CD, are ſuppos'd: robe 
parallels: rherefgte the alrernare angles ABC 
and BCD will be equal,” (by the 29g.) In like 
manner the fides AC and BD'being (up os'd ro 
be parallels. the atretnte angles Al B and « BD 
will be equat. And further, the triavgles ABC, 
BCD, having the ſaTe fide BC'; nd the »n- 
oles ABC, BCD; ACB+ ami CBD eouil, will 
be equal in all reſpe&s, (6 the 26.) Therefo'e 
the ſides AB, CD; AC, ard. Bi), and the an- 
oles A-and D, . are eguak: and the diameter 
divides the figure into rwo equil parts, And 
fince the angles ABC; BCD; ACB, ind CBD, 
are equal, Joyning together ABC and C! D ; and 
likewiſe B-D and ACB, we infer that the op- 


2 polits angles AED, and AD ace equal, 


The KS E, 
A EB 4 Surveyors have need of this Pro» 


Fey uo 
"Pp poſirion far dividing grounds. If 
>| © the field be a Parallelogram, they 
{ Nj © candivide it into 1wo equal parts 


gCS D <©by chediameter AD, Bur it you 

Z © be oblig'd to divide it by the roint E : divide 

2 © firlt the diamerer into rwo equal parrs hy the 

F © point F, chen dra'v the line EFG, which - ill 
po 

* divide the figure into two equal parts, For 

K 2 the 
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the tri:ngles AFF ard GFD, having the alrer- 
hate angles AF, FUG ; ani AEF, FGD; 
; and the hides AP and FD equal, are equal, | 
(by the 26.) And fince. the Trapeziugi BEFD 
* with che triangle AEF; that is to ſay, the tri- 
*angle * D2, is half the parallelogram, (by the 
© 34) the ſame trapezium BEFD wirh the tri- 
* angle DGF will be h2lf the ſame. Therefore | 
©cheline t G divices it in the middle, 


——— 
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PROPOSITION XXXV. 
A THrokEm, ] 2 


Parallelograms, having ;the ſame baſe,- aud beg 
berween the ſame -parallels, are equal, - ; 


'» B* cT , - 
EET TEES cthe' Parallelograms | 


be ABEC, 'and ABDF, | 
| | LPT | having: the ſame baſe AB, } 

- Ir I and being between the ſame 

Ss parallels AB and CD. I ſay, 
thy are equel.. * Demonſiration. 

The fides A ', CF,are <quil, (by the 34.) 35 Þ 
alſo AB, FD; therefore CE and FD areecual ; 
and adding to them EF, the lines CF and ED} 
will be equal, The triangles therefore C.FA, } 
and EDB, have the ſides CA,FB, as alſo CF,and Þ 
£D equal, rogecher wich the angles DEB, and | 
FCA, (by'the 29.) one being an external, ond ? 
| 5 
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the other an Ivternal angle on the ſame fide. 
Therefore * LA the '4,) the triangle ACF and 
BED are equ-l - and taking f-om them borh, - 
that which 1s j\ Jonner hy v. the lirtle rriang ny 
EGF, che rrapezium FGB will be equal rg 
the rrapezium CAGE : 'and atding ro' both 
che triangle AGB, the Parattetograms ABEC 
and ABDF will be equal, 


' The KS; of 


© Scots, and ſome Divinks ſince him, have 
© made uſe of this /Projofition 10 prove, that 
c Angels may extend themſelvet'ro what ſpace they 
© pleaſe. ' For ſuppoling'they” cn aflume' any 
* figure, provicea they have not a greater ex. 
©renfion it is evidenr, that ifan Angel ſhould 
* poſſe(s the {pace of the Pzrafletogram ABE'; 
©1r may likewiſe occupy the ſpace of the  Parl- 
© lelogram ABDF ; and, becauſe parallels ma : 
© be corntinu' © in infonttum, (wichour end,) ah 
* Paralletograms may b+ ſtill form*d' longer-and 
© loyger, which will all be ecual roA EC ; an 
© Angel will be able to extend it ſelf (till farther 
© and facther. 
A " +I ON of the ſame Propoſition by 
Indiviſibles, 


©This method was lately invenred by Cava- 


* lexizs ; Which has found different acception " 
che 
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© the world, ſome approving, and others rejea. 
*ing it. His mechod confiſts in this ; that we 
© imagine ſuperficies's to he compos'd of lines, 
© like- ſo many threds. And tis cercain, that 
*wo pieces of linnen will be equal, if they have 
© both che ſame number of threds, of equal 
© length, and equally compaRed. 
GC EF » Let two Pxrallelograms 
—_—_ —_ _ DF, 
propos'd, having the ſame 
=o baſe AB, andbeing between che 
B ſame parallels AB,CD, Divide 
x the parallelogram ABEC into 
© as many- lines as you pleaſe, parallel ro AB, 
* which continue to the other parallelogram 


© ABDF. Tis evident there will be no more in * 
© one, than inthe other ; and chat they will be Þ 
© of equal length, being all equal to the baſe *' 
© AB; and that they will not be. more cloſely ' 
* compaRed in one, than in the ocher : there» ! 


© fore the parallelograms will be equal. 


PROP. | 
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PROPOSITION XXXVI, 


A TuRtoRt Mm, 


Parallelograms, upon equal b aſes, and between the 
fame parallels, are equal, 


AF : G_E TF ET*he baſes CB and OD 

of the parallelograms AC 
BE, ODEG, be equal; and 
let both be berween the ſame 
parallels AE, CD. I ſay the 


G B Oo bD 


-parallelograms are equal, Draw the lines CG, 


and BE Demonſtration. 
The baſes'CB,and OD,are equal : OD, and 


; GE, are alſoequal-: therefore CB and GE are 


equal, -and -parallel ; and by conſeqnence (ac- 
cording 20 the 33.) CG and BE will be equal and 
parallel; and CBEG will be a parallelogram 
equal ro CBFA, (by the\35,) having both the 
ſame baſe. In like manner,-taking GE. for the 
baſe,the parallelograms GODE and CBEG will 
be equal, (by the ſame.) Therefore the paralle- 


 lograms ACBF, and ODEG, are equal, 


The USE. 


© We oft reduce parallelograms, which have 

© oblique angles, as CBEG, or ODES, to re- 
© Aangles ; as CBFA : ſo that ——_— the 
$ Jatcer, 
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© ſarcer, which is eanc, being orly to multiply 
*AT by CB, the proautt beiny equal to the þ 
© parallelogram. AC}F, we may by, conſequence | 
© know the other patallelograms CLEG, or | 
* ODEG. | 


—_ — 


PROPOSITION XXXVIL 


A ThHeor@Em. | 
Triangles having the ſame baſe, and beirg between | 
the ſame parallels, are equal, 


AB. FE E-TF the criangles ACD and 
Fl CDE;, have the ſame baſe 
S CD, ans be inclos'd-berween} 
\z the ſame parallels A', and 
C. D _ G H CH, they will be equal. Draw! 
the lines DB, and DF, parallel to the lines AC,} 
and CE, and you will have form'd two paral-? 
lelograms, 5 


Demonſtration, IB: : 
The Parallelograms ACDB, and ECDF, are 
equal (by the 35.) ani the triangles ACD, 
'CDE, are the halfs of thoſe Parallelograms, 
(by the 34.) 1? herefore the triangles ACD, | 
CDE, are <qual, Y 


PROP.| 
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PROPOSITION KXXXVII 


A THEOREM, 


Triangles, that have equal baſes, and are inclos'd 
within the ſame parallels, are equal. 


£ I the triangles ACD, and EGH, | ſee fig. 
preced, | have equal baſes CD, and GH, and 
are inclos'd within the ſame- parallels AF, and 
CH, they are equal. Draw the lines BD and 
HF parallel to che fides AC, and EG; and you 
will have torm'd two parallelograms. 
«Demonſtration. 

The Parallelograms ACDB, and EGHF, are 
equal, (bythe 36,) and the criavgles ACD and 
EGH are, the halfs of thoſe parallelograms, 
(by the 34.) therefore they ave alſo equal, 


The USE. 
*We have in theſe propoſitions direions for 


= 
en 


7, © dividing a triangular field into two equal parts; 
s, ah © far example the triangle ABC. 


© Divide the line which you will 
: © take for the baſe, as BC, 1nto two 
> *equal partsin D: 1 ſay the trian- 

BY © <oles ABD,, and ADC, are equal, 
© For if you ſuppoſe a line dravn by A, parallel 


'ro BC, thoſe triangles will have equal baſes, 
L. © ana 
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© and be inclos'd within the ſameparallels, and 


©by conſequence wilt beequal. Other Diviſi- 
© ons, grounded upon, the: ſame propoſition, 
*might be made; bur I omit chem, char I 
© might not be tedious 


4 
— —_— _ 


PROPOSITION XXXIX. 


A TargoR EM 


E qual triangles, upon the ſame baſe, are within 
the ſame paraltels, } 85:4 


E FE the triangles ABC, and 
— — &. DBC, having the ſame 
> / baſe BC, be equal ;.che line 
| 4 AD drawn by the tops will 

TT be | rar to the baſe. For 

; 1f AD and BC be no paral- 
lel ; if you draw a parallel by the point A, it 
will fall either below che line AD, as AO; or 
above ir, as AE, Suppoſe it to fall above, and 
produce BD rill it meer che line AE, at the 
point E ; then draw the line CE, 
| Demorſtration. 

The triangles ABC and EBC are equal, (by 
the 38.) ſince the lines AE and BC are paral- 
lel; 'tis likewiſe ſuppos'd that the triangles 
ABC, and BDC, are equal : therefore the tri- 
angles 


RE I CT ad Re 


*% %Y v 


AY 0 


The Firſt Book. 79 


es DBC and EBC would be equal ; which 

is impoſſible, che firſt being part of che ſecond. 

Whence I conclude, that a line parallel co BC 
cannot be drawn above AD, as AE. 

I add, thac that parallel cannot be below AD, 

as AO : becauſe the triangle BOC would be 

equal to the triangle ABC , and by conſequence 


tothe triangle DBC ;; thar is to ſay, the part 


ki 
þ 
x 
| 
; 
# 


ue. ; Bas % 


would be equal ro the whole, Tr muſt there- 


Y fore be covfeſs'd, that the line AD is parallel 


to the line BC. 


PROPOSITION XL, 


| A TnueoREm, 
Equal triangles, having equal baſes, if they be tar 
hen mpon the ſame line, are between the ſame pa- 


rallels, 
FF che equal triangles ABC 
and DEF, have equal ba- 
ſes AB and DE, taken upon 
the ſame line AE ; the line 
CF drawn by their tops will 
be parallel ro AE, Forific 
be not parallel, having drawn 


4 by the point C a line parallel ro AE, ir will 


paſs either above CF, as CG ; or below it, as 

CI. Demonſtration, ; 

If it paſs above CF, as CG, continue DF tl 
L 2 


IC 
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I meer with CGin G ; and draw the line EG, 
The crizngles ABC and DGE would be equal, 


(by the 38.) and ABC and DEF being ſuppos'd 


to be equal, DEF, DGE, would be alſo equal 


which, one being Part of the other, cannor pol- 
{ibly be : rherefore the parallel cannor. paſs a- 
bove CF. I add, that neither can it paſs below 
ir, as CI; becauſe then the triangles ABG and 
DEI would be equal, and by conſequence DEI, 


and DEF; the part and the whole, Theretore| 


only CF can be parallel to AE. 


*ROPOSITION XLF. 


A Tunorem 


A paralhelogram will be double to a triangle, if 


they be between the ſame parallels, have : 


equal baſes, 


——— 


\ ; and the triangle EBC, be | 

A XY; between, the ſame parallel; | 
Fails AE and BC; and have the Þ 
"5 N ſame baſe BC , or only equal | 


baſes 3 the parallelogram will } 


be double the triangle. Draw the line AC. 
Demonſtration, 


The triangles ABC and BCE ore equal, ('7 : 
the © 


a [ JF the parallelogram ACBD, Þ 


by» 
aZB 


LE 


ws A ww. nn = 
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G1 the 37.) Bur the parallelogram ACBD is dou- 
ual, ble che criangle ABC, (6y the 34,) It is there- 
s'4 8 fore double the triangle BCE. Ir would be alſo 
al; double a criangle, that, having a baſe equal to 
of- FF BC, ſbould be berween the ſame parallels. 


OS The USE, 

nald HA GS <Theordinary method of meaſur. 
mY : & Ing the area or ſuperficies of a trian- 
wes // |! \} *gle is built upon this propofition. If 


Y 5 DE C ©thetriangle ABCbe propos'd; from 
*rhe angle A we muſt draw AD per- 
© pendicular ro the baſe BC z then multiplying 
3 * theperpendicular AD by half the baſe BE, the 
| © produc gives the area of the triangle : becauſe 
© multiplying AD, or, whar is the ſame, EF by 
©BE, we have a rectangle BEFH, which is e- 
© qual to the triangle ABC. For (by the 41.) 
© thetriangle ABC is half the re&angle HBC 
*G; and ſo likewiſe is the retangle BEFH, 
* We meaſure all ſorts of re&ilineal figures, 
B_ © *©as ABCDE, bydividing them 


Ps , into triangles. as BED, ABD, 
A > *© AED ; drawing the lines AD, 
| *2nd BD; and the perpendi- 


E © culars CG, BF, and El. For 
© multiplying half of BD by CG, and half of 
* AD by BF, and by EI, we have the area of all 
© thoſe triangles : adding which together the 


* ſumme is equal to the reRilineal figure ABC 
*DE. We 
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© We find the area of regular Pol ygones, by | 
© multiplying half rheir circnit by a perpendi- } 


E D * cular drawn 
HM N © from cheir cen- 
7 ©rer to one” of 
G © their fides. For | 
KL oO © multiplying A 


Ss *G by IG, we | 
© ſhall have a refangle HKLM equal to the | 


© eriangle AIB : and repeating the ſame for all 


* the other triangles, taking always half of the } 


© baſes, we (hall have a reangle HKON, which 
*will have the fide KO compounded of all the 
© half baſes, and by conſequence equal to half 
© che circumference ; and the fide HK equal to 
, om IG. 

*Tis according to this principle, that Archs- 
© medes has demonſirared, that a circle is equal 
©toa refanele comprisd under the ſemidia- 
© merer, and a line equal co half che circum- 
ference, 


Ti 
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PROPOSITION, XLII 


A PROBLEM. 
To make a Parallelogram equal to a triangle gi- 
ven, having one angle equal to an angle given, 


AF 6 ET a parallelogram be de. 


| fir'd, equal to the triangle 
E ABC, and having an anole e- 


BB; Dc qultotheangle E, divide the 


baſe BC into rwo equal parts 
at the point D ; and draw the line AG paral- 
{ lel ro BC, (by the 31.) then make the angle 
GDF equal to E, (by the 23.) and laſtly, draw 
JI the lihe«CG parallel co DF : the figure FDCG 
q is a parallelogram,' becauſe the lines FG, DC; 
7 FD, and GC, are parallels, and ts avgle CDF 
J is equal co the angleE ; and further, tis alſo 
4 cqual tothe triangle ABC, 
; * Demonſtration, 
S Thetriargle ADC ig half che parallelogratn 
1 FDCG, (by the 41.) 'cis alſo half the rriangle 
4 ABC; fince the eniangles ADC, and ADB, are 
4 equal, (by the 38.) Therefore rhe triangle AB 
3 C 1s equal co the parallelogram FDCG, 


PROP. 
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PROPOSITION XLIILL 


| A Tug oRE, by 
"The ny of a parallelogram are equal 


B FN he parallelogram ABD 
= C, the complements AF | 
LE EH, and EGDI1, are equal. } 
Demonſtration, % 
_ The he <.triangles ABC, and 
BCD, are equal, ( by. the 34. ) 'theretore if che 
triangles HBE, and BIE ; FEC, and CGE, 
which are alſo equal, (by the jane, be ſublira- c 
Red, che complements AFEH, GDLE, » ch : 
remain, will be equal. x 


PROPOSITI ON XLIV, 0 
AVPROBLEM. } 

& 

| 


a BO wp ov, 


To deſeribe 4 parallelogram upon a line given, | 
which ſhall be equal ro a triangle, and have ſuch | 
4 Certain angle ; z 1.e. equal to one given, ; 


1 G \ Cepoſe you be requir'd ; 


It make a parallelogram, ' 
K which ſhall bave one of its | 
Th angles cqual co the angle E, 


Q 
Dt, 2h, and one of its ſides equal to | 
che 
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cheline D, and be equal to the triangle ABC. 
Make 'the Paratlelogram BFGH, (6y the 42.) 
which has the angle BFG equal to the angle E, 
and is equal tothe triangle ABC. Produce the 
fides GF,. and GH, ſo-that HI may be equal to 
the line D ;: and'draw' the line IBN cill ic cuts 
GEF produc'd to'N'; and from the point N draw 
the-line NO parallel to GI, and IO' parallet to 
Bbi; producing alſo rhe fide FB ro K;and HB to 


3 -M.: The parallelogram MK is thar which you 


deſire. , -- | Demonitration, 

; ; GP and HM being parallels, the alternate 
angles GFB or the angle E, and FBM, are e- 
qual (by the 2g.) In like manner the lines KB 
and - MN being parallel, che alternate angles 
FBM, and BMO, are equal ; therefore'the an- 
gle BMO is equal 'to E, and the fide KB is e- 
qual co the line HI ,'or D: and laſtly, the pa- 
rallelogram MK is equal to the parallelogram 
GFBH, (by the preceding,) and that was made 
equal ro the criangle ABC, Therefore the pa- 
rallelogram ME 18 equal to the triangle ABC. 


The USE. 
This Propoſition contains a kind 
; © of Geometrical Diviſion : for in 
axXy * Arithmaical Diviſion a number 
© 1s propos'd, which may be lookt 
G *©onasareRangle : for example, 
* the reangle AB, conſiſting ot 
M rwelyc 


o nA * 3 


y 


[WW 
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£ ewelve ſquare feet, which is-ro be divided by 
© another number, ſuppoſe, two ; thar is to ſay, 

© another reRangle is defir'd ro be made equal 

© to AB, having .one of its fides, BD, equal to 

© two ; and the queſtion.is, haw many feet the 
© other fide ought to contain;which is,as it were, 

* the quotient. This is done. Geomerrically | 
* by the Rule and Compaſs, . Take BD conf. | 
©ing of two feet, and draw the Diagonal DEF: | 
* che line AF is chat which you ſeek, For, hay- || 
© ing completed the reangle DCFG,the com- | 
© plements EG, and EC, are equal, (by the 43,) | 
*2nd EG has for one of its ſides EH, equal to} 
© BD, of two feet in length ; and EI equal to 
* AF, This kind of Diviſion is call'd Applica. | 
© :;ou, becauſe the refangle AB is apply*d of 
© the line BD, or EH : and from hence tis, tha Þ 
* all Diviſion is frequently call'd Application ; þ 
£ becauſe che ancient Geometric:axs made more | 
© uſe of the Rule and Compaſs, than of Arith- ; 

© metick, - 


«] 
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PROPOSITION-XLV, 
A PRoBL» MM 


To deſcribe 4 paraletogram, whith ſhall have a 
Certain angle; and be equal to a refiilineal fie 
' Fire given, - | 


£&2% ET the re&ilineal fi- 


A 

F ' £4 gure 'd be AB 
'O[]] he, Dalles pin are re- 

'E ' * "quired to make an equal 
; - parallelogram, which ſhall 
4 have an angle equal co'the angle E. Divide the, 
I re&ilineal 1nto triangles by the line BD: and 
I (bythe 42.) make a parillelogram FGHI, which 
I has che angle IHG equal tothe angle E, and is 
4 equal to the triangle ABD ; and (6y the 44 ) 
4 make the parallelogram IHKL equal to the trie 
angle BCD, having ane fide equal ro 1H, and 
2 the avgle LIH equal to the angle E. The pa- 
2 rcallelogram FGKL- wilt be equal co the re&ili- 
27 neal ABCD., | 
| Demonſtration. 

Nothing need be prov'd, bur that the paral- 
lelograms FGHI, 'and HKLT, 'make up bur 
one; that is to fay, GH, and HK, make bur 
one right line. '' The" angles GH], and LKH, 
are equal to che angleF, _ tSangles LW 

2 


38. The Efements of. Euclid. 


and RHI, are equal to rwo {o hr angles, becauſe 


KHIL is a parallelogram, Therefore the angles 
GHI and &HI are'equal'th %iwvo 'rishe angles, 


— (by the 14) GH and HK make one right 
ine. 
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© Theuſe of this propoficion Itton is che ſane wich 


* the preceding ; ſerving to meaſure the capa- | 


"city of any figure wharſoeer by reducing 1t 


© into triangles, and,chen3making a a reRangular | 


© parallel Sram equal to them... 
© Tis eaſe likewiſe co make a reanoular Pa- 


4 * rallelogram. upon .4 derggminate fide, which 
© may be equal to; many ; ipzepular figures. "In 
©like manner h TW many; figures-a:;ReRtangle 


, mey be {ent equals ro: qhels lions 


WF WR 
_ 


PROPOSITION, xvi.” de. 
"A Pro8t eu,” 


ky A deſeribe 4: ſquare vigon a line given,” HH 


#. Irs 


D Te deſcribe.a ſquare upon the 
line AB, draw two-perpen- 


and draw the bige CD.-' 


5+ 1-> De rations: 


argles, 


NTT——_—_——— es ne ae 


| diculars AC-and BD es to _ | 


— m: Uſe apgles A-and: B being: BR ' 


angles, the lines AC and BDare parallels (by 


J the 28.) They are alfo equal; therefore the 


». * 
TN EE OE OE EO I IIIENG 


lines AB and CD are parallels and equals, [by 
the 33.] and the arigles A and C equal to two 
right angles ; as alſo B and D, [by'the 29.] and 
fince A and B are both right angles, the angles' 
GE and D will be fo likewiſe. Therefore the- 
figure AD has all its fides equal, and all irs an- . 
eles right angles,and by conſequence is a ſquare, 


— —— — — ——— —— — 


PROPOSITION. XLVII 


| A Tur ors. 24 

The ſquare of the baſe of a reflan nlar tri le, is 

equal to the ſqnares of both the pober [der rakew. 
_—  --: | | 


HL: \, - QUbppoſe the angle BAC to. 
BW, > S be aright ole, and that 
NAPRS IS - ſquares were deſcribed upon , 
.» & ..,allthe ſides BC; AB, and A 
+ ! C: rhat of che baſe BC, 

which is oppos'd to the right” 
DE E agk, will be equal ro the 
ſquares of both the (ides AB, 
and: AC, Draw-theline AH' paratlel- ro BD, 
and.CE ; ' andjoyn the lines AD;AE3FC, arid 


\ | B6:;1 will prove the ſquare AF is equal to the 
4 :cRangle BH;/and the ſquare AG. co rhe rectan.” 


gle 
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gle CH ; and therefore the ſquare BE is equil- 


co borh the ſquares AF and AG, 


Demonſtration. _ ''| 


The triangles FBC, and ABD, have the ſides 
AB, BF ; BD, and BC, equal : and the angles 
FBC, and ABD, are equal, each containing the 
angle ABC more than their reſpeRive righe an- 
oles. Therefore [by the 4.) the triangles ABD 
and FBC are equat. Bur the ſquare AF is dou- 
ble the rriangle FBC, (by the 41,] having the 
ſame baſe BF, and being berween the ſame pa- 
rallels BF, and AC. In like manner the re- 
Qangle BH is double the triangle ABD, having 
likewiſe the ſame baſe BD, and being berween 
the ſame parallels BD and AH. Therefore the 
ſquare AF is equal to the criangle BH. By the 
ſame method che triangles ACE, and GCB, 
may beprov'd tobeequal, [by the 4.] and the 
ſquare AG to be double the criangle GCB ; and 
che reangle CH, double the triangle ACE, 
[ by the —_ therefore the ſquare AG 18 equal to 
the retangle CH; and by conſequence the 
ſquares AF and AG are equal «o che ſquare 


BDEC. 


'©'Tis ſaid that Pythagor®, having found out 

© this Propoſition, ſacrihc'd a Heratomb, 1. e: 2 
© hundred Oxen,rto the Mwuſes, to return them 
$ thanks for cheir aſſiſtance; ſuppoſing bas it 
eems, 


= 


a «a a a a a a a 
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"ſeems, above the power of bare humane in- 
_ = Was = eſteem thereof ſo = 

tional, as to ſome perhaps it may a 3 this 
: icion being - hradanien —_ con- 
© fiderable part of the Mathematichs, For in 
* the firſt place Trigonometry cannot poſlibly 
© ſubGiſt wichour 1t, it being neceſſary to com- 
©poſe a table of all che lines that may be in- 
© ſcrib'd in a circle, as Chords, Sines, Tangents, 
© Secants; as may appear by one example. 


G © Suppoſe the ſemidiamerer AC to 
E ©bedivided into 100000 parts; & 
t © that the arch BC contains 30 


*Jegrees. Since the chord, or line 

ADC Cthac ſubtends 60 degrees is equal 
*o the ſemidiamerer AC ; BD rhe 

© fine of 3o degrees, will be equal ro half AC, 
© and therefore contain 500oo parts. Now in 
©the reangular triangle ADB, the ſquare of 
*ABis equal to the ſquares of AD, and BD. 
© Make therefore the: ſquare of AB, by multi- 
© plying 100000 by 100000, and from the pro- 
© du ſubfirak the ſquare of 50000 or BD; 
© the remainder will be the ſquare of AD, or 
© BF che ſine of the complement : and extrat- 
© ing the ſquare root of that number, you Will 
© have the line FB, This done, making as AD 
&o BD, ſo AC ro CE, you will have the tangent 
*CE; then adding together the ſquares of 
* AC and CE, the produR (by the 47.) will give 
the 
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' 


© the ſquare of AE ; excrating therefore from |? 


©thar number che }{quare root, -you will ' know 
©che length of the line 


© catit, 
© By this alfo we may aug- 
"Bw WL. *ment figures, as much as 
N x | We pleaſe,” For | example; 
©to double the ſquare ABC 
B. A ©D, continue the fide CD, 


.G' *ſothar AD and DE may 
| .c..* be equal : the ſquare of 
E AE will be double the ſquare ABCD ; fince 
© (by the 47.) igis equal ro both the ſquares of 
© AD and DE. Making the right angle AEF, 
© and taking EFequal to AB, the ſquare of AF 
© will be criple the ſquare ABCD. Again, 
* making the right angle AFG, and taking FG 
* equal co AB, the ſquare of AG will be qua- 
© druple, or four times the ſquare of ABCD, 


© And that which I ſay of the ſquare, may be | 


* underſtood of all fimilar figures. 


/ PROP. 


Þ | 


AE; which is the fe- | 


Oz 


CY.% - Bt 


— 
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PROPOSITION XLVIII, 


A TuEOREN, 


If in a triangle the ſquare of one ſide be equal to 
- the ſquares of both the other ſides, taken toge= 
ther ; the angle oppoſite to that firſt ide will be 4 


| right angle, 


F rhe fquare of the fide NP be 
equal to hoth the ſquares of 

: the fades NL, and LP, taken co» 
'N > gether ; the angle NLP will- be 
arighr angle, Draw LR perpen= 

dicular- to NL, and equalco LP ; then draw 
the line NR, 


| , © Demonſirgtion. a 
la the reRavgular criangle NLR, the ſquare 


a of NR 15 equal to the ſquares NL, and RI., or 
4 LP, (by the 47.) Now the ſquare of NP 1s al- 


ſo equal to the ſame ſquares of NL and LP; 


7 therefore the ſquare of NR is equal to the 
3 ſquare of NP, and by conſequence the lines NR 
; and NP are equal. And becauie the triangles 
$ NLR, and NLP, have;the fide NL common ; 


the fides LP and LR.;equal, and their baſes 


; NP and NR alſo equal z the angles NLP and 
27 NLR will be equal, (by the 8.) and the angle 


NLR being a right angle, the angle NLP muſt 


1 be {o rO00s ; N Tha 
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THE SECOND BOOK {| 
OF THE ; 


ELEMENTS | 


, 
; 


6 UCLID in this Book treats of the | 
" powers of right Lines; that is to ſay, | 
8 of their Squares ; comparing the di- 
© vers ReKangles, Which are made npon a Line 
© divided, as well with the Square, as the 
© ReRangle, of the whole Line. *Tis a part 
* exceeding uſetul, ſerving for the foundation 
* of the principal Operations of A/gebys. The |; 
© three firſt Propolitions demonſirate the third ? 
© Rule, or Operation of Arithmetick, Multi. "7 

1 


: 
I 
| 
No 


© plication. The fourth reaches ro extra the 
© ſquare Root of any number whatſoever. Thoſe | 
© chat follow to the Eight ferve upon many oc- | 
© calions in Algebra, Thereſt inftru& us in O- | 
« perations proper for Trigonomerry, This Book | 
© ſeems at firſt view very difficult ; becavſc |; 
© men are apt to imagine there is ſomething my- |. 
© terious contain'd therein ; nevertheleſs the 
: * Coreat- [7 * 
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© greateſt = of ics Demonſtrations are ground- 
"ed on this moſt evident Principle, that the 
© whole is equal to all its parts raken rogerher, 
© Bur ir ought nor to diſcourage any, if they 
* ſhould nor ar che firſt arrempr fully compre- 
© kend them. 


DEFINITIONS, 


I, A reflangular paralklogram is compris d under 
two lines, that form 4 right angle« 


AE D © CYBſerve that hencefor- 
an , ward by a reQangle we 
FT © ſhall intend ſuch,a paralle- 
| | *logram, whoſe angles are 
BE < *all right angles, dittinguiſh- 
* ing it by giving its longt- 

*tude and laritude, naming two of its fides, 
*which contain one of its angles, as the lines 
*AB and BC, For the re&angle ABCD is 
© compris'd under the lines AB and BC; BC 
© denoting ics longitude and AB its laritude ; 
* and the other being equal to theſe it will nor 
© be neceſſary troname rhem, LI have alſo for. 
© merly iptimared thar the line AB, remain- 
© ing perpendicular to BC, and being mov'd 
* from one extremity thereof to the other, pro- 
© duces the refangle ABCD; and that thar 
N 2 © mo- 


f- 


= 


ol —_— 
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© motion has ſome reſemblance to Arirhmetical | 


© multiplication * ſo thar, as the line AB mov. 


© ing over the line BC, that15, raken lo many | 


© eimes, as there *-« points in BC, compoſes 
*che retangle ABCD: ſo the multiplication 


©alfo of AB by BC, will vive the reRangle 
* ABCD. As, ſuppoſe I knew che number of | 


* eMathemancal points, that are in AB, for 
© example 4o,, and that there were 60 in BC: 
© it 15 evident chat the retangle ABCD will 
* have ſo many lines equal ro AB, as there are 
< points in BC; and that multiplying 40 by 
© 60, the product will be 2400, which is the 
© number of Mathematical points in the rectangle 
* ABCD. 

© I may take what quantity I pleaſe for a a- 
© thematical point ; provided I do not afterwards 
© {ſubdivide it ; it muſt rherefore be obſerv'd; 


© thar when I meaſure a line; for a Mathemats- | 


©*cal point Irake chat meaſure which belt ſuits 
© with/my occaſions; for ex'mple, when I ſay 
© a line ot {ive footin length, my Mathema- 
© tical point 18 a line of x foot long 3; which 1 
© rake Without confide ring that it is compos?'d 
© of any parts. In mc-{uring a ſuperficies like. 
© wiſe I *othe ſame, thing ſome known ſuper» 
© ficies, for exampl.', 2 font jovare 3 which 1 do 
©nor afterwards ſihdivide, I mike uſe of a 
© ſouore rather than ary othe: figure 5 becauſe 
* its leyoth and brecth being equal there is no 

© need 
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© need of naming more than cone of its dimenſi- 
© ons to deſcribe ir. Accordingly when I would 
© mark out rhe Area of the-rectangle ABCD , 
© [ donor conſider the hdes as {1mple lines, bur 
© as recangles of a determinate bredrh : for 
© example, when ſay that the re&tangle ABCD 
* has the ſide AB of four foot long, ſince a foor 
©is to me inſtead of a Mathematical point, I 
© conceive the fide AB to have alſo a foor in 
*bredth, and to be as the reRangle ABEF. 
© Therefore knowing how many times the 
©bredth BE is contain'd in the line BC, 1 
© ſhall know how many times the line AB is 
© contain'd in the reanoJe ABCD; that is to 
*ſay, multiplying AB which has four foot 
© ſquare by 6,the product will be 24 foot ſquare, 
© In like manner knowing the magnirude of the 
© reangle ABCD ro be 24 fovr ſquare, and one 
«of its fides AB to be 43; dividing 24 by 4 
© the quotient will give me the other fide BC, 
© confilting of fnx foor lauare. 
2. Having drawn the diameter of a 
; reQanvle, one of he leſſer re&angles 
Lo thro which it paſ-s, rogerher wich 


WE 1 the two complements, is call'd the 
B RK C Gnomon. * As the reAmnele EG, 

*rhro which the diamerer BD paſſes, 
* together with che complements EF and GH, 
tis cali'd the Gnomon ; rl:cir foure cogerher 
* repreſenting a Carpenters ſquirz, 


PROP. 
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PROPOSITION IL 
A TuztoOREM. 


If two lines be propos d, whereof one is divided tn- 
to divers parts, the reflangle contain'd under 


thoſe two lines 15 equal to the reflangles contain'd n 


under the line which is not divided, and the parts 
of the line divided, + 


CG HD E T the lines propos'd be & 


AE FB contain'd under the lines AB and 
AC, is equal to the re&angle AG conrain'd 
under AC an” AE; tothe reangle EH con- 


rain'd under EG equal ro AC, and EF ; and to |* 


the retangle FD contain'd under FH equal 
to” AC and FB 
Demonſtration, 

The reAangle AD is equal to all its parts 
taken rogerher ; Whichare che reRangles AG , 
EH, and FD; and noother. Therefore the 
re&angle AD is equal to the reRangles AG , 
EH and FD taken together. 

By Numbers, 

This propolition holds crue likewiſe in num- 
bers. S»ppoſe the line AC to be five foor 
long; AE vo. EF four, FB three; and by 
conſequence AB nine : the reRangle yg" 

unde: 


be divided into 3s many parts 
you pleaſe, The re&angle AIF- 


| vi AB, and AC; and let AB”; 
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under AC five; and AB nine, that is to ſay, 
five times nine, which makes forty five, is e- 
qual to twice five or ten, four times five or 
ewenty,and three times five, or fifteen ; for ren, 
ewenty, and fifreen, make forty five. 


The USE. 


; © By this propoſition is demonſirs- 
1 ” © ted the ordinary operation of mul- 
© riplication. For example, if you 
© were to multiply che number A, 
2 © which is 53, by the number B, 
D, 24] ©that is 8. Divide the oumber A 
E, 429| © into ſo many parts as there are char- 
F, 424) © atters:thar is, two, 50,and 3; which 
* multiply by 8, ſaying, eight times chreeis 
© ewenty four z and ſo you make one reRangle. 
* Then multiplyivg the number 5o by 8, the 
© produ& will be 400. Bur *cis evident chat 
© the produ@ of eight times 53, being 4249 
*1s equal tO the produR of 24, and the produ& 
© 400 taken together, 


es | PR OP. 
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PROPOSITION IL 


A THEOREM. 


The ſquare of any line 18 equal to the retlangle; 


. Contain'd under the whole line, and all its parts, 


and its ſquare ABDC, I ay 
Hl the ſquare *ABDC is equal co the rec. 
£TE7 alc contain'd under the whole line 
" * AB, and AE; anocher under AB and 
EF; and athird under AB and FB, 
Demonſtration, | 
The ſquare ABDC is equal to all irs parts 
taken together, which are the reKangles AG, 
EH, FD. The firlt AG 1s contain'd under 
AC equal to AB, and AE. The ſecond EH 


is contain'd under EG equal to AC or AB, and 
FE. Thethird FD is concain'd under FH e- |: 


qual to AB, and FB : and *as rhe ſame 


thing to be contain'd under a line equal to AB, Þ 


and to be contain*d under AB ic ſelf, There- 
fore the ſquare of AB is equal co the re&angles 
contain'd under AB, and AE, EF, FB, 


CGHD Es the line propos'd be AB, |. 


—” Ns -——s 


_— 


the parts ot AB. 
By Numbers, 


Ler the line AB repreleac the number nine: : 


its 


” 6 2h . ; 
= 


ME" aan taint 2 


» . - 
——_ tes Mat. ———— 


lj 


D 
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its 
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CO! 
AC 


an 


Y plain char 36, 27, and 18 make 81, 


& ; ” «< . of . 
, | © This propoſition ferveslikewiſe to prove 
3 © mulciplication ; as alſo for Equations in 4l- 
Nm OBI TTn.g 7 8g 
ay £ » +, 
te ” + : i +4 & ky 
2 PROPOSITION 1Il,' ,* 
n Od 8 & : | 
_m If a line be divided into two ar Irs the reflang le 
4.  containd under the whole line, and one of «ts 
wil parts, is equal to. the. ſquare of the ſame part 
ts and the reflangle contain'd wader both the parts, 
[1D EB _ FT ET theline AB bedivided 
ne into two parts at the poinr 
B, « þ C'; and let a're&tangle be made 
e-F3IA -C' © B of the: whole AB and one of 
es | its- parts AC, that's. co ſay, let AD be e- 
B, [4 qual-to 'AC; and then if reRangle AF he 
; compleated, ir wilt be equal co the ſquare 6f 
* AC, ind the reQtangle” contain'd under” 'AC 
©: þ7 and'CB;/ Draw the perpendicular CE; ? pu 
Tx; | | (®) f. 


.- "The Second'Book, © ror 
ics ſquare will be $1. 'Ler alſo the part AE 


J be four; EF chree ; and EC cwo : nine times 


four make thirty fix ;. "nine times three twenty 
ſeven; and nine'rimes co eighteen ;.and 'ris 


! 1 Ov 
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ftrggion, 
nt he refangle AE ne d undgr AR and | 


ual r0 AC, .is. equal to all_irsparts, © 


Tk are the rectangles » and CF. _ The | 
firſt AE is the ſquare AC, the lines AC # 


and AD being equal; and the retangle CP |? 


15s conrain'd under, CB, and CE equal to AD © 
or, AC, Therefgre, the reftangle cantgin'd | 
unge r AB. and, AC, 18 equal ro the Kquare of | 
"and the fe&anele contain'd un 
and CB. 
wah, 4 By - -Niambers, 


Let AB be 8 $3 and;CB, 5: the}? 


rectangle Cond un o& AB and AC, will 
be chree rimes eighty CO gr2 :the ſquare of AC 
3, is nine; ect nele contain'd unde: 
AC 3, and _— 4. 1s three times 5 or 15, 
Bur it n evident hl 15. "and'9 1 make 24. 


\ 40, Vs The ESE. | 

AT a3 *Theufſe 6f this propoſition is till 
C,40, 3] <ro demonltrace rhe ordinary praRtiſe 
3}: © of .mulcighigazian. For example, if 
"202.04 © you would multiply the number 4; 
6 by 3.; baying, divided the” Humber 
—70 < 43; intq 40, ang 3: thiee times 43 
© wvilkamquor to 2s many as three timgs threes or 
* Ine, that is, che ſquarg of three ; andthiee 
3 nes 40, That | is,- 130. ; for three crimes forty 

ree 15'1294 Beginners ought rot tobe dil- 
p- © cOur- 


AC |, 


—_—_ Fen; I Y - © Gremlin cus: * 7 


S » 42 6 


A ARAM HB >VYY © WW. 


*. "Ye Seton Bulk" £53 
0 cola, ifthey dot | fly 3pprehend 


© cheſs propdficions'! Which: yer," in truth af 
* not 155 bur bs they" I conteiv 4 ro 0g: 


6 tain Pts myſtery... n 
Horonron Ie; 5 
"P A Taiz 6'k nu, DE | 


f F, 4 line br - Hae tab wa, the ſetiare's of 


| to | uniler the fame fot,” 


| 6-9, ©, APAIOTE non 
aihetinks ne nes oe DSS 


| the whole, line, | will be nal tothe ſquares of 
both the parry; " akd2 Ind ; lgcs.60 conta- 5 'd 


. modems 


bur ''E.D Li rhe fine AB "hp 
"irs + Shs Vided if ©, air lace 
>; Wc AG BUE' deſctis 1 tet its di- 

1 Mk EO et; ts EB be txwh and 


LES Bk; perpetidiciiſar cutting it CF: 
| and by ta' *s let the line GL bez drawn 


paralleFty - '*Tis evident that the ſquare 
ABDE "is equil' ro rhe four teRangles GF , 
CL,'CG, and LF.®” The" rwo firſt of hich 
are the ſquares of AC" md'CB: and thetw: 
Complements are, corztn'd under AC :n{ 
| Demon#ty ation, | 
The fides AE and AB. are equal : - therefore 
che angles AEB, and ABE ate talf right 
O 2 anvles 
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angles : and becauſe the lines GL: and .AB ae |} Y 
parallels ; rhe; angles. of the criangles, of the |} *© 
ſquare GF (by "the 29-1 . ) will be equal ; i * 
as alſo their fides (by hi'6. I Jt herefore GF is i © 
the ſquare of AC. ' In like manner CL isthe | , 
ſquare of CB-: rhe-re&anglte GC is contain'd 7} © 
under AC, and AG egual to BLoz-BC, and |} © 
the retangle LF is contain'd under LD equal Jt * 
to AC, and ED equal tro BC, Þ 

Coroll, If youu draw the diagonal of a ſquare By | 
the teRangles which.it $56 are e (qares. . 
—— 


\ 'OThis © pr tion reaches, the me- [ 
rra 


Bn 4). thod of ex s the ſquare root. of | 
oo" þ any number .. 'd, Let the num- 


*bex be A, orn,144,repteſepred by the | 
« {Guzre AD; WED irs ror by che-Tine AB. | 
* 1 ſuppoſe it known from cer principles char | * 

; 


© 1t requifes evo chagaders here- 
* fore that the Toe AE 1s divigegin inT, fo 7 
© that. 'AC may peſo { ths firſt, charadter, | 
* and BC. the ſecon Then ſearching : the |: 


* root, of the firlt charaQer of the aeyng: os 
© which is 100, 1 find if bo 10: and making 

* irs ſquare 100,reprefented byzhe ſquare GF, : 
©] ſubltra&ir from 1444. and there remains 44 |? 
* for the reftangles GC, FL ; and rhe ſquare |: 
© CL: Bur becauſe the figure of a Gnomon is | 
*nor proper tor this operation, Itranſport the |* 
* reRangle FL unto KG , making one yr f 
Iects 
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re | © refangle KL, char is, 44. I know alſo al- 
ie Þ&f © ready almoſt che whole fide KB : for AC be- 
|; Af © ing 10, KC muſt bezo: Tmuſt therefore di- 
is & vide 44 by 20; thar is toſay, for my Di- 
ie Þ * viſor doubling the root found ; 1 enquire then 
4 'F © how many times 20 I can have in 44? and 
id [} *find twice ; and therefore rake 2 for the fide 
J ©<BL ; and. becauſe 2o was not the intire fide 
3 *KB, bur only KC ; that rwo which came 
© in the quotient I add to the Diviſor, making 
©it 22; which number being found preciſely 
\\* cyyice-in 443Aadding 2 tothe root before found, 
7 © Tconclude the whole ſquare:root of 144 to be 
1 ©12....Ypu'ſee then that the, ſquare 144 is e+ 
a. [4 © qual to the ſquare of 10, which is 100, the 
ie [1 © ſquare of 2, thatis4; and twice 20, which 
| * make the two reAangles contain'd under rwo 
at [7 ©andren., _ 6,0 


7 


s | i: --2- PROP- 
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PROPOSITION 'Y. 
WA ;THEOREM.:..:c,. 
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If « line be divided Thto two equdl parts. and two | 


-" parts that are wequal ; the reflangle, contain'd | 


- wider the unequal parts, together with thy ſquare 
* "of the intermediate part ; is equal to the ſquare 
- of half the line, ©... Fe Wh 


py 
* 


K_'2|Nr |; tntorwo equalpaits in C; 
# ET þ | 44 two unequal” pirts in D; 
£——D 753 (be foftangle AH conrain'd 


Darn 7 under the unequal ſegmenrs 
AD; 2nd DB, with the ſquare CD, will 
be equal ro the ſquare of CB, that's, rhe 
ſquare CF, Compleat the figure as you ſee; 
the reangles LG and DI will be ſquares, 
(by the coroll, of the 4.) Iwill prove then that 
the retangle AH , contained under AD, and 
DH equal co DB, with the ſquare LG, 1s e- 
u8l eo the ſquare CF. 

BOOR Ay Demonſtration. 

Th- re&-nle AL is equal tothe reQangle 
DF , both b=ing contain'd nnder half the line 
AB. -nd DB or DH, which is equal to it. 
&.c'! to both th- -eRangle CH; the reRangle 
AH will be equal co the Grzemon CBG. * ay 

tnere. 


1B G F JE the Tine' AB befivided 


an. BFE 


a 


'e 


'- 
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therefore. again to both the ſquare LG4 and 

che reRang le AH, with the ſquare LG wil 

be equal co the ſquare CF. t | 
. * . By Numbers. 

Let AB bexo; AC will be 5, and CB like. 
wiſe ; and let CD be 2 » and. DB 3-. che 
re&angle contain'd under. AD 75 and DB 
2, that is. to fay 21, with the ſquare of CD 
2, that 8 4, 'will be equal ro! the ſquare GB. S» 
which is 25, | The SE. 

* This propoſition is. very uſeful in the thicd 

book ;. it is alſo us'd in Algebra, to. deman+ 
* rate the manner of finding, the root 0.8 an. Ate 
* fected or impure {quare, 


\ HIRE 


PROPOSITION VL... 

: A THEOREM, 

If a line be divided into. two. equalparts, and to 
it another line added; the ; retlenghe contain'd 
under the line componnded of thoſe two, and that 
which rs added, with the ſquare of ha'f the A- 
vided lire, 1s equal to the ſquare of the line 
Com potended of that half, and the lire that is added, 


PG E [* 10 the line AB, divided 


_—_— 
WS 


into two equal parts In C, 

"BE Mo be added the line BD ; | The 
rar by N re&angle AN, concain'd un- 
A "87 1>. der che ling AD-+, aad DN-e- 
cou! ro BD, with the ſquare 

ot 
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of CB; 1s equal to the ſquare of CD. Make 


the ſquare of CD, and having drawn the diagos | 
nal FD, draw alſo BG parallel co FC, cutting | 


FD ar the point: H, rhrcough which paſles the 


line HN parallel co AD, KG will be the ſquare | 


of CB; and BN, that of BD, 
| Demonſt?ation, 

The re&angles AK, and CH, being upon 
equal baſes AC and CB, are equal(6by the 36.1.) 
The complements CH and HE are equal, (6y 
the 43.1.) therefore the re&angles AK and 


HE are equal. Add to both the re&angle CN, | 


and the ſquare KG : the reRangles AK and CN, 
that is, the reQangle AN, with the ſquare KG, 


will be equal to the refangles CN and HE, | 


and the ſquare KG, that is, the ſquare CE, 


By Numbers, 


Let AB conſiſt of 8 parts ; AC of 4 and 
CB of4; BD of 3. ſo rhat the whole AD be 
11, Tis evident the re&angle AN is three 
eimes 11, that is 33 ; which with the ſquare of 
KG, equal ro CB 4,that is 16 ; make 49, and 
rherefore is equal to the ſquare of CD 9, which 
1549; for times 7 make 49. | 
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© Manrylcemyby the help of this Propofitien, 
©meaſur'd che whole Earth at one ſingle Obſer- 
vation. 


” nz. 
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1 © line AE; from which ſublirating th2 hich: 
P | 
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© vation, To effe& which , he adviſes, that 
*from .the trop of a mountain of 

A C*©known hight A, you obſerve the 

© angle B*.C, made by the line 
*AB, touching the ſuperficies of 
© the earthrat B, and the line AC 
© paſſing through the center-: and 
© that1n the triangle ADF, knows= 
©ipg the angle A, and che rigbr 

© angle ADF, you find by Trigonomerry the fides 
©AFand FD : and becauſe tis eafie ro demon- 


2 © rate that FB and FD are equal, you will then 


© know the line AB, and alſo its ſquare, Now 


2 ©we have demonſirated in the preceding pro- 
2 © poſition, that the line ED, being divided into 


© equal parts in C, and the line AD added to 
© ir ; the reangle contain'd under EA, and 


$ <AD, with the ſquare of CD, or CB, is equal 


*ro the ſquare of CA; and the angle ABC, 
© being a right angle, (as is prov'd in the third 
© book) the ſquare of CA is equal to the ſquares 
©of AB and BC; therefore the reQtangle un- 
© der AE and AD, with the ſquare of BC, is 
© equal ro the ſquares of AB and BC. Take 
© therefore from them both the ſquare of BC, 
© andthe reRangle under AE, and AD, will be 


3 © equal to the ſquareof AB. Divide therefore 


© the known ſquare of AB, by the hight of the 
© mountain AD, and the Quotient will be the 


CG, 
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© fthe mountain, the remainder will be the 


© diameter of the earth DE. 


© We have made uſe likewiſe of the ſame pro- | 
© poſition inour Algebra,rd:demonſtrare the rhir- | 
© ceenth propoſition of the third Book, ro find | 


© the root of a ſquare equal ro a number, more a 
© certain; number of roors. The two that follow 
© do alſo ſerve for the proof of the like operati- 
© ons. 


rt 


PROPOSITION VI, 


A THEOREM. 

If a line be divided , the ſquare of the whole 
line, with that of one of its parts, is equal to two 
reftangles contain'd under the whole line, and 
that firſt part, together with the ſquare of the 


other parts 


F ET the line AB be divided 


4 any Where in C; the ſquare 
G& |, AD of theline AB, with the 
> ſquare AL, will be equal co two 
C * 1!ghr angles contain'd under AB 
K L and AC, with the ſquareof CB, 


» 5 t@ 


Make the ſquare of AB, and have | 


ivg drawn the diagonal EB, and the lines CF 
and HGI ; prolong EA fo far, as that AK may 
be equal ro AC: ſo AL will be the ſquare of AC, 
and HK will be equal co.AB; For HAis equ:l 


io 


NI ISS 


- > 


© © w eqEOn, © 


wa. 
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toGC, and GC is equal ro CB, becauſe CI is 
che ſquare of CB, (by the Corel. of the 4.) 
Demonſtration, 

Tis evident, that the ſquares of AD and AL 
are equal to the reRangles HL and HD, and the 
ſquare CI, Now the reQangle HL is contain'd 
under HK equal to AB, and KL equal to AC, 
In like-manner the reangle HD is contain'd 
under HI equal co AB, and HE equal to AC. 
Therefore the ſquares of AB and AC are equal 
co two reangles contain'd under AB and AC, 
and the ſquare of CB, 


In Numbers, 


Suppoſe the line AB to conſiſt of 9 parts, 
AC of 4, and CB of 5. The ſquare of AB g 
is$1, | and that of AC 41s 16; which $1 
and 16-added together make 97, Now one re- 
Rangle under AB and AC, or 4 times 9g, make 
36, which taken twice is 72 : and the ſquare 
of CB 5 is 25; Which 72 and 25 added to- 
oether make alſo 97» 


P 2 PROP, 


1:2 © The Elements of Epclid; 


— 


PROPOSITION VII, 


A THEOREM, 


Tf you dsvide a line, and add another to it equal to 
one of its parts, the ſquare of the whole compoun- 
ded line will be equal to four reflangles contain'd 
under the firſt lint, and that part that ts added , 
together with the ſquare of the other part, 


AC8®D ET the line AB be divided Þ 


any where in the point C, 
Y 8 and BD equal to CB. added 
M'J]L FF to it: the ſquare of AD will be 
ENPE Cqualcofour reRangles contain'd 

under AB, and BC or BD, and 
the ſquare of AC. Make the ſquare of AD, 
2nd having, drawn the diagonal AE, draw like- 
wiſe the perpendiculars BP, and ON, cutting 
rhe diagonal in I, and © : and alſo the lines 
MOH, and GIR, parallel ro AB. The re&an» 
gles GC,LK,PH,MB, and NR, will be ſquares, 
(by the Coroll, of the 4.) 

'Demoyſtration, 

The ſquare ADEF is equal to all its parts! 
2nd che retangles LB,QD,PM, are contain'd 
under lines equal to AB,and BC, and if you add 
the re&angle MI tothe'rectangle PH, they to- 
gether will give-you another rectangle contat ; 
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under a line equal to AB, and another equal to 
CB or BD* Beſides which there remains no- 
thing but the ſquare GC, which is the ſquare 
of AC. Therefore the ſquare AD is equal to 
four re&angles contain'd under AB and BD,and 
the ſquare of AC, 

In Numbers, 


Ler the line AB confſt of 7 parts, AC of 
3. and CB of 4; as alſo BD: the ſquare of 
AD 11 will be 121, And one re&angle under 
AB 7, and BD 4, makes 28; which taken 
four times is 112 3 and thoſe together with the 
ſquare of 3, which is g, make alſo 121. 


_ - _— _— OOO m—_——_——— OO —— 


PROPOSITION IX. 


A THEOREM, 


| If a line be divided into two equal parts, and two 


unequal, the ſquares of the unequal parts will be 
double the [quare of half the line, and the ſquare 
of the intermediate part. 


(- LET the line be divi- 

ded into two equal 
part3 at the point C, and 
tivo unzqual ar the poine 
D: the ſquares of the une- 


| A C D B qual parts AD, and DB. 


wil, 


II, The Elements of Euclid. 


will be double the ſquares of AC, which is half 
AB, and CD the intermediate part. Draw CE 


perpendicular to AB, and equal to AC ; draw | 
alſo the lines AE, and BE, and the perpendicu- |! 


lar DF, as likewiſe FG parallel ro CD, Then 
Joyn the line AF, | 
Demoyſtration, 

The lines AC and CE are equal, and the an- 
ole Cs a right angle: therefore (by the 5.1.)the 
angles CAE, and CEA, are equal; and conſe- 
quently half right angles. In like manner, the 
angles CEB, CBF, GFE, and DFB, are half 
right angles; and the lines GF and GE,DFand 
DB, equal, (by the6.r.) and the whole angle 
AEF is a right angle, Now the ſquare of AE(by 
the 47. 1.) is equal to the ſquares of AC and 
CE, which are equal : cherefore it is double 
the ſquare of AC. For the ſame reaſon, rhe 
ſquare of EF is double the ſquare of GF,or CD. 
Now the ſquare of AF ig equal © the ſquares of 
AE, and EF, becauſe the angle AEF 1s a right 
angle : therefore the ſquare of AF is double 
the ſquares of AC, and. CD, The ſame ſquare 
of AF isikewiſe equal to the ſquares of AD, 
and DF or DB, the angle D being a "ight angle. 
Therefore the ſquares of AD, and DB, are dou- 
ble che ſquares of AC, and CD. 


In Numbers, 


Let AB be 10, AC 5, CD 3, and DB 
23 
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2 + the ſquares of AD 8, and DB 2, that isto 
ſay, 64 and 4 , which make 68, are double the 
ſquares of AC 5, that is, 25, andof CD 3, 
which is 9 : for 25 and 9 make 34, Which is 
half of 68. 

The US E, 


& [ have not mer with this Propoſition, ex- 
© cept in Algebra; no more than that which 
<< follows. 


— 


PROPOSITION X, 


A THEOREM. 


If a line be added to another that «ts divided inte 
two equal parts ; the ſquare of the line coms- 
pounded of thoſe 1x0, with the ſquare of that 
which is added, makes double the ſquare of half 
the line, and the ſquare of that which ts Comte 
pounded of half, and the line that is added, 


E . ET che line AB be 

: L divided in the 

middle at the point C, 

/ C Dp and the line BD added 

| —= ro it: the ſquares of 
| & AD, and BD, will be 


double the ſquares of 
AC, and CD. Draw the perpendiculars CE 
and. DF eonal to AC : and then draw the lines 
AE, 


2x6 The Element: of Enclid: 


AE,EF; and producing FD toG, ſochat DG | 


may be equal to BD, joyn che lines AG, and 
EBG, 
Demonſtration, 


The lines AC,CB, and CE being equal, and | 


the apgles at the point C being right angles: 
the angles CAE, AEC, CEB, and CBE, will be 
. half right angles, In like manner the angle D 


being a right angle, and the lines BD and DG | 
equal, the angles DEG, and DGB, will be half}. 


right angles ; and ſo will likewiſe GEF, the 


angle F being a right angle ; therefore the lines þ 


FG and Ft. are equal, (by the 6.1.) and EF 
1s equal to ED, (by the 23. 1.) Now the ſquare 
of AE is double the ſquare of AC, and the 
ſquare of EG alſo double the ſquare of EF, or 
CD, (by the 47. 1.) Burt the ſquare of AG is 
equal to the ſquares of AE and EG, (bythe 
ſame :) therefore the ſquare-of AG is double 
the ſquares of AC and CD. The ſame ſquare 
of AG is likewiſe (by the ſame) equal to the 
ſquares of AD, and DG equal co DB : there- 


fore the ſquares of AD and DB are double the Þ* 


ſquares of AC and CD, 
By Numbers, 
Let AB contain 6 parts, AC 3, and CB 


3, BD4 ; the ſquare of AD 10 1s 100; þ 
che ſquare of BD 4 is 16, which make toge- | 
ther 116, The ſquare alſo of AC 3 is 9: the | 


ſquare 


Lo LES KA. 


A. 2 
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ſquare of CD 7 is 49, Now 49 and 9 make 
58, the half of 116. 


PROPOSITI ON XL 
A PROBLEM. 


To divide a lint in ſuch a manner, that 'the reflan: 
gle under the whole line, and one of its parts, 
(hall be equal to the ſquare of the ather part, 


C. Uppoſe the line AB to be di- 


D vided in ſuch a manner, thar 
ES the reangle under the whole 
a—R; line AB, and BH, may be equal 

| ro the ſquare of AH. Make che 
F ſquare of AB, (by the 46. 1.) and 


Ang dividing AD in the middle in E, 
draw EB, and take EF equal co EP. Then make 
rhe ſquare of AF, thar is to ſay, ler AF.and AH 
be equal, 1 ſay, the {quare of AH will be equal 
ro the reangle HC, contair'd under HB, and 
BC equal ro AB. 

Demonſtration. 

The line AD is divided equally in the point 
E, and the line FA added to ir, therefore (by 
the 6.) the re&tangle DG contain'd under DF, 
and FG equal co AF, with the ſquare of AE,is 
equal to the {quare of EF,equal to |:B : now the 
ſquare of EB is equal _ ſquares of AE po 

y 


11} The Element of Fuclid. 


AB,(bjthe 47.1.)therefore the ſquares of AB and | 


AE are equal to the reQangleDG,and the ſquare 


of AE: and ſubſiraRivg from both the ſquare of |: 


AE ; the ſquare of AB, that .is, AC, will be e- 
qual ro the tefangle DG: raking away there- 


fore the reangle DH, which 1s common to | 


both, the re&angle HC will be equal to the 
ſquare of AH, that is, AG, 


The USE, 


This propoſition teaches how to cur a line 
* according to the extreme and middle propor- 
© tion, as Will be ſhown in the 6th. Book, Tis 
© alſo frequently made uſe of in the 14th, book 
© of Euclid's Elements, to find the ſides of eg 


© lar Solids. Ic is uſeful alſo in the 12, of the | 
c 4 to inſcribe a Pentagone in a circle, asalſoa | 
; | 


encedecagone (or a figure with 15. angles. ) 
© You will ſee alſo other uſes thereof in divid- 
© ing lines on this manner, in the 30th, propo- 
© fition; of rhe 6, 


PROP. 
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PROPOSITION XII, 


R A TuHEOREM, 

In an Obtuſangle triangle , the 8 of the ſide 
oppos'd =S denſe expo hrs the ſquares, 
of both the other ſides, and two reflangles con- 
tain'd under the line wpon which a perpendicular 

3 will fall, and the line which lies betwixt the tri- 

| angle and the perpendicglar, 


y A LE! the angle ACB,: of the 
| > triangle ABC, betag. obtuſe, 
D—Cc and ler AD be drawn perpendi- 
cular to BC; the ſquare of the 
fide ABis equal to the ſquares of the ſides AC 
and CB, and two reangles contain'd under the 
fide BC, and D(;, 
Demonſtration. 
' The ſquare of AB is equal co the ſquares of 
AD, and DB, (6y the 47.1.) Bur the ſquare of 
* DB isequal to the ſquares DC, and CB, and 
| rwo reangles contain'd under DC and CB, 
| (bythe 4.) Therefore the ſquare of AB 1s equal 
| tothe ſquares AD, DC, and CB, and two re. 
| Rtangles contain'd under DC and CB, In ſtead 
| of the two firſt ſquares AD, and DC , pur the 
 ſquareof AC, which is equal to them,(6y the 47. 


> 1,) The ſquare AB will be equal to the ſquares 
Q 2 AC 
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AC and CB , and two reRangles contain'd |? 


under DC and CB, 
The HSE, 


© This propoſition is uſeful in Tr:gonometry 
© to meaſure the ares of a triangle, whoſe fides | 


© are known, For example , ſuppoſe the fide 
* ABto conliſt of ewenty- foot, AC of 13, BC 
© of 11: the ſquare of AB will be 400, tharof 
*AC 169, and that of BC 121. The ſumme 
© of therwolaſt is 290, which ſubſtraed from 
© 400, there will re:hain 110 for the two re&- 
© :ngles under BC and CD. The half of which, 
* 55, will make one half of thoſe reRangles; 


* dividing which number by BC, 11, we ſhall þ' 


© have 5 for the line CD ; whoſe ſquare 25 be- 
© ing ſubſtraKed from the ſquare of AC, 16g, 
© Jeaves the ſquare of AD, 144, whoſe root 12 
© will be the fide AD; which being multiplied 
© by 55, the half of BC, will give the area of 
che triangle ABC, that 1s, 66 foot ſquare, 


PROP, 
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PROPOSITION XIIL 


A THEOREM, 


In any triangle whatſoever, the ſquare of the ſide 
oppos'd to the acute angle, with two retlangles 
Contain'd under the ſide upon which the perpen- 
dicular falls, and the line which is betwixt the 
perpendicular and that angle ; is equal to the 
ſquares of bath the other ſides. 


A ; CI ppoſe the triangle to be 
ABC, and the acute angle 
C, and AD the perpendicu- 


Z D —> lar falling upon BC: the 
ſquare of the fide AB, oppos'd 
to the acute angle C, vith two reRangles con- 
tain'd under BC and CD, will be equal to the 
ſquares of AC, and BC, 
Demonſtration. 

The line BC being divided in D, (by the 7.) 
the ſquares of BC and DC are equal co two re- 
angles under EC and CD, and the ſquare of 
BD. Add to both the ſquare of AD : the 
ſquares of BC,DC,and AD, will be equal to 
ewo rectangles under BC, and CD, and the 
ſquares of BD, and AD. In fiead of the ſquares 
of CD, and AD, pur the ſquare of AC, which 1s 


equal to them, (by the 47, 1.) and inſtead os 
the 


222 The Elements of Euglid, 
the ſquares of BD, and AD, ſubſtitute the [7 (hc 
ſquare of AB, which is equal to them, (by the [4 qu: 
ſame :) the ſquares of BC, and AC, will be | eq 
equal tothe ſquare of AB, and two reRangles [4 the 


contain'd under BC,and CD. 3 cir 
The USE. p < 5 
"Theſe propoſitions are very uſeful in Trige- Þ 

* ometry : I have made uſe of -them in the Þ} 
* Eighth propoſition of my third book; to prove, [1 56 
© that in a triangle the Sine total has the ſame F' L 
* Proportion to the line of an angle, as the re Þ* Cf 
* angle contain'd under the ſides, which form F* go 
* that angle, to double the triangle, 1 have Þ G1 
© us'd them likewiſe in the ſeventh, and divers F' ;þ 
*other propoſitions. | an 
: iq 
PROPOSITION Xiv. | Þ 
' rel 
A PROBLEM. 'Br 

To deſcribe a ſquare equal to a reflilineal figure 

given, 

BK O deſcribe a ſquare & Þ *r 


4 qual co the re&ilineal Þ © 
A, make (by the 45.1.) a rect- Þ *c 
| angle BCDE . equal to the Þ ©: 
reilineal A, If rhe ſides Þþ ©: 
D E CD, and CB were equal, we Þ *i 
ſhould 


ws TH ww Te 
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Z ſhould have what we defir'd : bur being une- 
qual, continue the line BC, ſo that CF may he 
equalto CD ; and dividing the line BF, in 


7 the middle at the point G, deſcribe the ſemi- 
2 circle FHB; this done, prolong DC to H, 
4 The ſquare of CH is equal tothe reRilineal A. 


Draw the line GH. 
Demonſtration, 

1 ThelineBFis divided into two equal parts 
{ in G, and two unequal in C : therefore (by the 
1 5.) the reRangle contain'd under BC, CF, or 
2D, thatis to ſay, the reQangle BD, with the 
ſquare of CG, ts equal ro the ſquare of GB, or 
GH, which is equal to it. Now (6y the 47. 1.) 
the ſquare of GH is equal to the ſquares of CG, 
and CH: therefore the retangle BD, and the 
{quare of CG, are equal co the ſquares of CG, 
and CH ; and therefore taking away the ſquare 
* of CG, which is common to both, there will 
' remain the ſquare of CH equal to the re&angle 
* BD, or, which is the ſame, the reQilineal A. 


The USE, 


© This propoſition teaches us in the firſt place 

| *ro reduce any reRilineal figures ro ſquares ; 
' © which being the chief meaſure of all ſuperfi- 
* *cies's, becauſe irs dimenſions are borh equal, 
© wecan by this means take the magnirude of 

| © all forrs of re&ilineal figures. Again it helps 
| *us to find a middle proportional Mp 
ines 


* % 6 . 
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© lines given, as we ſhall ſee in che thirteenth 


© propokrtion of the fxth book, 
* Ariſtotle brings this propoſition as an in« 


© ſtance of a Formal Definition : for, in his ſecond |* 


© book, de Anima, ſeit, 12. diſtinguiſhing be- 
©twixt a Formal and a Cauſal Definition, he ex- 


© plains them thus. If, when tis demanded |. 


© Whar it 1s to ſquare a ReRangle ? anſwer be 
© rerurn'd, that 1t is to deſcribe a ſquare equal 
©toa reAineal ; this anſwer contains the for- 
© mal definition. But if it be ſaid, that ir is to 
© find a middle proportional berwixt two lines; 
© this gives the Cauſal definition, For to find 
© a middle proportional is the cauſe of making 
© a (quare equal to che reKilineal propos'd, 
This propoſition may alſo be tarcher uſeful 
© for the ſquaring of crooked figures ; and alſo, 
© as far as is polhible, even the Circle ir ſelf z for 
© all ſorts of crooked figures may, at leaſt as far 
© as is diſcernible by ſenſe, be reduc'd to re&i- 
© lineals. As for example, if we inſcribe in 2 
© circle a Polygone conſiſting of a thouſand 
© ſides, there will be no ſenſible difference be- 
© ewixr it and the circle: therefore reducing 
© this Polygone to a ſquare, we do, as far as our 
* ſenſes are capable of judging, ſquare the circle, 
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THE THIRD BOOK 
| OF THE 


| ELEMENTS 


'% His third Book explains the propertiesof 
;© | a Circle, and compares divers lines 

*.- Which may be drawn wichin, or withour 
* its circumference; Ir | confiders likewiſe the 
© circumſtances of circles, that cut each other. 
© or touch a right line ; and the differences 
* © of ansles that ate made-either ar che centers 
* *or circumferences.' In fine ic lays down the 
' *&cſt principles for the eltabliſhirg the praRica! 
© part of Geometry; for 'Which the circle is 
* © moſt commodiouſly-mide' uſe of in almoſt all 
' *Treatifes of the Marbewaricks, 
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4A 519 48% U/ , & os 


DEFINLTIONS. 


I. Thoſe Circles are, equal, 
whoſe quaryeters or ſergidietne. 
rers ateEqual, - - © "} 


2. Aline is ſaid to touch a cir. 
A © 'B cp, whely rtttpg witli irsicir- 
£  * cyferenge, it dges gor opt it. As 

the libe AB, bed fp.” tw# 7 


ite Circles; x J 
+ When meeting, they do 
«- vot cut eachother, As 
the-ciccles A,B,and C, 


A—-© 4. Thoſe hives are equally re- 
\/ more from the center; when the per- 
pendiculars, drawn from the centet 

tro the lines, are. equal. ** As for 

B——"D © example, if EF, and EG, perpen. 


Rs ta 
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© diculars to the lines AB; and CD, Þ 


© be equal, AB and CD will be equally remote 
© from the center 3 becauſe the diſtance ought 


© alvays co be meaſur'd by perpendicular lines. 
5. | 


| 


5: A ſegment of a circle is a 


figure rerminared on one fide by 
a right line, and on the other by 
w be circumference of a circle. 
ae LON, LMN, 


6. The angle of the ſegment is the angle 
which the circumference makes with the riche 
line. * As the angles LNO, NLM. 


1 7. An angle 1$in that ſegment in 
: which: are whe lines thac "form it. 
© As the angle FGH, is in the ſeg- 

} © ment FGH, 


An angle is upbn\ thar arch, to which ic 


1 is obportd, 'or which is as its baſe, « A; the 


& anole EGH, is upon the arch FIH, 


9. The SeQor is a figure con- 
tain'd under two ſemiciamerers, 
and the arch which ſerves them 
F for a baſe. * As the figure FIGH, 
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PROPOSITION I, 


A PROBLEM. 
To find the center of a Circle, 


| To find the center of the cij- 

cle AEBD, draw the line 

D EA at the point C ; through which 
\ = point C ; throug 

draw the "perpendicular ED, 


which alſo divide into two equal parts ar the 


point F, and that poing F will beche center of F 


the circle, If it be nor, ſuppoſe the point G to 
be the center ; and draw the lines GA,GB,and 
GC, Demonſtration, 

If the point G be the center, the triangles 
GAC, and GBC, will have the fides GA, and 


GB equal, (by the definition of a circle :) and AC 


and CB will beequal, the line AB being divi- 
ded in the middleat the point C, and CG being 
common, the angles GCÞ, and GCA will be e- 
qual, (by the8, 1.) and © G aperpendicular, not 
CD, which is contrary to the ſuppoſition, T here- 
fore the center muilt of neceſſity be in the line 
CD. I add, that ir muſt be ar the point F, 
where it 18 divided into two equal parts ; other- 

wile 


AB, and divide it in the middle | 
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wiſe the lines drawn from the center to the cir- 
cumference- would nor be equal. 

Coroll. The center of a circle is in that line, 
which falling perpendicularly upon another, di- 
vides it into two equal parts, 


The USE, 


&« This propoſition is neceſſary ro demon- 
©& rare tHoſe that follow, 


———_— 
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PROPOSITION IL 


A THEOREM, 


A right line drawn from one point of the circum. 
ference to another, falls wholly mithin the circle, 


ET a.line be drawn from the 

point Brothe point C, I ſay, 
it will be wholly contair?d withe 
{ in the circle. To prove thar it 
cannot ſall withour the circle, as 
BVC ; having found the cen- 
ter of the circle A, draw the lines AB, AC, and 


' AV. 


Demonſtration, 

The ſides AB, and AC,of the criangles ABC, 
are equal : therefore (by the 5. 1.) rhe angles 
ABC and ACB are equal, And (ince the angle 
AVC is an external angle in reſpeR of the tr1- 

angle 
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angle AVB, it is greater than the ay ABC, 
(by the 16. 1.) and then alſo it will be greater 
than the'angle ACB. Therefore (by the 19.1,) 
In the triangle ACV, the fide AC, oppos'd to 
the. greater angle AVC, will be greater than 
AV : and by conſequence AV ought not to 
reach to the circumference of the circle, if the 
line BVC was a right line. 


The USE, 

©Tis by this. propoſition that they demon- 
© trace, that a circle can touch a right line bur 
© in one place. Fort if the line touch'd two 
© points of the circumference, it would be 
| © drawn from one of its points to another : and 
© by-conſequence, according to this propoſition, 
© would enter the circle ; though by irs defini- 


if 


© tion, the line that couches ought not to cut | 


© the circumference, Theodoſins makes uſe of 


© the ſame Demonſtration to prove,that a Globe Þ* 
© can touch a plane only in one point ; for 0 | 
© therwiſe the plane would enter within ce F: 


© Globe, 


- 
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PROPOSITION II, 


A TrxoREeM 


” 
- $a. «a ao 


If the Diamertr divide a line, which does not paſs 


do As aca 
PEI: } 


through the center, into two equal parts, it will 


| outit esvight angles; and if it ent it at right 
| angles, itwill arvide it into two equal parts, 

A FF the diamerer AC, cutthe 
# if '@ line BD, which does nor 
LE paſs through the cenrer F, in- 
| - ro two equal parts at the point 
' BYTE /DÞ E,icwill-cur it at right an- 


_  gles. Draw the lines FR, and 
: FD. | Demonftyation, 
In the triangles FEB, and FED, the fide EF 
13 common z the ſides BE and ED arec<qual, 
becatiſe the line BD is cqualſy divided in E, 
and their baſes FB and FD are equal : cherefore 
(by the 8.1,)- the angles BEF and DEF are e- 
qual, and by conſequence right angles. 1. add, 
| that if the angles BEF and DEF be right angles, 
* the line BD will be divided into two equal 
; parts at E, that isto ſay, the lines BE and ED 
{ will be equal. 


J 
o 
' 
' 
[1 


Demonſtration. | 

' The triangles BEF and DEF are reQtangu- 
* hat : therefore (by tHe 47. 1.) the ſquare of the 
BY fide 


4 
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fide DF will be equal to che ſquares of the (ides 
ED, and EF. Now the ſquares of BF and FD 
are$qual, becauſe the lines are equal, therefore 
the ſquares of BE and EF are equal to the 
ſquares of DE and EF ; and taking away the 
ſquare of EF, the ſquares of BE, and ED will 
be equal, and by conſequence the lines, 


PROPOSITION IV, 


A TuzxorEm 
Two lines draws within a circle cannot cut each 0 


ther into two equal parts, unleſs they both paſs 


through the cemer, 


F the lines AC and BD cut 
each other at the point I, 


which is not the center of the , 


nin they will not equally 
BY? divide each other: Firſt , it 
BE one of thoſe lines, as AC, paſs 

through the center, tis evi- 
dent it cannot equally be divided bur at the 
center. Bur if neither paſs through the cen- 


ns. - 2s ad Mas 


cer, as BD and EG, draw the ling AIC through F 


the center, 
Demonſtration. 


If the line AC divide the line BD into two | 


equal parts in I, the angles AIP and AIB = 
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be right angles, (by the 3.) In like manner if 
the line EG was equally divided in I, the angle 
2 AIE would be a right angle ; and conſequent« 
2 ly the angle AIB and AIF would be equal, 
which 1s impoſſible, one being part of the _ 
In a word the line AIC, which paſſes through 
the center, would be perpendicular to the lines 
BD and EG, if chey were both equally divided 
at the point 1 


yErrncar ww 


The USE. 

Theſe two Propofitions are us'd in Trigors- 
7 © metry, to demonſtrate, that the half of a chord 
2 "of an arch is perpendicular to the ſemidiame- 
: *rer ; and conſequently, that ir is the fine of 
| <half the arch. By theſe alſothey demonſtrate, 
4 © char the ſides of a triangle havethe ſame pro- 
; © portion,as the lines of the oppoſite angles, We 

© alſo make uſe of ir to find the Eccentriciry of 

*rhe Circle, which the Sun deſcribes in his an- 
*nual motion, 


—— —_—_— 


PROPOSITION V. 
A TrHroREM. 


| Circles that cnt each other, have not the ſame 
center, 


© HE circles ABC,and ADC, 


Which cureach otherin A 
Je C, have nor the ſame cen- 
cer, It they _-— the [Mg center, 


2u7 
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ſuppoſe E, the lines EA and ED would be e. 
qual, (by the definition of a circle ;) as alſo the 
lines EA, and EB : therefore the lines ED and 
EB would be equal, which is impoſlible, one 
being part of the other, | 


NN — 


PROPOSITION VI, 


A THEOREM, 


Two circles that touch each other on the innex ſide 
have not the ſame center, 


HE circles BD and BC 
"<< G T which touch each other on 
(9, che inner fide at the point B, 


have not the ſame center, Fr: 


ſhould rhe point A be ſuppos'd | 


ro be the center of both. rhe circles; rhe lines 
AB and AC, AB and AD, would be equal, (by 
the definition of a circle,) and conſequently the 
lines AD and AC would be equal, which is im» 
poſſible, one being part of the other, 


PROP, 


ol . —_ 


: 
: 
: 
£ 
4 
þ 
l 
p.| 
| 


|, 


EOS oP 


” ” 
_ Tae. 
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ems 


PROPOSITION VI. 
. A THEoOREm, 


CD --- CB | 


3 If many lines be drawn from any one point withis 

the circle, which i not it cemter, to the circum .. 
ference ; 1. that which paſſes through the cen- 

ter is the greateſt: 2. the remainder of it, 
continu'd to the oppoſite part of the circumfee 

rence, ts the leaſt : 3. that which _ io 

the greateſt, exceeds thoſe that are more remore : 

| 4+ There eanbe no more than two of them equal . 
| Troeach other, 


- — 
OURS FTP. 


CUppoſe many lines to be 
drawn -from the point A, 
G being not the center of che cir- 
cle,to the circumference ; and 
the line AC to paſs through 
che center B: I will demon- 
: Rirarezthar it is greater than any of the other; for 
; example, thar it is greater than AF, Draw F-2, 

| Demonſtration, 
7 The fides ABand BF of the triangle ABF, 
} are greater than AF alone, (by the 20.1.) Bur 
, & BF and BC are equal, (by the definition of 4 Cir- 
| Cle: therefore AB and BC, thar is to ſay, 

> AC, 15 greater than AF, 

I add in the ſecond place, that AD is the 
S 2 leaſt ; 
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leaſt ; for example, that ic 13 leſs than AF- 
Draw BE. DemonFtration, 

The ſides EA and AB are greater than BE 
alone, but BE is equal to BD, therefore EA 
and AB are greater than BD: taking therefore 


from both that which is common AB, AE will | 


remain greater than AD. - 

Further, AF, which is nearer AC than AE, 

is alſo greater than ir, © 
Demonſtration, 

The triangles FBA, and EBA, havethe fides 
BF and BE equal, and BA is common to both : 
bur the angle ABF is greater than the angle 
ABE : therefore (by the 24. 1.) AF isgreater 
than AE, 

Laltly, I ſay, that no more than two lines, 
that are equal to each other, can be drawn from 
the point A to the circumference, Take the 
angles ABE and ABG equal z and draw the 
lines AE and AG. 

Demonſtration, 

The triangles ABG, and * BE, having the 
ſides BE and BG equal ; the hide AB common 
ro both, and the angles ABE and ABG equal ; 
therefore their baſes AE,and AG will be equal, 
(by the 4. 1.) Batall the lines that can be drawn 
either on one fide or the other, will be either 
nearer AC, than AE, and AG ; or more remote 
fromic ; and 1:cordingly will be either grea- 
ter or leſs than AG, Therefore there can no 

more 


a «a a 4a 6 a aA a a aA a 6 a 6a 
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more than two lines equal berwixt themſelves 
be drawn from the point A to the circumfe- 


rence. 
The SE, 


© Theodore advantageouſly uſes this propoſi- 
© cion to prove, that if from any point of the ſu- 
* perficies of a ſphere, which is not the pole of 
© any certain circle , divers arches of greater 
© circles be drawn to the circumference of that 
©circle , that which paſſes chrough its pole will 
©be the greateſt. For example : if from the pole 
© of the world, which is diftin& from the pole of 
© che Horizon,(for the Zenith is its pole, )divers 
© arches of greater circles be drawn to the cir- 
© cumference ; the arch of the Meridian, which 


© paſſes through the Zenith, will be the greateſt 
arch, This propoſition is alſo brought to 
© prove, that the Sun, when in his Apogenm, 
*15 molt remote from the Earth. 
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PEER 


PROPOSITION VIII, 


A T HEORE M, 


If from a point taken without the circle, many 
lenes be drawn to its circumference, 1, of all 

- thoſe that extend to the concave circumference, 
that which paſſes through the center is the grea. 
teſt : 2. thoſe that lye neareſt to it, are greater 
than thoſe that are more remote : 7, among thoſe 
that fall upon the convex circumference, that 
which being cominu'd paſſes through the center, 
8s the leaſt : 4. the nearer to that are leſs than 
thoſe farthey off : 5, there canbe but two equal 
lines drawn from the ſame point either to the 
Concave or convex circumference, 


Uppoſe many lines were 

" drawn from the point A to 

the circumference of the circle 
GCDE, 

Firſt, the line AC, which pal- . 
ſes through the center B, 1s the 
oreateſt of all thoſe that reach ro 

the concave circumference ; for 

example, it is greater than AD. Draw the line 
BD. Demonſtration, 

In the triangie ABD, the ſides AB and BD 


fre greater than AD alone 3 bur the fides AB 
an 
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and BC are equal ro AB and BD : therefore 
AB and BC, or AC, is greater than AD, 
2 ADisgreater than AE. 
Demonſtration. 

The triangle ABD and ABE, have the fide 
AB common to both, and the ſides BD and BE. 
equal, and the angle ABD is greater than the 
angle ABE: therefore (by the 24. 1,) the baſe 
AD is greater than the baſe AE. 

3+ AF, which being continu'd paſſes through 
the center, is the leaſt of all thoſe rhat are 
drawn to the convex circumference LFIK ; fo: 
example, it is leſs than AI, Draw 1B, 

Demonſtration. 

In the triangle AIB the fides AI and IB are 
oreater than AB alone, (by the 20, 1.) therefore 
raking from both che equal lines BI and BF, AF 
will remain leſs than AI. 

4+ Alislefſsthan AK. Draw the line BK. 

Demosſtration, 

In the triangles AIB and AKB, the ſides AR 
and KB are greater than the ſides Al, and IB, 
(bythe 21,1.) therefore raking from both the 
equal fides BK, and BI, AI will remain leſs 
than AK, 

5+ There can be bur two lines equal berwixr 
themſelves drawn.. Take the angles ABL, and 
ABK ; as alſo ABE, and ABG, equal. 

Demonſtration 

The triangles AB!., and ABK, will have _ 

ifes 
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baſes AL and AK equal, (by the 4. 1.) and by | 
the ſame alſo AE and AG will be equal ; but Þ 
no other line can be drawn, that will not be ei- | 
ther nearer to, or more remote from AF, or 
AG ; and conſequently, char will not be either 
greater or leſs chan AK and AL, AE and AG, 


A 


PROPOSITION IX, 


A THEOREM, 


That point from whence three equal lines can bi 
drawn to the circumference of a circle, 15 its 
cemter. 


lh the point were not the center of a circle, 


there could be but rwo equal lines drawn 
f: om. it to the circumference, (by the 7, and 8.) 


A 


PROPOSITION X, 


A THEOREM. 
Two circles cut each other only ”m two points. 


EA JF two circles AEBD, and 
ABFD, ſhould cut each 0- 

ther in tbree points A, B, and 

Dz find (by the 1.) the center 

D C of the circle AEBD 3 and 

draw the lines CA, CB, and 

CD. De- 


TheThird Book, I4L 
Demonſtration. 

The lines CA, CB, and CD, drawn from 

the center C to the circumference of the circle 

AEBD, are equal : but the ſame lines are alſo 


drawn to the circumference of the circle AEFD: 
therefore (by the 9.) rhe point C will be the 


| center of the circle ABED, So that two cir- 


cles, which cut each other, will have the ſame 
center ; Which is contrary to the fifth propo- 
ſition. 


te... AM... = 


PROPOSITION XI. 


A THEOREM. 
If two circles touch each other on the inſide, a line 
drawn through both the centers, mill alſo paſs 
through the point where they touch, 


E TE the two circles EAB and 

EFG touch each other on 

B the infide, ar.the point E; a 

N line drawn through both chic 

centers will paſs through che 

point E, For if the point > 

was the center of rhe lefler circle, and C thic 

of rhe greater, ſo chat the line CD pafiing 

through both ſhould not paſs through the peinc 
F.: draw the lines CE and DE. 
Demorſiration, 

The lines DE, and DG. drawn from the 

T 


center 
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center of the lefler circle D to its circumfe- 
rence, would bz equal: and adding the line 
CD, the lines ED, and DC, would be equal to 
Ci;z. Now ED and DCare greater than EC 
alone, (by the 20. 1.) and ſo CG will be grea- 
ter than C'*: yer C being the center of che 
greater circle, CE and CB are equal: therefore 
' CG will be greater chan CB, which is impoſſi- 


ble. 


———— 


PROPOSITION XII 


A THEOREM, 


If two circles touch each other on the outſide, a line 
drawn through both their centers, mill paſs 
through the point where they touch, 


[LG che line AB, which does not paſs 
chrough the point C where the 
circles rouch, be ſaid to be drawn 
from the center A to the center B ; 
draw the lines AC and BC, 
Demonſtration, 
In the triangle ACB, the fides 
AC and BC would not be greater 
than the fide AB alone, (which is 
contrarv to the 20. 1.) becauſe AD and AC, 
2S alſo BE and EC, are equal, 


TR. 
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PROPOSITION MAIL 


A TueoOREM 


Two circles can touch each other only in one 
point, 


Irſt, if two circles rouch each 

other on the inſide, they wall 

couch but in one point only, the 

point C; 'which is market out by 

the line BAC paſſing through both 

* their centers, A, and B, lorif 

they ſhould touch likewiſe in the point D, draiv 

the lines AD, BD. 

Demonſtration. 

Thelines ACand AD, drawn from the cen» 
ter of the leſſer circle to irs circumference. are 
equal : * and adding AB, the lines BA, AC, and 
BA and AD, would be equal. Now BC and 
BD, drawn from the center of the greater cir- 
cle to its circumference , will be equal : 
therefore the ſides BA and AD will be e- 
qual tothe ſide BD alone, which is contrary to 
the 20. 1, 


Secondly if two circles 


= rouch each other on the out» 
REOI>gS | fide ; drawing the line A 


a 
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it will paſs through the poinr C, where the cir- 
cles touch, (by the 12.) Bur if you fay that they 
rouch alſo at the point D : having drawn the 
lines AD and BD ; the lines BC and BD, AC 
and AD, being equal , the two fides of a tri- 
angle raken togecher, would be equal to the 
third, which is contrary to the 20, I. 


The USE, 


© Theſe four propoſitions are very clear, and 
©evident; and alſo neceſſary in Aſtronomy, 
© when we make uſe of Epicycles, to explain the 
© motions of the Players, | 


PROPOSITION XIV, 


A TugzoREM 


Equal lines drawn within a circle, are equally ve- 
mote from the center ; and thoſe that are equal. 
ly remote from the center, are equal, 


A—C QUepoſing the lines AB and CD 

ro be equal : I prove, thar.che 

perpendiculars EF and EG, drawn 

from the center , are alſo equal, 

ID D Draw the lines EA and EC, 

Demonſtration, 

— The perpendiculars EF and EG divide the 

lines AB and CD in the middles at the = 
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F and G, [bythe 3.] therefore AF and CG are 
equal. The angles F and G are right angles: 
therefore [by the 47. 1.] the ſquare of EA 1s e- 
qual ro the ſquares of EF and FA; as alſo the 
ſquare of EC is equal to the ſquares of EG and 
GC: bur the ſquares of EA and ECare equal, 
becauſe the lines EA and EC are equal : there- 
fore the ſquares of EF and FA are equal to 
the ſquares of EG and GC: and taking a- 
way the equal ſquares AF and CG, there will 
remain the ſquares of EF and EG equal ; and 
conſequently the lines EF and EG, which ate 
the diſtances 6f the lines AB and CD from the 
center, are equal. 

Bur ſuppoſing the diſtances or perpendiculars 
EF and EG to be equal ; I will prove after the 
ſame manner that the ſquares of EF and FA are 
equal to the ſquares of EG and GC ; and rak- 
ing away the equal ſquares of LF and EG, there 
will remain the ſquares of AF ind CG equa!. 
And therefore the lines AF and CG, and their 
double AB and CD, are equal, 


146 


- 


The Elements of Euclid. 


PROPOSITI ON XV, 


A THEOREM. 


The Diameter ts the greateſt of all lines inſcribed in 


aCirelez and of the reſt that is the greateſt 
which 1 neareſt the center, 


HE diameter AB isthe 

, greateſt of all lines 
that can be drawn in the 
citcle GIDC, As for ex- 
YM ample, itis greater than 
CD; for draw the lines 
EC and ED 

Demonſtration. 


In the triangle CED, the ſides ET and ED 
are greater than CD alone, [by the 20.1.7] but 
AE and EB, or AB, is equal to EC and ED; 
rherefore the dizmerer AB is greater than CD, 

Secondly, ler the line GI be more remote 
from the center than the line CD ; that is to 
fay, let the verpendicular EH be greater than 
the perpendicular EF, I ſay that CD is greater 
than GI, Daw the lines EC, and EG, 


Demonſtr ation. 


The ſquares of CF and FE [by the 47-1.) are 
equal tothe ſquare of EC : bur the ſquare of EC 


1sequal co the ſquare of EG, and the _— 
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EG equal to the ſquares of GH and HE : 
therefore the ſquares of CF and FE are equal to 
{quares of GH and HE ; and taking from one 
fide the ſquare of HE, and from the other the 
{quare of E F, which is leſs than the ſquare of 
HE, the ſquare of CF will remain greater than 
the ſquare of GH. Therefore the line CF will 
be greater than the line GH ; and the whole 
line CD, che double of CF, will be greater 
than Gl, the double of GH, 


The USE, 


© Theodoſzr4 makes uſe of theſe two Propoli- 
© tions to demonſtrate, that in a ſphere the leſ- 
©ſer circles are more remote from the center. 
©T have alſo made uſe of them in Aſtrolabes. To 
© cheſe Propoſitions may likewiſe be referr'd 
© that Mechanical propoſition of Ariſtotle , by 
© which he ſhows, that the Rovers at the mid- 
*dle of a Gally have greater force, rhan choſe 
© that are at, either the fore,or hinder part thete- 
of ; becauſe rhe ſides of the Gally being 
© crooked, the Oars of the middle part are lon- 
©oer, 8, e. reach farther, than the reſt. he 
| © Demonſtrations relating to the /ris, or Rain- 
| © bow, do alſo ſnppoſe the truth of theſe pro- 
* poſitions, 


T HT. 
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PROPOSITION XVI, 


A THEOREM, 


A line drawn perpendicularly upon the extremity 
of the diameter falls wholly on the outſide of the 
circle, and touches it, But any other line drawn 
betwixt that and the cirenmference of the circle, 
enters nsthin the circle, and cuts it, 


. ET the perpendicular AC 

be drain upon the point A, 

which 1s the extremity of che dia- 

meter AB : I ſay firſt, that all che 

other parts. of the ſame line, fo: 

example the point C, fall on the 

outlide of the circle. Draw the line DC. 

Demonſtranon, 

Since the angle DAC of the triangle DAC 
Is a right angle, DCA will be an acure : and 
(by the 19. 1.) the de DC will be greater than 
the ſide DA ; therefore the line DC reaches 
beyond rhe circumference of the circle, 

I add, that the line CA rouches the circle, 
becauſe that meeting with ic at the point A it 
does nor curir, bur all irs points are on the out- 
fide of the circle, 

I ſay alſo that no other line can be drawn 

from - 
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from the point A below CA, which does noc 
cut the circle. If there could, ſuppoſe-FA to 
be ſuch an-one ; and fram the poine D. draw a 
perpendicular toirg DI, :. 22061", 


= 


FF 50 ration,” 
_ Since the angle DIAis aright angle, 2nd the 
2ngle LAD an acuce,' AD with be: grcater than 
DI : sberefore. the line: DI) does not + reach to 
the circumference,. but che:poinr I is within the 
circle,” "17792 

TAK, The USE, - + 

© Some Philoſophers uſe this Propoſition, bur 
*.t rin vain, , toprove, thar quantity is 
© pat civible 3» infiortms, or thar there really 
*are inthe world ſuch things as Zenonical, i. c. 
© abſolutely and in theiri'oun nature indivifible 
© points. For the propoſition does not, as they 
* would-have it, prove, that a circle touches 2 
© right. line in a Zenencal,” but in a Mathema- 
* tieal print, Which is nothing elſe bur a quanti- 
*ty.confder'd without diſtinction of parts, thar 
© isto (ay, without conceiving them diftin& and | 
* ſeparate. noe from the other, whether in reality 
*1t-has ſuch partF* ot; noc making no matter, 
© Wejcan therefore: take any quantity whatſoe- 
*verfer a Mathemarieal point ; which being 
© once eftabliſh'd, oar. Citcle will confilt of ſuch 
© points, and Will. be: mathemarieally periec, 
© provided 'it touch.;act- a right line, but in 1 
* pate equal to that quantity which we have ta- 

FRTY V kin 
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© kenfora point; Buc if we 'afterwards: take a 
© leſs part for our Mathematical pornt, the circle 
* which was exactly: perfect: according to the 
© firſt ſuppoſition, will beCimperfe& in the ſe- 
© cond, and ——— I be- 
© lieve; tis as impoſhible ro-deſcribe' a” circle, 
© char accordiny'to'wanf !fuppoſition whatſoever 
£ ſhall be moſt exaRly pertett, aS It 18- te Con- 
© ceive the leaſt poſſble:quancity., TOLL 
© Secondly, thoſe conſequences, whichſdme 
© men draw from this propoſition relating to the 
© angle of contat, which-they take to be leſs 
© than any reQtilineal angle, .2re grounded upon 
© this miſtake, thar chey'imaginean angle to be 
© a true quantity ; che+icontrary of which: may 
© appear from: hence,»'Fhat'the lines, thar:con- 
© tain an angle, being produc'd to: any: longi- 
© rude, the angle becomes not at all the greater, 
© Further, it ought to be duly confided d,/what 
£ we mean, when weſay, :that one angle-ig >rea. 
© ter than another ; for this 18 all we'under- 
© ft:nd, thar a circle. being. deſcribed from the 
© point of concourſe at.any. diftance wharſoever, 
© che lines of thar we call the greater angle will 
© contain berwixt them »a:greater arcls:of that 
© circle, than thoſe of: that which we call the 
© leſs; Which is the ſole meaning of the Exceſs 
$ of one angle above another. From whence 1 
© infer, thar-the angle of contaRt can 'no more be 
© compar d With a rectilineal angle, than a ſu- 
perficies 
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 ſyperficies wich aling, being ar'the ſame time 

* both __—_ _ and leſs than a reRi- 

.I:Jipgal angle. As for ex- 

: * ample; from the point 

eaopeet the line AD, 

| *t&ing. wich AE a re- 

*Qi ilineal angle; | ſay 

; I *jt is both greacer and 

.{tefgchan, 206 equal i0g 

" Late ancle of contaR, 

*For if we ſuppoſe divers circles deſcrib'd 

*fron} the poinc' A:a8rhe/tencer, whereby to 

©meaſute thoſe angles -1'vit iFevident that, ac- 

© cordifs t6 the arch drawhibeyond the point D, 

"that isthe arch ER; "the *mgle of conta®: 1s 

* oreater than the re&ilineal angle. But on the 

© contrary, accordinw to- the arch C B, the re- 

*QAilineal angle 1s rhe ereater-of the two. And 

laſtly, according to -the' arch DG, patling 

* through che pointtin which AD cuts the cir- 

© curference , they are both equal. From 

© whence ic follovs, rhar the angle of contact is 

© the ſame time both: leſs and oreater than, 

*and equal to, the-re&ilineal any le: and con- 

7  ſequently, they ought-''nor at all ro be com- 

"Par 'd rogether, In 2word, Anvles are no quan=» 

*rities ; nor are they call'd leſs or greater one 

* than another, bur with reſpeR to the arches 

*which they concain : ſo that all rhe diſputes 

*about the angle of *contaR, and all che Vara- 
V © Cys 
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* doxes; conclude nothing either for or a84in(t 
he divifibility of quihtity ; 46 Atigle being 

- ho ſpecies, bur only a property thereof, 


PROPOSETION XVIL 


A PROBLEM. 


From a point given to draw a line that may touch 

WY 3 4. Circls, 

onal, fly 

Q-'draw/ a line from - the 

4: point A touching-,the cir- 

cle BD, draw the ling AC to its 

center 4:/and at the point B draw 

a perpendicular BE, which may 

_ Cur anarch of a circle, deſcrib'd 

from, the center C through the 

point A, at the point-E. Draw alſo- the [lines 

EC, and AD. I fay the line AD- touches 

the circle in.D. "+; 

Demonſtration. 

The triangles EBC'and- ADC have the ſame 
angle C; and the ſides CD and CB, CE and 
CA, equal, (by the definit, of a Circle : ) and 
therefore rhey are equal in all reſpe&s, {by the 
4+ 1.) and the angles CBE and CDA are equal. 
Rut che angle CBE 1s a right angle, therefore 
the angle CDA will be ſa too, and (by the 16.) 
the line AD will couch the circle, 

PRQ- 
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PROPOSITION XVvIIL 


A THEOREM, 


A line drawn from the center of a cirele to the point 
where a right line torches 1t, is perpendicular to 
that line, 


D —. JF the line CD be drawn 
B from the center C to the 
point of contat D, CD will 
be perpendicular to AB. For if 
it be not, draw the line CB 
dicular to AB, 
nd. 

' Since the line CB is ſuppos'd to be perpen- 
dicular, the angle B will be a righr angle, and 
conſequently CDB an acute, (6y the 33. 1.) 
Therefore the line CB, oppos'd to the lefler 
angle, will be leſs than CD, which is impoſſible; 
_ CF, which is buc part of CB, 1s equal 
[9 o 


PROP. 
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PROPOSITION -XIX, 


A TrHuroOREM 


F a line, perpendicular to the tangent; be drawn 
 froms the point of contatt, it will- paſs through the 


enter of the circle, 


| He che line AB | ſee Fig. preced.] touch the. 
crcle arthe pointe D, and the line DC be. 
perpentiicular ro AB; '1 ſay, that DC paſles 
through the center.” For if it d1d nor, drawing 
2ttne from the center to the point D;.ir would 
be perpendicular to AB, (by the preceding) and 
fo there would be-rwo pz-rpendiculars drawn 
to che ſame point D of the ſame line, / which 

cannot be, | i 

oy The USE, 

©The uſe of lines 7 a»gents is very common 
*tn Trigonometry 5 upon which account it. 15 that 
T have made a table,whereby to meaſure all ſorts 
* af trtangles,as well ſpherical as re&ilineal. In 
© my Oprichs likewiſe are divers propoſitions 
© founded upon Tavrgents ; as when is derermin'd 
* evhar part of a Globe 1s enlighren?d, The pha- 
* {es or Apparitions of the Moon are eſtabliſh'd 
© alſo upon the ſame doarine ; and that famous 
* Problem of Fipparckw:, by 1 hich he found 
* the diſtance of the Sun, by the difference 
re 
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© the true and apparent Onuadratures, In Diall. 
© ing the /taliaxand Babylonian hours are fre- 
© quently deſcrib'd by lines Tangents. Laſtly, 
Ewe rake the dimenſions of the earth by a line 
© that touches its ſuperficies; and in the art of 
| © Navigation, take a Tangent line for our Hori. 
©20N, 


—— 


a. 


PROPOSITION XX, 


A TueoORntM. 


The angle at the center is double the angle at the 
Circumference, which has the ſame arch for us 


baſe. | 
D Tf the angle” ABC, which is 


at the center, and the angle 

ADC, ar the circumference,have 

the ſame arch AC for their baſe, 

C A. the firſt will be double the ſe- 

- cond. This propoficion has three 

different caſes : the firſt of which is, when the 

line ABD paſſes chrough the center B, rhe line 

| AB in one triangle concurring with cheline BD 
. of the other, : . | 

i | Demonſtration, * 

The angle APC is the external angle in re- 
ſpeR of the tria-gle BDC : therefore (by ihe 
33+1.) it is equal co both the angles D m_—_ 

waic 
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which being equal, (by the 5.1.) becauſe their 
ſides BC and BD are equal, the angle ABCis 
che double of either. 

The ſecond caſc is, when one angle incloſes 

A the other, bur none of the lines 
that form them concur in one ; as 
you ſee in the next figure, The 
angle BID is at the center, and 
the angle BAD at the circum. 
ference, Draw the line AIC 
through the center, 

Demonſtration, 

The angle BIG is double the angle BAC, 
and CID 1s double the angle CAD, (by the 
preceding caſe :) therefore the angle BID is 
double the angle BAD. 

The third caſe is, when ic happens, that nei- 
ther one angle incloſes the other, nor does any 
of the lines that form them, concur 1n one, 
Which caſe is wholly omitted by my eAnthor, but 
for the Readers ſatisfaftion is bere ſupplied. 

Ler the angle at the cen- 

rer be BED, and the angle 

A © ar the circumference BCD, 
having the ſame arch for 

K their baſe BD, I ſay, the 

D angle BED is double the 
angle BCD. Draw the line 


EC, and continue it to the point A, 


B D 


Demor- 


a A a a a a a eo aA © 


—_.. 
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DemonFtration, 

The angle AED is double che angle ACD, 

(by the L.caſe; ) and (by the ſame) the angle 

AEB is double the angle ACB : therefore the 


remainder of the one BED is double the re 
mainder of the other' BCD, 


The USE, 


© That Problem, which is ordinarily pro- 
* pos'd, ſhowing how to' deſctibe an Horizontal 
© Dial by one ſole opening of the Compaſs, is 
© built in part on this Propoſition, And again, 
* when we would determine the Apogenm of the 
* Sun,or the excentricity of his Circle, by three 
© obſervations, we ſuppoſe the angle at the cen- 
©rer to be double char ar. the circumference. 
© Ptolomey makes frequent uſe of this propoſition 
© rodetermine both the excentrick circle of the 
© $un, and the Epicycle of the Moon. The firtt 
© Propoſition of the third book of 'T'rigonome- 
* try is grounded alſo upon this here. 
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PROPOSITION XXL 


A THEOREM. 


The angles, that are \n the. ſame ſegment of a &ir- 
cle, or that have the ſame arch for their baſe, 
are equal, 


A_ÞD F the angles BAC and BDC 
are in the ſame ſegment of 
a circle, which 1s greater than 
a ſemicircle, they will be e- 
C qual. 'Draw the lines BI and 
CI, 
Demonſtration. 

The angles A and. D are each of them the 
half of the angle BIC, (by the precediag,) rhere- 
fore they are equal. They have likewiſe the 
ſame arch BC for their baſe, 


A._P Secondly, ler the angles A and D 


be in the ſame ſegment BAD, whick 
is leſs than a ſemicircle ; they will 
nevertheleſs be equal, 


Demonſtration, 

All the angles of the triangle ABE are equal 
co all che angles of the triangle DEC, (by 1,C0- 
roll, of the 32.1.) but the angles AEB and DEC 
are equal, (by the 15, 1.) Alſo the angles —_ 

an 
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and ABE are equal, (by the preceding caſe,)being 
in the ſame ſegment ABCD, greater than a 
ſemicircle ; rherefore the angles BAE and 
EDC are equal ; whichy the angles ac E being 
equal, and conſequently (by the Coroll, of the 1 5. 
1.) the lines AE and EC, making but.ove right 
line, as likewiſe DE and EB another, are the 
angles A-and D, in the ſame ſegment ABCD, 
and having che arch BC for their baſe. | 


The USE, 

©'This Propoſition is produc'd in Opticks to 
© prove, that the line BC will appear of the 
© ſame greatneſs, when tis view'd from A, and 
©D, becauſe it is ſeen in beth caſes under e- 
* qual- angles. 

The ſame propoſition is us'd to deſcribe large 
* circles without having thetr centers ; for ex- 
*amplegif we would make large Copper baſons of 
© 2 ſpherical figure, ſuch as we might work upon 
n poliſhing SpeRacles, and glafles to ſee at 4 
* great diſtance. For having made in Iron an an- 
* ole BAC equal tothar, which is contain'd in 
* che ſegment ABC, and ar the points B and C 
* trongly faſten'd two ſmall iron pins 3 1f the 
*cfriangle BAC be mov'd fo, that the fide AB 
© may always touch the pin B, and the fide AC 
* the pin G, the point A will deſcribe an arch 
© of the circle ABCD. This manner of deſcrib- 
*ing a circle may alſo be us'd in making great 
« Altr.labes, X 2 PROP, 
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PROPOSITION XXIL. 
___ A ThprOREM. 


Quaarilateral fig ures, tnſerit'd in a circle, have 
their oppoſite angles equal to two right apyles, 


" T9 ET a quadrilateral fi- 

9 gure, or a figure of four 

p fades, be inſcrib'd in a cit. 

cle, in ſuch ſort that all its 

angles ' may terminate at the 

4 circumference of the circle 

ABCD:: I ſay the oppoſite 

angles BAD and BCD' are equal to two right 
angles. Draiv the diagonals AC, and BD. 

fs Demonſtration, 

- All the angles of the tittangle BAD are equal 

ro two right angles, In fiead then of the angle A 

BD put rhe angle ACD, which ts equal to 1r,(by 

the 21.) being in the ſame ſegment ABCD: and 

inſtead of the angle ADB, pur the angle ACB, 

which is in the ſame ſeoment of a circle BCD 

A. Therefore rhe angles BAD, and the an- 

oles ACDand ACE, thar 1s to ſay , the whole 
angle-BCD, are equal to two right angles. 


The, USE, 


© Prolowey makes uſe of this Propoſition to 
© frame the table of Chords, or lines ſubtend- 
Ing 
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" ing arches. I have alſo us'd the ſame in my 

third book of Trigonometry, to prove, that the 
* fides of an obtuſangle triangle would have the 
©ſ\ame proportion among themſelves as the 
© fines of the oppoſite angles, 


b — 


PROPOSITION XXIIL 


A THEOREM» 
Two pmilar ſegments of a circle, deſerib'd upon 


the ſame line, are equal, 


C I call choſe fimilar ſegments 
D* of a circle, which contain 
Y equal angles ; and I ſay, that 


A B if ſuch be deſcrib,d upon the 

ſame line AB, they will fall 
one upon the other, and not exceed each other 
in any part. For if either did exceed the other, 
as do the ſeements ADB, and AC3, they would 
not be fimilar : to demonſtrate which, draw the 
lines ADC, BD and BC. 

Demonſtration, 

The angle ADB is an external angle 1n re- 
ſpe& of rhe triangle DBC : therefore (by the 
16, 1.) it is greater than the angle ACB, and 
by conſequence the ſegments AUB and ACB 
contain unequal angles, which I ſ3y is to be diſ- 


milar, 
PROP, 
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PROPOSITION XXIV. 


A THEOREM, 
T'wo ſimilar ſegments of a circle deſcrib'd upon 


equal lines, are equal, 


E F the ſegments of the circles 
AEB, and CFD, be fimilar, 
A. B) 2ndthelines AB and CDequal, 


D the ſegments alſo will be equal. 
Demonſtration, 

C D) Suppoſe the line CD to be 

plac'd upon the line AB, being 

ſuppos'd to be equal, they will not exceed each 

other; and then the ſegments AEB and CFD 

will be deſcrib'd upon the ſame line, and 
therefore will be equal, (by the preceding.) 


The USE, 


© Crooked figures are frequently reduc'd to 

© retilineals by this propoſition. As for ex- 
A. * ample: if two fimilar ſegments 

D *of a circle AEC, and ADB, be 
* deſcril'd upon AB and AC, the 

© the equal fides of the triangle 

_— & *A"C: tis evident, thar, tranſ- 
\ * poſing the ſegment AEG unto 
ADB, the triangle ABC is equal to the figure 
ADETEA, | PROP. 


_7s 
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PROPOSITION XXV, 


A PROBLEM. | 
To compleat acircle, of which we have but a part 


Aving the arch ABC 
oven , to complear 
the circle we muſt find its 
center ; to which end draw 
the lines AB and BC, which 
having divided in the mid- 
dles at the points E and D, draw their two per- 
ndiculars EI and DI; which will meer at 
che point 1, the center of the circle, 
Demonſtration. 

The center is in the line DI, (by the corol. of 
the 1.) it is alſoin EI, (by the ſame; ) therefore 
ir muſt be art the point 1, 

The USE. 

© This Propoſition occurs very frequently ; 
© but ſometimes 1t is exprels'd in other cerms : 
© as to inſcribe a triangle in a circle ; or to de- 
*(cribe a circle through three 
©oints given, provided they 
© be not plac'd ina right line. 
© Ler the points propos'd be 
*A, B, and C; and placing 
© the foot of the compaſs at 
*the point C, deſcribe two 
ar cCIgs 
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© arches F and E, at any diſtance whatſoever, 
© Then remove the foot of the compaſs to the 
© point B, and at the ſame diſtance deſcribe two 
© other arches cutting the former in Eand F ; 
© alſo from the point B, as the center, deſcribe 
© arany diſtance the arches G and H, and at 
*he ſame diſtance from the center-A two other 
© arches cutting them in G and H, Which done 
* draw the lines chrough F andE, G and H, 
© which ſhall cur each other at the point D, the 
© center of the circle, The Demonſtration is 
© obvious enough; for if you had drawn the 
© lines AB, and BC, you had, by- this opers 
© tion, divided them equally and perpendicu. 
© larly. This propoſition is exceeding neceſſ?- 
© ry to deſcribe Afſtrolabes, and complear cir- 


© cles, of which we have but three points. That 
© Propofition in Aſtronomy, which teaches how 
© ro find the Apogexum, and excentricity of the 
© circle of the Sun, virtually contains this. And 
©I alſo have made frequent uſe of it in my 
© Treatiſe concerning the Cutting of Stones, 
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PROPOSITION XxXxvVh 


Equal angles, whether at the centerg,or the c;r- 


rumferonces of equal cireles, have equal arches 


for their baſes. . 


F the angles D and T, ar the 
cenrers of equal circles ABC, 
and EFG, be equal ; the arches 
' 'BC and-FG will be equal. For 
© if the arch BC was greater or 
leſs than the arch FG, fince the 
angles ate 'meaſur'd by arches, 
+ the angle D would be greater or 
© leſs than the angle I. 
- Burifrhe equal angles be ſup- 
' po#d to he ar the circumferences 
of equal circles,as A and E; the 
angles which they enrloſe:ar the centers, as D 
and I, being their doubles, vill be likewiſe e.. 
qual, and conſequently require equal arches for 
their baſes, BC. and FG ; which arches are 
likewiſe they meaſures of the angles A and 


» 


Y PROP, 
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PROPOSITION: XXVII 


A-THEOREM. 


cAngles, whether at the centers or. circumfe. 
rences of equal circles; having equal. arches for 


their baſes, are alſo equal, 


F the angles D and I (fp. preced.) at the 
centers of. equal circles have equal [arches 
BC and FG for their baſes, they; will be, equal, 
becauſe their meaſures: BC and 'FG are equal, 
And if the angles A and E,at the circumferences 
of equal circles have equal arches BC and FG 
for their baſes, fince the angles: they encloſe at 
the centers will be equal, they alſo that are the 
halves of thoſe angles (by the 20;) will beequal, 


— 


PROPOSITION XXVII. ..- 


A TuRoRE ; 


E qual lixes, within equal circles, anſwer to equal 
a"ches, 


Tf the equal 
lines BC 
<> andEFbe ap- 

Cc E VF plied to equal 
circles, ABC, 
and 
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and DEF, they will be the chords of equal 
arches, BC, and EF. Draw the lines AB, AC, 
ED, EF. Demonſtration, 

.In che triangles ABC and DEF, the fides AB 
and AC, DE and DF are equal, being the ſemi- 
diamerers of equal circles : and their baſe's BC 
and EF are ſuppos'd equal,therefore(by the 8.1.) 
the avgles Aand D will be equal ; and (by the 
26,) the arches BC and EF will be alſo 


equal, 


——_=, 


PROPOSITION KXXIX, 


A THEOREM. 


The lines that ſubtend equal arches of equal circles 
are equal, 


Fthe lines BC and EF ( ſe: fig. preced. Prop.) 

ſubrend (or are the chords of) equal arches 

BC and EF in equal circles, they will be equal, 
% Demonſtration, 

The arches BC and EF are equal, and patts 
of equal circles ; therefore (by the 27.) the an- 
oles A and D will be equal, Therefore in the 
triangles ABC, DEF, the ſides AB, AC,Dt ,and 
DF being equal, as alſo the angles A ana D; 
the baſes BC, EF will be equal, (6y the 4.1.) 


The LSE. 


© Theado fra by che 28 and 29 demonſirates, 
E805 ; M4 that 
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© thar the arches of the circles of the 7taliay 
© and Babylonian hours, contain'd between two 
© parallels, are equal, We have alſo demon- 
© trated after the fame manner, that the arches 
©of the circles of the Aftronomical hours,. con- 
© rain'd berween two lines patallel to che Equa- 
© toy, are likewiſe equal. Theſe Propoſitions are 
© almoſt of continual uſe in ſpherical Tr:gono- 
© metry, and alſo in Dialling. 


PROPOSITION XXX, 


A PROBLEM. 


T6 divide an arch of a Circle into two equal 
par I's, 


CUppoſe che arch AEB was to 

be divided into rwo equal 

n parts, Place rhe foot of the 

compals at the point A, and de- 

ſcribe rwo arches F and G z then 

removing it to the point B at 

the ſame diſtance deſcribe other 

two arches, cutting the former in F and G; 

the line GF will cur the arch AB equally at 
che point E, Draw the line AB, 

. | Demonſtr ation, 

By this operation you have divided the line AB 

into'two. equal parts. For ſuppoſe _—_— 

rayn 
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drawn thelines AF, BF ; AG, and BG; (which 
I have not done , lea(t the figure ſhould appear 
confus'd,) the triangles FGA and FGB would 
have all their ſides equal, therefore (by the 8.1;) 
the angles AFD,& BFD would be equal. Again, 
che triangles DFA and DFB have the fide DF: 
common, the ſides AF and BF equal , andthe 
angles DFA and DFB equal : therefore ( - the 
4. 1.) the baſes AD'and BD are equal, and alſo 
the angles ADF and BOF. We have therefore 
divided the line AB equally and perpendicular- 
ly at the point D. Therefore (by the 1.) the 
center of the circle is in the line FG. Suppoſe 
it then to be the pointe C, and draw the lines 
CA and CB ; all the fides of the triangles ACD 
and BCD are equal: therefore [by the 8, 1.] 
the angles ACD and BCD are equal, and [by the 
26. ] the arches AE and EB, 


The USE. 


© Having frequent occaſion to divide an arch 

* into two equal parts, the exerciſe of this Pro- 
* poſition is very common. Tis thus that we 
* divide the Mariners compaſs into 32 Winds : 
* for having drawn two diameters cutting each 
* other at right angles, we divide the circle in- 
*rofour, and ſubdividing each quarter in the 
* middle, we have eighr, parts ; and again ſub- 
* dividing thoſe twice, we make 32+ We have 
alſo 
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*alſo occafion for the ſame operationin the di- 
*viding a ſemicircle into 180 degrees; and 
© becauſe to compleat that diviſion we are ob- 
*Itg'd to divide an arch into three equal parts, 
© all Geometricians have ſought after a method 
© of doing that Geomerrically, bur have not yet 
* been ſo happy as to find one. 


PROPOSITION XXXL 


A THEOREM, 


The angle in a ſemicircle 1s a right angle, that 
which ts in a ſegment greater than a ſemicircle 
25 an acute, and that which is in a leſſer ſegment 
15 an obtuſe, 


A. FF che angle PAC be in a ſemi- 
_ \ circle, 1 will prove that ir is 
a right angle, Draw the line 


DA. Demonſtration, 

The angle ADB being an ex- 
ternal angle in regard of che cri- 
angle DAC,1s equal to both the internals DAC 
and DCA(by the 32.1.)and thoſe being equal(by 
the 5.1.)becauſe the fides DA and DC are equal, 
it will be dovble the angle DAC. In like man- 
ner the :nole ADC 15 double the angle DAB : 
therefore the two angles ADB, and ADC, 
which are equal co wo right angles, are _—_ 

| the 
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the whole angle BAC, and conſequently the 
le BAC is a right angle. / 
- Secondly, : the angle AEC, which is in the 
ſegment: AEC leſs than a ſemicircle, is an ob- 
cuſe angle, For in the quadrilateral figure AB 
CE, the rw6 oppoſite angles E and B are equal 
to two right angles, (by the 22.) but the angle 
Bis An acute ;:.therefore the angle E will be at 
obcuſe. | FIR OS 9% 7 
Thirdly, the angle B, which is in the ſeg- 
ment ABC greater than a ſemicircle, is an 
acute; becauſe in the triangle ABC, the angle 
BACis a right angle, My” 
= TS. wy 
* Mechanicks make uſe of. this Propgpti- 
*on to try if their Squares 
© be juſt ; for baving deſcribd 
*a ſemicircle BAD, they lay 
* down the point A of ae 
-* ſquare BAD upon the \cit- 
DDR 4 © cumference, _ one of its 
: - hides ABuponthe poinr of the 
© diamerer B :.and then the other branch AD 
* ought to'paſs preciſely to the point D, which 
©is the other extreme of rhe. diameter. ' 
© -Prolomey uſes this Propofition to compoſe 
*his table of Chords or Subtendants, of Which 
© he has occaſion in his Trigarmerry, 
©'There is alſoa method of raiſing a Fagone 
iculac 
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£ dicular at the cad of a line, grounded upon 
© this propoſition. For example,to raiſe a perpen- 
* dicylar arthe poinr A of che line AB, 1 place 
© the foot of the compaſs upon the point C ta 
© ken any where, and deſcribe a circle.chrough 
© the point A, cutting the line AB arthe point 
©B; Then TI draw che line BCD ; and fo 'cis 
* evident, that che line AD is in a ſemicircle, 


PROPOSITION XXXII, 
A THEOREM, 


A line cutting a circle at the point of contaft, maker, 
with the tangent,angles, equal to thoſe in the al- 
" Lornate ſegments, © | 


ET the line BD cur the 
circle at the poine B, 
which 1s that where the line 
AB touches it. 1 ſay the angle 
CBD, made by the line BD and 
the rangent ABC, 1s equal to 
the angle F in the alternate 
ſegment BED; and thac the angle ABD is e« 
qual to the-angle E in the ſegment BED. 
Firſt, if the line paſs through the center, as 
che line BE, ic will make with the tangent ewo 
righr angles, (by the 18.) and the angles of the 
ſemicircles would be alſo right angles, (by the 
pre- 
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eceding,) therefore in this caſe the propoſi- 
Sia be rue. Bur if the line r% = car 
chrough the center, as BDY; draw the line BE 
through the center, and joyn the line DE. 
Dertiorſtration, - 

The line BE makes: with the tangent iv 0 
right angles; and all che angles of che criangle 
BDE are equal co two right angles, (by the 32. 
1, ) therefore taking way [the right angles 
CBE, and D which 1s in he ſemicircle, and 
likewife the angle EBD which is common to 
both, there will remain che angle ABD equal. 
ro the angle E, 

Azain, the angle CBD is equal to the angle 
F ; becauſe in the-quadrilateral figure BEDE, 
which is inſcrib'd in a Circle, the oppokie an- 
oles E and F are equal 'to rwo right angler, 
[bythe 22.] but the angles ABD and CBD are 
alfo equal co rwo right angles, | by the,13 1.]and 
the angles ABD and E ze equal, as 1 have now 
demonſtrared : therefore the angles CBD and 
F are equal, en 

| The USE, 


©'This propohtiow'is neceflaty to prove thar 
© which foflows, [ 


PROP. 
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CD Y a. 


PROPOSITION XXX 


—— 


A PROBLEM. 
{{pon a line given to deſcribe a ſegment of a oncle 
Capable of an angle given, 


ET ir: be propos'd to de- 

ſcribe a ſegment of a cit- 

cle-upon the line AB capable of 

the angle. C, Make the avgle 

BAD equal ro the angle C, and 

'draw AE perpendicular to AD; 

fd make alſo the angle ABF equal 

tro the angle BAE : and in. fine, from the point 

F, where BF and AE concur, at the diſtance 

BF or FA, deſcribe a circle. The ſegmenc 

BEA is capable of an angle equal to the angle C. 
Demonſtration, - 

The angles BAF and ABF being equal, the 
lines FA and FB are equal, [by the 6, 1.] and 
the circle, which is deſcriÞd from the center F, 
by A, paſſes by B: Noi the angle DAE being 
a right angle, the line DA touches the circle 
in A, [bythe 16,] therefore the angle contain'd 
in the ſegment BEA, as the angle E, is equal 
cothe angle DAB, that is the angle C, [by the 
preceding.) Bur if the angle given be an obcuſe, 
ve mult rake an acute, irs complement co 1a 
degrees, PROV. 
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PROPOSITION XXXIV, 


A-PROBLEM. 


A circle being given, to cut a ſegment in it capable 
+ - of a certain angle. 


B D O cut a ſegment of. the 

circle BCE capable of 

© theangle A, draw [by the 17.] 

"<< the tangent BD, and make the 

AS angle DBC equal to the angle 

| A. Tis evident [by the 32.] 

that the ſegment BEC is capable of an angle 

equal ro DBC, and conſequently to the angle 
"LE * 

| The USE, 

©[ have made uſe- of this propoſition to find 

© Geometrically the excentricity of the Annual 

circle of the Sun, and his Apogenm, having 

* three obſervations given. Tis uſed likewiſe 

© in Opticks, ro find a point where two unequal 

© lines propos'd may appear equal, or under 

* equal angles, by making upon each line ſeg. 

© ments which will contain equal angles. 


Z 2 PROP. 
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PROPOSITION XXXV, 
A TyEoREM 


If two lines Cut each other within a circle, the re- 
Flangle contais'd under the parts of one is equal 
zo 4 retlangle contain'd wnder the parts of the 
ot a "_ 


Irſt, if the tvo lines cut each other in the 
L. - center, they wit be both equal, and both 
equally divided ; ſo thar in chat caſe it is evi- 
dent, the reAangle contain'd under the parts of 
one, -Will be equal .to the reRangle contain'd 
under the parts of the other. 
Secondly, if one of the lines 
paſs.chtough the center F, as 
. AC,: and.divide the line BD, 
Into two.'equal parts. at. the 
D poimt E: I ſay, chereQangle 
BY contain'd under AE and EC 1s 
--._ - .equat:-ro:; the rectangle: con« 
tain'd under BE and:ED , that is to: ſay, to the 
ſquare of BE. . The line AC is perpendicular 
ro BD, [by the 3,] +11 5 
Demonſtration, 
Since the line AC is divided equally in F,and 
unequally in E, the refangle contain'd under 
AE, and EC, with the ſquare of FE, is equa 
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ro the ſquare of FC or FB, [by the 5. 2.] Now 
che angle E being a'righe angle, the ſquare of 
FB is equal to the ſquares of BE and FE; there- 
fore the reQangle under AE, EC, with che 
ſquare of FE, is equal to the ſquares of BE and 
EF : and taking away the ſquare of EF, there 
remains the reangle underAE,EC,equal to the 

ſquare of BE. x 
Thirdly , let the line paſs 
through the center F, and di. 
vide the line CD into unequal 
parts at the point E : draw FG 
we] ona} 7 to CD, and [by 
the 3.] the lines CG and GD 

will be equal. 

Demonſtration. 

Since the line AB is divided equally in F 
and unequally in E, the reRangle contain'd 
under AE, EB, with the ſquare of EF, 1s equal 
rothe ſquare of FB, or FC, | by the 5. 2. In- 
Read of the ſquare of EF pur tne ſquares of FG 
and GE, which are equal to it, [by the 47-1.) 

In like manner the line CD being divided 
equallyin G, and unequilly inE; the recan- 
ole under CE,ED, with the {quare of GE, 1s e- 
qual rothe ſquare of GC, Ad the ſquare of GF ; 
the refangle under CE, ED, with the ſquares 
of GE and GF, will be equalro the ſquares of 
CG and CF, that isto ſay, [by the 47, 1.) to 
the ſquare of FC, Therefore the reRangle = 

er 
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der AE, EB, with the ſquares of EG and GF, 
1s equal to the re&angle under CE, ED, with 
the ſame ſquares : and conſequently raking away 
the ſame ſquares from both, the reAangle AE, 
EB, will be equall to the reRangle CE, ED. 

Fourthly, if the lines CD and HI, cut each 
other in E, neither of the two paſſing through 
the center: I ſay, the retangle CE, ED is e- 
qual to the re&angle HE,EI. For drawing the 
line AFB, it is plain the reRangles CE, ED, 
and HE, E], are both equal to the re&angle AE, 
EB, [by the preceding caſe ;\ therefore they are 
equal berwixt chemſelves. 


The USE, 


We are taught by this Propoſition a method 
© of finding a fourth proportional to three lines 
* given, 0t a third proportional to two, 


PROP, 
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PROPOSITI ON XXX77, 


A TreoREM. 


If from a point taken without the circle a line be 
drawn to touch, and another to cut, the Circle : 
the ſquare of the Tangent will be equal to the re- 
Hlanple comair'd under the whole ſecant, and the 
external line, 


Uppoſe the line AB to 

be drawn from the point 

A, taken withour the circle, 

co touch the circlein B ; and 

the line AC, or AH cutting 

it, The ſquare of AB will 

be equal to the rectangle con- 

tain'd under AC, and AO, 

as alſo the reangle contain'd under AH, and 

AF. Ifthe ſecant paſs through the center, as 
AC, draw the line EB. 

| Demonſtration. 

Since the line OC is divided in the middle 
at the point 'E, and the line AO added to tt ; 
the reRangle contain'd under AO and AC, with 
the ſquare of OE or EP, will be equal to the 
ſquare of AE, [by the 6.2.] Now the line AB 
is ſuppos'd to touch the circle art the point B : 
therefore [by the 18.] the angle Bis a right an- 

ole, 
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ole, and (bythe 47. 1.) the ſquare of AE is e. 
qual to the ſquares of EB and AB; therefore 
the reKangle under AC and AO, with the 
ſquare of EB, 1s equal to the ſquares of EB and 
AB : and takitg away the ſquare of EB from 
both, the reRangle under AC, AO will be e- 
qual ro the ſquare of AB, 

Secondly, ſuppoſe the ſecant AH nor to paſs 
through the center ; and draw. the line EG 
perpendicular to EH, which will divide in the 
middle the line FH ar the point G ; dray alſo 
the line EF, | 

Demonſtration, 

The line FH being divided equally at the 
point CG, and the line AF being added to it; 
the reangle contain'd under AH, AF, with 
the ſquare of FG,will be equal to the ſquare of 
AG. Add to both the ſquare of EG : the reRan- 
gle under AH, AF, with the ſquares of FG and 
GE, that is (by the 47.1.) the ſquare of FE, or 
EB, will be equal to the ſquares of AG and 
GE, that is, (by the 47.1.) the ſquare of AE, 
Further, the ſquare of AE (by the ſame) is equal 
to the ſquares of EB and AB : therefore the re- 
Qangle contain'd under AH, AF,with the ſquare 
of BE, is equal to the ſquares BE and AB : and 
taking away the ſquare of BE from both, the reQ- 
angle contam'd under AH, AF will be equal to 
the ſquare of AB. 

Corol,, 1. If you drav divers ſecants from the 

ſame 
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fame point, as AC and AH, the reQangles un- 
der AC and AO, AH and AF, will be equal 
berwixt themſelves, fince they are both equal 
to the ſquare of AB,» '*© 

+ Coroll, 2, If you draw two tangents from the 
ame point, as AB,AI, they mill be equal : be. 
cauſe the ſquares will be equal to the ſame re&-. 
angle under AC, and AQ ,- and conſequently 
betwixt themſelves; as alſo the lines, 


I CCA 


PROPOSITION XXXVIL 


A TuzoRreM. 


If the reflangle contain'd under the ſecant and the 
external line be equal to the ſquare of a line 
that falls upon the circle, that line will touch the 
circle, * 

Uppoſe the ſecant to be AC or AH, and the 
rectangle AC,AO; or AH, AF, (ſee fig. pre- 
ced,) to be equal tothe ſquare of the line AB; 
the line AB will couch che circle. Draw the 
rangent Al, (by the 17.) and the lineIE, 
Demonſtration. 
Since the line AI couches the circle, the ret 
angle AC,AO; or AH, AF, will he equal to the 
ſquare of AI. Bur the ſquare of AB is ſuppos'd 
to be equal to either of rhoſe reangles ; chere- 
fore the ſquares of AI and AB are equal, and 
conſequently the lines AT and A3, Therefore 
Aa $41 


p | 
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the-rriangles ABE and. ALE, haying -all (ides 
equal, will be equiangular,. (by the 8. 1z) and 
becauſe the angle ALE is a right angle (by the 
18.) the line AI being a cangent,-.the angle 
ABE will be a right.angle, "and the line AB a 
tangent, (by tbe 164) -;'-,,  - 
The USE. 
© Maxrylocus makey uſe:of this Propofition to 
© ro find the diameter of the Earth, Far abſerv- 
© ing fromthe top of a mountain OA, the” ſu- 
© perficies of the eatth by the Tine BA, he 
* rakes notice of the angle OAB, tiade. by the 
© line AB and aperpendicular AC : and by Tri. 
© gonometry calculares the length of the line AB, 
©'Then multiplying. .AB* by AB ' to 'have its 
© (quare, he' divides the..produR by. AO the 
© height of che mountain, Which gives the quo- 
© tient AC, the diameter of the earth, with the 
© height of the mountain z from which: having 
© ſubduRed AO, there will remain. QC the 
© diameter of the earth. This propoſition: ſerves 
©alſoto prove the fifth of the third book cf 
s Trigonometry, . | ' 
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*T*His fourth book is exceeding uſeful in 


- Trigonometry, For by inſcribing Poly- 
© 900$ ina Circle, we learn the methods of 
* compoſing the Table of Subrendants, Tan- 
toents, and Secants ; a praQtice molt neceſſary 
* for caking all ſorrs of Dimenſions, 

Again, by inſcribing Polygons in a circle, we 
* find the divers AſpeRs of the Stars, which al- 
* ſo take their names from thoſe Polygons. 

© Thirdly, the ſame Operations give us the 
© Quadratxure of the Circle, as exaR as is needful. 
* And by chem we alſo demonſtrare, char Cir- 
* cles are in the duplicate proportion of . that of 
© their Diamerers. 

FFourthly , Military Archice&ure does fre- 

| Aa 3 quently 


184 The Elements of Euclid, 


© quently require to inſcribe Polygons in a cit« 
© cle, to compoſe the deſigns and plarforms of 
© regular Forrifications. 


© —— 


DEFINITIONS. 
N ', ReKilineal figure 1s in- 
ZN ſcrib'd in a circle, or a 


circle is ceſc:ib'd about it,when 
CE all ics angles are in the circum- 
/ ference of the ſameccircle, 


Gn © As the triangle ABC 1s 1n- 
©ſcrib'd in a circle, and the circle is deſcrib'd 
© abour the triangle ; becauſe its angles A, B, 
* and C, do all terminate ar the circumference. 
* The triangle DEF is not inſcrib'd in the cir- 
*cle, becauſe the angle D does not terminare at 
* che circumference of the circle. 

_ 2, AreQiilineal figure is deſcrib'd about a 
circle, and the circle inſcrib'd within that fi- 
oure, When all the ſides of the 

H__K _©& figure touch the circumference 


N= of the circle, ** as the trian- 
EY © ole GHI is deſcrib'd about 


M SSL © che circle KLM becauſe 1ts 
I © {f1des touch the circumference 

© of the circle in K, L, and M. 

3. A line 1s apply'd to, or inſcrib'd in a - 
CiCz 
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cle, when irs two extreams touch the circum- 
ference of the circle, ** As the line NO, Bur 
© the line RP is nor inſcrib'd in the circle. 


— 


PROPOSITION I, 


A PROBLEM. 


To inſcribe in a Circle a line, that does not exceed 
its diameter. 


Er a line be propos'd to be 

inſcrib'd in the circle 

AEBD, nor exceeding its di- 

ameter, Take the lengrh of 

E the line propos'd upon the 
diameter z for example, ler it 

be BC, Place the foot of the compaſs upon the 
point B, and deſcribe a circle ar the diftance of 
BC, which may cur the circle AEBD in D and 
E. Then draw che line BD or BE, Tis evi- 
dent they are equal ro BC, (by the definition of 4 


circle,) _ 
£ s 


& This propoſition is neceſſ:ry for the perfor- 
« mance of 1\ hat is recuir'd in the following. 


PROP, 


736 The Elements of Euclid. 
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PROPOSITION IL 


A PRoBLEMN, 


To nſcribe in a Circle a triangle equiangular to an- 
other triangle, 


F D [ET thecircle be EGH, 

A in which a triangle is 
FA ' tobe infcrib'd, equiangular 

| C tothe triangle ABC, Draw 


the tangent FED, (by the 
17. 3.) ans ar the point of contact E make the 
angle DEH equal to the angle B, and che angle 
' FEG equal to the angle C, [by the 23. 1.] and 
dravv the line GH ; the triangle EGH will be 
equiangular to the triangle ABC, 

Demonſtration. 

' The angle DEH is <qual to the angle EGH 
| of the alternate ſegment, [by the 32. 3.] Bu 
+ the angle DEH is equal co the angle B, and con- 
ſequently the angles B and G.are equal. By the 
ſame reaſon the angles C and H are alſo equal, 
and [by Coroll. 2, of the 32.1.] the angles A and 
GEH will be equal. Therefore the criangles 
EGH and ABC are equiangular. 


PROP. 
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PROPOSITION IIL 


A PROBLEM. 


* 
To deſcribe 4 triangle about a circle agrnangular 
to another triangle, 


— 


L F you would 
A G I deſcribe a ti1- 
_—-/ angle equiangu= 
TC BD lar ro the trian- 


N H M gle ABC about 
Lg the circle GKH. 
Continue one of the fides of the triangle given 
BC toD and F, and make the angle GIH equal 
co the angle ABD, and HIK equal to the angle 
ACF : then draw the tangents LGM, LKN, 
and NHM, through the points G,K; and H. 
Theſe tangents will concur ; becauſe the angles 
IKL and IGL being right angles, if you ſhould 
draw a line KG, the angles KGL and GKL 
would be leſs chan rwo right angles : therefore 
the lines GL and KL mult concur, [by the 11, 
Axiom, 


oo SR. ent 20 5. XX A. ©. © Ke 


| Demonſtration, E7 

All the angles of che-quadrilateral GIHM <4 
are equal to four right angles, becauſe it may 
be divided into two triangles. The angles IGM 
and JHM, which are made by the tangents, 
are 
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are right angles ; therefore the angles M and 1 
are equal to rwo right angles, as are alſo the an- 
oles ABC and ABD. Bur the angle GIH is e- 
qual to the angle ABD, therefore the angle M 
will be equal to the angle ABC. By che ſame 
reaſon tha@gngles N and ACB are equal, and 
therefore the triangles LMN and ABC are equi- 
angular. 


— 


PROPOSITION IV. 


A PROBLEM. 


To inſcribe a circle ina triangle. 


A. FT you would inſcribe a cir- 

FE cle in the triangle ABC, 

& divide the angles ABC and 

ACB into two equal parts, [by 

B F C the g. 1.] drawing the lines 

BD and CD, which will concur 

ar the point D. This done, from the point D 

draw the perpendiculars DE, DF, and DG, 

which will be equal ; ſo that a circle deſcrib'd 

from the center D, at the diſtance DE, will 

paſs through F and G. 

Demonſtration. 

The triangles DE 3 and DFB have the angles 
DEB and DEB equal, being both right angles: 
the angles DBE and DEF are alſo equal, the 
angle 
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angle ABC having been divided into two equal 

$3 'and the fide DB-j8 common : therefore 
(by the 26.1.) the triangles will be equal in all 
| reſpeats, and the ſides DE and DF will be equal. 
After the ſame manner might I demonſtrate 
the ſides DF and DG to be equal. Tis poſſible 
therefore to deſcribe a circle; which ſhall paſs 
chrough the points E;. F, and G ; and becauſe 
the angles E,F,and G are right angles,the (ides 
AB, AC, and BC will touch the circle, which 
by conſequence is inſcrib'& in the triangle. 


PROPOSITION V. 


, A PROBLEM. 
To deſcribe a circle about a triangle, 


TF ou would deſcribe a circle 


N \ * about the triangle ABC, di- 
(IV . vide the ſides AB and BC into 
B WELD © , two equal parts, at the points D 


and E, drawing the perpendicu- 
lars DF and EF, which nm jw point 
F, Which done, if you deſcribe a circle from 
the center F, at the diſtance FB, it will paſs 
through A and C ; that 1s to ſay, the lines F.4, 
FB, and FC, are equal. _.: 
Demonſtration. 


The triangles ADF and BDF have the fide 
B b DF 
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DF common, and the-ſides AD and DB equal, 
the fide AB having been divided-equally in D; 
and rhe angles at Dare equal , being right an- 
oles. - Therefore (by the- 4; 1.) rhe baſes AF 
and BF are equal; as alſo the baſes BF and-CF, 


© T have frequent, occaſion to inſctibe a 
© triarſsle in a cirele 37 a8, for inſtaricey/ in the 
© firſt propofition of. 'my* 3. book of Trigonome- 
© cry. This performance alſo 1s neceſſary for 
* che meaſuring the area of a triangle ; and up- 
© on many other occafions, 


PROPOSITION VI. 


A PROBLEM. 
T's inſcribe a ſquare in a crrele, 


A © 'T Oinſcribea ſquarein thecir- 
| cle ACBD, draw the dia- 
meter AB, and perpendicular to 
| ir the line DC 57 Yer through 
DS—B the'center 'E; then! draw the 
| lines AC, CB, BD, DA, and you 
will have inſcrib'd inthe circle the ſquare AC 
BD. Demonſtration. + 
 Thetriangles AEC and CEB have their ſides 
equal, and the angles '"AEC and CEB out, 
| ing 
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being both right angles : therefore their -baſes 
AC and CB are equal , (by the 4. 1.) Further, 
becauſe the ſides AE and EC are equal, the an- 
les EAC and ECA, wll be equal : and the 
angle E being a. right angle, they will be half- 
right angles, (by the 32,1.) therefore the angle 
ECB is half a right angle, and conſequently 
the angle ACB will be a right angle. -And the 
ſame reaſon holds for all the reſt :- therefore 
the figure ACBD is a ſquare, 


PROPOSITION VII 


A PROBLEM. 
To deſcribe a ſquare about a circle, 


Aving drawn the two diame- 

ters AB, and CD, which cut 

each other perpendicularly at the 

center E, draiv the tangents FG, 

GH, HI, and 1F, by the points A, 

D, B, C, and you will have deſcrib'd the ſquare 
FGHI, about the circle ACBD. 
Demonſtration, 

The angles E and A are right angles, tnere- 
fore (by the 27.1.) the lines FG and CD are 
parallels, Afcer the ſame manner I may prove, 
that CD ard HI, FI and AB, AB and GH, are 


parallels, Therefore the figure FCDG 1s 2 
Bb 2 pxalle- 
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parallelogram, and (by che 34. 1.) the lines FG 
and CD are equal, as alſothe lines CD and IH, 
FI and AB, AB and GH ; and conſequently the 
ſides of the figure F& and HI are equal, Fur- 
cher, fnce the lines FG and CD are parallels, 
and the angle CDG is/a right angle, the angle 
G will alſo be a right angle, (by the 29.1.) Af- 
rer the ſame manner TI may demonſtrate rhe an- 
eles F, H, and I, to be right angles. Therefore 
che figure FGHL is a ſquare, whoſe fides touch 
the circle. 


——_— 


PROPOSITION VIIh 


APROBLEM. 


To inſcribe a circle in a ſquare, 


F you would inſcribe a circle in the ſquare 

FGHI, [ſee fig. preced.] divide the fides 
FG,GH,H1,7F, 1n the middles at the points 
A,D,B,C, and draw the lines AB and CD, 
which may cur each other at the point EF, I 
demonſirate that the lines EA, ED, EB, and 
EC are equal, and the angles A,D, B,C, right 
angles : and that therefore you may deſcribe a 
circle from the center E, which will paſs 
through A,D,B, and C, and touch the fides of 
the ſquare FCHI, 


Demon« 
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Demonſtration, 

Since the lines AB and GH do conjoyn the 
lines AG and BH, which are parallel and equal, 
they alſo will be parallel and equal : thetefore 
the figure AGDE is a parallelogram ; and the 
lines AE and GD, AG and ED are equal : and 
AG and GD being equal, AE and ED will be 
equal alſo. Tis after the ſame manner that the 
lines AE, EC, EB, are prov'd equal. Further, 
AG and CD being parallel , and the angle G a 
right angle, the angle D will be ſo likewiſe. 
Therefore the circle ADBC may be deſcrib'd 
from the center E, which will paſs through the 
points A, D, B, C, and touch the fides of the 
ſquare, 


ms 


PROPOSIPION IX, 


A PROBLEM. 
To deſcribe a circle about a ſquare, 


O deſcribe a circle about the ſquare ACB 

D, [ſee fig. in Prop. 6.) draw the diago= 

nals AB, and CD, which will cut each other 
at the point E ; the point E will be che center 
of the circle, which vill paſs through the points 
A,C, B,D. Ir ought therefore ro be demon< 
frared, that the lines AE, EB, CE, and ED are 


equal, 
Demon. 
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Demonſtration 
' The ſides AC and CB are equal, and the an- 
gleC is a right angle; therefore the angles 
BAC and ABC are equal, (by the 5,1.] and 
half right angles, (by the 32, 1.) 

After the ſame manner I demonſtrate, that 
the angles ACD, ADC, BDC, and BCD, are 
half right angles. Therefore the triangle AEC 
having the angles EAC and ECA half right an- 
gles, and conſequently equal, will have alſo (6) 
the 6.1,) its fides AE and EC equal. The ſame 
may be prov'd of the lines EC and EB, EB and 
ED, chat they likewiſe are equal. 


The USE. 
© We ſhow in the 12, book, that Polygons 


© inſcrib'd in a circle, degenerate into circles: 
*and as theſe Polygohis are always in the dupli- 
© cate proportion of that of their diameters, ſo 
© likewiſe are circles. In praRical Geometry 
© we have frequent occaſion to inſcribe a ſquare 
© and other Polygons in a circle, or to deſcribe 
© chem about ir, toreducea circle to a ſquare, 


PROP, 
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PROPOSITION KX, 
A PRoBLEM- 


To deſeribe an I{oſceles (or equicrural triangle) 
having its angles at the baſe, each of them dou 
double to the third angle, . 


A | O deſcribe an 1ſoſceles ABD, 


having each of its angles 
ABD and ADB, double the an- 
% ole A, divide the line AB (by the 


B . D- + 11.2.) ſo that the ſquare of AC 

 _ may be equal tothe reQangle un- 

der AB and-BC ; and from the center A ar the 

diſtance'AB deſcribe the circle BD, in which 

inſcribe BD equal co AC; and drawivg the 

line DC deſcribe a circle abour rhe triangle 
ACD, (by the 5.) 

Demonſtration. 

Since the ſquare of AC or BD is equal to the 
retangle'contain'd under AB and BC, theline 
BD will touch the circle ACD at the point D, 
(by the 37.3.) therefore the angle BDC will 
be equal rothe angle A, being in the alternate 
ſeoment CAD, (6y the 32. 3.) Now the angle 
{ BCD, being an external angle in reſpe& of che 

triangle ACD, is equal co the angles 2 = 
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CDA; therefore the angle BCD is equal to 
the angle BDA. Further, the angle ADB is e- 
qual ro the angle ABD, (bythe 5.1.) therefore 
DCB and DBC are equal, and (by the 6 1,) 
the ſides BD and DC will be equal : and fince 
BD is equal to AC, the fides AC and CD will 
be equal ; and fo likewiſe the angles A and 
CDA. Therefore the angle ADB is double the 
angle A. | 


tn. comm. 


PROPOSITION XI 


A PROBLEM. 
.To inſeribe a regular Pentagon in a Circle, 


D O inſcribe 'a Re- 

A. oular Pentagon in 
H G a circle, deſcribe(by the 
10.) an Iſoſceles ABC, 

having each of its - 

oles ABY, ACB, at the 

WY baſe, double the angle 
A, Inſcribe in the circle the triangle .DEF 
equiangular ro ABC: then divide the angles 
DEF and DFE.-into two equal parts, drawing 
the lines EG and FH. Laſtly, joyn che lines 
DH,DG,GF, EH, and you will have deſcrib'd 
a regular ”entagon z that 1s to ſay,-a Pentagon 


having equal ſides, and equal angles, 
Demon. 
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Demonſtration, 

The angles DEG, GEF, DFH, and HFE, 
being the halves of the angles DEF and DFE, 
each of which is double to the angle EDF,are e- 

al ro the angle EDF : and conſequently the 
fre arches, which are their baſes, are equal, (6y 
the 26.3.) and the lines DH, HE, EF, FG, and 
GD, are equal, (by the 29.3.) Secondly, the 
apgles DGF, GFE, and ſo of the reſt, having 
each three of thoſe equal arches for irs baſe,will 
be alſo equal,(by the 27.3.) Therefore the fides 
and angles of the Pencagon DHEFG are equal. 


PROPOSITION MIL 


 — 


A PROBLEM, 


To deſcribe 4 Pentagon about a Circle. 


GnnA_k Nſcribe a regulac Penta» 
von ABCDE in the 
B circle, (by the 11.) and hav- 
ing drawn tangents through 
the pointes A, B, C, D, E, 
(by the 17,3.) you will have 
deſcrib'd a regular pents- 
on about the circle, Dray the lines FA, 
FG,FE,FH,FD. 
Demonitration, 
The tangents GE and - are equ 
C 
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rol, 2 of the 36, 3.) as alſo EH, and HD : the 
lines FA and FE are alſo equal (by the defimt. of 
acircle ;) therefore (by the 8. 1.) the triangles 
FGA and FGE. are equal 1n all reſpeRs; and 
the angles AFG and EFG are equal, as alſo the 
angles EFH and DFH, And becauſe (by the 
27.3.) the angles EFA and EFD are equal, 
their halves EFH and EFG will be equal ; and 
(by the 26, 1.) the triangles EFH and EFG will 
be equal in all reſpe&s, and the ſides EG and 
EH will be alſo equal, After the ſame manne: 
I can demonſtrate all the fides to be divided 
into two equal parts ; and conſequently, fince 
the lines GE and GA are equal, GH and Gl 
will be alſo equal. Further, the angles G and 


and H being double the angles FGE, and FHE, Þ ir 


are alſo equal. 'Therefore we have deſcrib'd 
a regular Pentagon about rhe circle. 


PROPOSITION XIIL 
A PROBLEM, 


To inſcribe a circle in a regular Pentagon. 


O inſcribe a circle in 

the regular pentagon 

B ABCDE, divide the angles 
A and B into rwo equal 

I parts by the lines AF and 
BF, which concur at the 


point 
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point F, Then drawing the line FG perpen« 
dicular to AB, deſcribe a circle from the cen- 
ter F at the diſtance FG, I (ay ic will couch all 
the other ſides; that is to fay, having drawn 
FH perpendicular to BC, FH and FG will be 
equal, Demonſtr ation. 

Since the equal angles A and B were divided 
into two equal parts, their halves GAF and 
GBF will be equal : and fince the angles at G 
are right angles, the triangles AFG and BFG 
| will be equal in all reſpe&s, (by the 26.1.) 
therefore the lines AG and GB are equal, 

Further, 1 may prove the lines BG and BH, 
2s alſo the lines FG and FH, to be equal ; and 
| the ſides AB and BC of a regular pentagon be. 

ing equal, the lines BH and HC will be equal 
and conſequently, the angles at the point H 
being alſo righr angles, and equal, the triangles 
BFH and HFC will be equal in all reſpedts, and 
the angles of FBH and FCH will be equal. 
And fince the angles B and C are equal, the an- 
gle FCH will be half che angle C. So paſſing 
from one to the other I will demonlirate, thar 
all che perpendiculars FG,and FH, and the reſt, 


are equal, 


Cc 2 PROP, 
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PROPOSITION XIV, 
A PROBLEM. 
To deſcribe a circle about a regular Pentagon, 


O deſcribe a circle about the 
regular pentagon ABCDE, 
divide equally rwo of its fides 
AB and BC at G and H, and 
draw the perpendiculars GF 

C==—” and HF, The circle drawn from 

the center F, at the diſtance 
F A, will paſs through B, C,D,E. 
Demonſtration. 

Suppoſe the circle deſcrib'd, ir is evident 
(by the 1. 3.) that having divided the line AB 
in the middle in G, and drawn the perpendi- 
cular GF, the center of the circle muſt be in 
that perpendicular - it is alſo in HF : therefore 
It is at che point F. 


The USE, 


© Theſe Propoſitions are ſolely uſeful for the 

* compoſing the table of Sines, and drawing the 
© platforms of Citradels, for their ordinary fi- 
© oures are pentagons. Obſerve alſo that theſe 
© methods of deſcribing pentagons about a cit- _ 
* cle, may be apply'd likewiſe ro other Poly- 
| 20D, 


© 
> 


7 


na 3 TT Aoua 
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© 0ons. But in my book of Military Archite- 
* ture, I have ſhown another way of inſcribing 
© a regular Pentagon 1n a circle. 


PROPOSITION XV. 


A PROBLEM. 


To mſcribe a regular Hexagon in a Circle, 


O inſcribe a regular Hex- 

agon in the circle ABC 

DEF, draw the diameter AD, 

and fixing the foor of the 

E compaſs at the point D de- 

ſcribe a circle at the diſtance 

of DG: chen draw the dia- 

meters EGB,and CGF ; and the lines AB, AF, 
FE, and the rel?, Demonſtration, 

Tis evident, that the triangles CDG, and 
DGE, are equilateral ; therefore the angles 
CGD, DGE, and thoſe oppos'd to them ar the 
top, BGA, and AGF, ate each of them the 
third part of rwo right angles ; thar is to ſay, 
contain 60 degrees. Now all the angles thar 
can be made about the ſame point. are equal to 
four right angles, that 1s to ſay, 360 degrees. 
Therefore raking away four times Go, that is 
240, from 360, there will remain 1220 for 
BGC and FGE ; which therefore each contain 

60 
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60 degrees. Therefore all the angles at the 
center being equal, all the arches and all the 
ſides will be equal ; and every angle as A, B, 
C, &c. will be compounded of two angles of 
60 degrees each, that is, 120 degrees, and 
therefore will be equal. 

Coroll, The fide of a Hexagon 1s equal to 
the ſemidiamerer, 

The USE, 

Becauſe the (ide of a Hexagon is the baſe of 
© an arch of 60 degrees, and is 2qual to the ſe- 
© midiamerer, ics half will be the fine of 30; by 
© which fine we begin the table of Sines. Euclid 
© rreats of Hexagons in the laſt book of his Ele- 
© ments. 


_——___ —— — 


PROPOSITION XVI 


A PROBLEM, 
To inſcribe a regular Pentedecagon in a vircle, 


A. Nfcribe in the circle an 
equilateral triangle ABC 

K (%ythe 2.) and a regular 
pentagon (by the 11.) ſo that 
the angles may meet at the 

G Point A. The lines BF, Bl, 
and IE, will be the fides of 


2 Pentedecagon: 2nd if you inſcribe in the oo 
arches 
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arches lines equal to BF and BI, you will com- 
pleat the Polygon. 
Demonſtration, 

Since the line AB is the fide of an equila- 
reral criangle, the arch AEB will be the chird 
part of the whole circle, that is, five fifteenths, 
But the arch AE being the fifth part, will con- 
tain three fifreenthsz; therefore the arch EB 
contains two : and if you divide it in the mid- 
dle ar the point I, each part will be a fifteenth, 


The it SE, 


© This Propofition ſerves only to open the 
© way toother Polygons. We have in the Com- 
* paſs of Proportion ſome molt eafie methods of 
*1nſcribing all ordinary Polygons, bur they 


© are grounded on this here, For ic would be 
*:mpoſſible ro mark polygons upon that infiru- 
| ment, it their fides were noc firſt found by 
* this, or other like propoſitions, 


THE FIFTH BOOK 


OF THE 


ELEMENTS 
EUCLID. 


Y they fifth Book is abſolurely neceſſary to 
a demonſtrate the propoſitions of the f1xth, 
© The doctrine ir contains 1s of univerſal uſe; 
© and its manner of argumentation by Propor- 
© cion the molt ſubril, ſolid, and brief, Inſo- 
© much thar all theſe Treatiſes, that are ground- 
© ed on Proportions, are oblig*'d to make uſe 
hereof, as a kind of Mathematical Logich, 
© Geometry, eArithmetich, Muſich, Aſtronomy, 
© Staricks, and in a word all parts of AMathema- 
© ricks, are conitrain'd to borrow ſome of their 
© demounlirations from the Propoſitions of this 
© Book, The greateſt part of Meaſutings in 


pra. 
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© pratlical Geometry is done by Proportion. All 
* the rules of cAritbmerick are demonſtrable by 
© the Theorems that occur here; ſo that there 
© is noneceſlity of having recourſe to the ſe- 
© venth, eight, or ninth books for that purpoſe. 
©The Muſick, of the Antients is ſcarce any. 
* thing elſe bur the doRtine of Proportions ap- 
©ply'd to Sounds. The fame may be (aid of 
« Staticks, which conſiders the . proportion of 
© Weights. In fine tis moſt cercain, thar if the 
© knowledge of Proportions, which this book 
© affords, was taken away from the Mathema- 
ticks, what remain'd would be very inconfider- 
* able. 


DR — 


DEFINITIONS. 


E Small quantity com- 
On —— par'd with a'greater, 
Cabal is calld a Part. ©* As for 

2 _| © example, if the line CD 

© of two foot long be com- 

© par'd with AB of 6, it will be calPd: its pare. 

© Which name alſo it obtains, though indeed ir 

© be not contain'd in AB, provided AE, aline 
"equal to CD, be cherein found. | 

© The whole is anſwerable to the part, and 


© therefore will be the greater quantity com- 
D d paid 
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* par'd with rhe leſs 3 whether ic do reatly con. 
© rainthe leſs, or nor, 

*A Part taken in general is ordinarily divided 
© ;into{thar which 13 calld) an Aliquot part, and 
© an Aliquant part. 47 4yel 

1. - An Aliquot part'(which alone Exclid de. 
fines in this book)is a magnitude of a magni- 
tude, a leſs of a greater, fon it exaltly mea. 
ſures the greater. *©* Thar is to ſay, Tis a teſſet 
© quantity compar'd with a greater, which pre- 
* ciſely meaſures the grearer,.. As a line two foot 
© long taken three times, is equal toa line of fix 
© feet 1D length. 

2, A Multple 1s a magnitude of a magni- 
eude, a greater of a leſs, when ir 1s exatly mea- 
ſoar'd by rhe leſs. ©* That isto ſay, A Multi. 
* riple 1s a greater quantity compar?'d with 2 
* leſs, winch it contains exaRtly ſo'many rimes. 
© For example, a line fix foot long 1s triple 2 
© line two foot long, © AE 

An Aliquant part, is a leſſer quantity com- 
par*d'wirh a greater, which it does not exaQly 
meaſure, As a line of four'feer, in levgth is an 
aliquane-parr of a line' ten foot long. ©* In a 
* word, An Aliquor part ſo many times repeat- 
© ed will equ?l the whole: but an Aliquant part, 
© though ir contains ſuch'a quantity of the 
© whole, yer repeated as you pleaſe will never 
© exatly equal, bur either come ſhort of, or ex- 
* ceed; the whole. - ©? ' 


Equt- 
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Equimwltiples are magni- 
a3 G2, tudes which equally contain 
A Pp. CD} Fheir liquor parts, © That is 
———— * ro ſay, ſo many times. As 

* for example, if A contains B 
© 25 many times as C contains D, A and C will 
© be equimultiples of B and D. 

3+ * Proportron is a reſpe& of one magnitude 
to anorher of the ſame kind. 

* Graec. abyO-. Gall, Raiſon, 

4. Quantities are (aid to have a certain pro- 
portion to each other, when being muluply'd 
they can exceed each other, © For which rea- 
* fon they ought to be of the ſame kind. For 
* indeed a line has no proportion to a ſuperti- 
cies ; becauſe a line raken Mathematically is 
*confader'd without any breadth ar all ; and 
© therefore mulriply'd as much as you plezſe 
* will never give any breadth, which yet a ſu- 
© perficies contains. 

*For as much as Proportion 1s a refpe& or 
* relation founded upon quantity, it ought ro 
© have two terms, That which ſome Philoſo- 
© phers Would call the Furdamentum, or Foun- 
© dation, Mathematicians name the Antecedent, 
© and the Term is call'd by them the Conſequent. 
© Asif we were to compare the quantity A with 
*rhe quantity B , that reſpe& or proportion 
© would have for the Antecedent the quantity 
©A, ard for the conſequent the quantity +. 

| d 3 On 
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*On the contrary, if B be compar'd with A, 
© chat proportion of Bro A would have B for 
© the antecedent, and A for the conſequent, 

© Proportion, or the reſpeR of one quantity 
* to avother, is divided into Rational Propor- 
© rion, and-Irrational. 

Rational Proportion is the reſpe& of one 
© quantity to another, which is commenſurable 
*roir, that is, when both the quantities have the 
© ſame common meaſure, by which both may be 
*exaRly meaſur'd. As the proportion of a line 
*four foot long to another that is fix, 1s rational, 
®ecauſe a line rwo foot long may exaAtly mea- 
*\ure both. And when this happens, theſe quan. 
©rities have the ſame proportion as one number 
*foanother, For example, fince the line two 
*foot long, which is their common meaſure, 1s 
*aund twice in the four-foot line, and thrice 
tin thar which is (ix foor long ; the firſt has the 
fame proportion tothe ſecond, as 2 to 3, 

© Irrational Proportion is berwixt two quan- 
©rittes of the ſame kind, which are incommen- 
©urable, z, e. have no common meaſure. As the 
®proportion of the fide of a ſquare to its diago- 
bal. For there is no meaſure ſo ſmall, as will 
*preciſely. meaſure both. 

Four quantities will be proportionals, when 
© he proportion of the firlt ro the ſecond, is the 
*\ame wich, or like to, that of the third to the 
*fourth ; ſo rhar, ro ſpeak properly; Proportt- 

| onality 
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©nality is a ſimilitude of proportions. But it i® 
*no eafie matter to underſtand in what conhts 
Chis fimilicude of proportions ; chat is to ſay» 
how two reſpeas or relations may be alike- 
*For E xclid has not given us a jult definicion 
*thereof, or ſuch an one as might explain the 
*nature of the thing, bur contented himſelf ro 
er down ſome marks or figns, by which it 
"may be known, whether or no quantities had 
*he fame proportion, And tis the obſcuricy of 
his defimicion, which has render'd the whole 
©book ſo difficult to be underliood ; which des 
*#e& therefore I ſhall endeavour ro ſupply. 

5- Euclid rakes fqur magnitudes to have the 
"ame proportion, when taking the Equimulri- 
toles of the firſt and the third, and likewiſe the 
Equimulciples of the ſecond and the fourth, 
according to any multiplication whatſoever: 
'if the multiple of che firtt exceed that of the 
*econd, the mulciple of the third will alſo ex- 
fceed that of the fourth; and if ir be equal to, 
tor leſs than the ſecond, the third will be equal 
o or leſs than the fourth. In ſuch a caſe the 
4#irſt has the ſame proportion to the ſecond, as 
*the third to the fourth. 
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*As for example, if four 
*magnitudes were propos'd , 
*A,B,C,D; having taken 
the Equimultiples of A 
*and C, as their quintuples 
EandG; and F and H the 
*doubles of B and Dz In 
"like manner taking K and 
We *M the quadruples of A and 
*©,and L and N the doubles of B and D; A- 
*oain taking O and Q the triples of A and C, 
*and ÞP and R the quadruples of Band D; Be- 
*cauſe E being greater than F, G is greater 
*than H ; and K being equal to L, M is equal 
*oN ; and, laſily, O being leſs than P, Qis 
fleſs than R : therefore A will have the ſame 
proportion to B, as C to D. But methinks Eu- 
*c1i4 ought to have demonſtrated this propoli- 
&ion, ir being too perplex'd and obſcure to pals 
Ffor a principle, 

*To explain aright what P roportionality 1s, 
for how four magnitudes may be in the ſame 
© proportion ; though it may be ſufficient to ſay 
4n general, that the firſt ought ro be a like 
®parr, or alike whole 1n reſpe& of the ſecond 
©as the third 15, compar'd with the fourth : yer 
becauſe this def:inicion agrees not to the pro- 
portion of Equality, 1 (hall give a more gene- 
©ral one ; and to make it the more intelligible, 
*explain firſt whar is a ſimilar or like Aliquor 
arts Simla 
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' Similar Aliquor parrs, rhen are ſuch ag are ' 
# contain'd in their wholes as many times one 
©2x the other: as 3 in reſpeR& of y, and 2 in ce- 
*ſpeRof 6,zre fimilar aliquot parrsz becauſe they 
tare each contain'd three times in their reſpe- 
Rive whales. i 

The firſt quaneity will have the ſame propor- 
"tion to the ſecond, as the third to the fourth , 
if rhe firſt contains ſo many times ſuch aliquot 
*parts of the:ſecond, as the third contains rhe 
| {like aliquot parts of the fourth, As 
A,B,C,D, | *if A contains the hundredth, thou- 

'andth , ' or hundred-rhouſandrch 
'part of B, as'ofe-as C contains the hundredth, 
thouſandrh, or hundred-rhouſandrh part of D; 
* (and the like may be aid of all other aliquor 
arts imaginable :) there will be the fame pro- 
{portion of A to B, as of C to D. 

To render this Definition (till more clear, 1 
*will prove firſt thar, if A has the ſame propor- 
ftionto BasC'to D, A wilt contain the ali- 
*quort parrs of B, as oft as C does the like of D ; 
'and ſecondly; if A contain the aliquot partsof 
{B as oft as C does the like of D, then there 
will be the ſame proportion of A to B, as cf 
CroD. 

The firſt point. ſeems ſufficiently evident 
from the very;norzion of the terms : for if A 
contains the-tehrh part of B once more than an 
' hundred rimies;, and C contains the tenth part 

o! 


212 The. Elements of Euclid. 


of D an hundred times only ; the quantity A 
twill be a greater Whole compar'd to B, than 
*C compar'd r9'D ; therefore it cannor be com- 
©oar'd after the'ſame manner, the reſpeR or re- 
*Jation being not the ſame. 

The ſecond point ſeems more difficulr, viz, 
if a quantity, ſuppoſe AB, contain the aliquot 
arts of another, CD, as ofr as a third, E, con- 

cains the like of a fourth, F : there will be 
© the ſameproportion of AB ro CD, as of Eto 
| *F, But if it be other- 
*wiſe, let us ſuppoſe 
AB to have a greater 
proportion to CD, 
&han E has ro F; that 
*Is to ſay, that AB is 
*too great to have the 
© ſame proportion to 
CD, that E has to F. Therefore a quantity leſs 
*chan AB, as AG, will have the ſame propor- 
*rioa to CD,as E to F. Divide therefore CDin 
*he middle in H, and HDin the middle in 1, 
*and ID in the middle in K ; continuing the 
f like diviſion till you arrive at an aliquot part 
*of CD leſs than GB, which 1 will ſuppoſe to 
be KD. 


Demonſtration, 
©Since there is the ſame proportion of AG 
to CD,asof Eto F ; AG will contain KD, 


*2n aliquot part of CD, as oft as E contains on 
1K© 
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4like aliquorpart of F. Now AB will contain 
*KD once more than E contains the like aliquor 
art of F 3 which is contrary to the ſuppoſi- 
<ri0H, go 

6. The firſt Quantity'is" ſaid to have a grea- 
ter proportion to the ſecond, \than the third to 
the fourth, when the firſt contains a certain ali- 
quot part of the ſecond ofrner than the third 
concains the like aliquot part of the foutth : As 
*101 has a greater proportion to 10 than 200 
*to 20, becauſe 101 contains the tenth part of 
"10,that 141, once above a hundred times ; and 
©:00 contains the tenth part of 20, ze, 2, a 
hundred cimes only. | 

7: Magnicudes or Quantities having the ſame 
proportion, are called Proportionals. . 

8, * Proportionality, or Analogy, is a fimi- 
litude of Proportions or Reſpe&ts. 

* "Apakoxie. Excl. hy 

9. Ineach proportionality are required at 
the leaſt three rerms. ** For that chere may be 
© 2 fimilitude of proportions, there muſt be rwo 
'of thetn : and every proportion having tivo 
&erms, ati Antecedenc and a Conſequent, there 
(ſeems to be a neceffity of four terms ; as when 
© we ſay, that A has the fame proportion to B 
©&sC ro D ; but becauſe the- conſequent of the 
{r| proportion may be the antecedent of the 
([econd, three rerms may ſufhce ; as when A 1s 
((2id to have the ſame proportion to B as B 
to C, E e 10, M3g- 
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10. Magnitudes are ſaid ro be continually 
proportionals, when the intermediate terms are 
taken twice, 2, &. both-as antecedents and con- 
ſequents, ©* As if there be the ſame propor- 
frion of Aro B, as of BiroC, and of CoD, 

11, In that caſe ;A, will have the duplicate 
proportion to C, and the triplicate to D,of what 
It has to B. | | 

{But here it' is to be obſerv'd, that there is x 
©reat deal of difference between double pro- 
©ertion, and duplicate.. We ſay that the pro- 
*pertion of four to two is double, becauſe four 
*s the double of evo; the number two giving 
©the name to the proportion, or rather to the 
*:regceden® thereof. Accordingly: double, tri- 
©ole, quadruple, quintuple, 7c. are denomina- 
ions draivn from the numbers two, three, four, 
ve, &c. compar'd with unity ;. which 1 in- 
ance in, becauſe we more eafly conceive the 
©oroportion, the leſs are its terms, But, as1 
aid, theſe denominations do rather affe& the 
*2ntecedents, than the proportions themſelves; 
&or we call chat double. or. triple proportion, 
hoſe antecedenx is double or triple 1ts con- 
*{equent. Bur by duplicate proportion we un- 
<Jerſtand ſuch an one, as:1s compounded of two 
<milar proportions. As,.if there be; the ſame 
©roportion of two to four, as of four to eight: 
© the proportion of two to eight being com- 
©ounded of the proportion of rwoto four, = 

thac 
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*hat of four to eighr; which are ſimilar and 
*<qual, will be the duplicace of each of them. 
'So three to twenty ſeven is the duplicare pro- 
ortion of that of three ro nine. The propor- 
"ion of two to four is call'd the ſub-double, be- 
cauſe two 1s the half of four ; but that of two 
oeight is the duplicate of the ſub-double ; 
which 1s as much as 10 ſay ; that ewo is the half 
*of half of eight, as three is the third part of 
*the third part of twenty ſeven; where you 
may obſerve, that che Denominators 4 and 
are taken rice, 

*In I:ke manner the proportion of eight ro 
«Wo 1s a duplicate proportion of that of eight 
to four, becauſe eight is the double of four, 
ut 1t 1s the double of the double of two, If 
There be four terms in continual proportion, 
the proportion of the firſt ro the laſt is a tripht- 
Fare of that of the firſt to the ſecond ; as in 
theſe four numbers,  T'wo, Four, Eight, Six- 
'reen; the proportion of rwo to fixteen is a tri- 
®licate of thar of rwo to four, becauſe rwo 1s 
*he half of the half of the half of ſixteen. So a's 
*o the proportion of ſixteen to two 15 a tripli- 
Care of that of fixreen to eight, becauſe fixceen 
*15the double of the double of the double cf 
*to, 

12. Antecedents to antecedents, and conſe- 
*<quents to conſequents, are coll'd Homologous 
*magnicudes. As if there be the ſame proportion 

Ee 2 of 


A 
/ 
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of AtoB, as of Cro D; AandC, Band D, 
*are homologous, 

© The folloving Definitions explain the divers 
*manners of arguing from proportionals : for the 
*demonſtration of which this book was princi. 
ally compos'd, 

13. Alcernate proportion is when we com- 
pare the antecedent of che one with the ante. 
cedent of the other, and the conſequent of the 
one with the conſequent of the other. ** As for 
*example, if becauſe there is the ſame propor- 
frion of Ato B, as of C toD, I infer, that there 
*is the ſame proportion of A to C, as of BtoD, 
*T his manner of argumentation holds onlywhen 
<2jl the four rerms are of the ſame ſpecies or 
Kind ; 2.e, Either all lines, or all ſuperficies's, 
for all ſolids. Tis demonſtrated Prop.16. 

14.*Inverted Proportion is the comparing of 
*the conſequents with the antecedents, 

"Ard mary Excl. Converſe, Gall, 

*As, if becauſe there is the ſame p roportion 
*of AtoB,asof Cro D, I conclude that there 
4s the ſame proportion of Bro A, asof D to 
*C. Corol, of Propoſ. 16. 

15. Compolition of Proportion 1s the com- 
paring of the antecedent and the conſequent 
raken together , With the conſequent alone. 
As if, becauſe there is the ſame proportion of 
*AtoB,asof CtoD, I conclude that there 1s 
he ſame propo:tion of Aand B to Þ, as of C 
*2nd Dto D. Prop. 18, 16, Dl- 
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16, Diviſion of Proportion is the comparing 
of the Exceſs of the antecedent above the con- 
ſequent to the ſame conſequent. © As, if there 
be the ſame proportion of ABto B, as of CD 
0D ; from thence I infer, that there 1s the 
fame proportion of A to Bas of C to D. Pro- 
poſition 17. 

17. Converſion of Proportion is the compar- 
ing of the antecedent with the Difference of 
the Terms : ** Ae, if there be the ſame pro. 
©ortion of AB to B, as of CD tcoD. I thence 
©<onclude, that there is the ſame proportion of 
*ABroA, as of CDto C. Coroll, of Prop. 18, 

18, Proportion of Equality is the comparing 
of the extreme magnitudes, and omiting thoſe 

in the middle, ©* As if, there be- 


A.B.C.,D-} *ingthe ſame proportion of A to 
E, F.G.H.] *to B, asof EcoF; and of B to 


OC, aisof FroG;andofCroD, 
csofGrto H; 1 infer, thar there is the ſame 
©roportion of A to D, as of E to H. 

I9. Proportionality of Equality orderly 
plac'd, is that in which the rerms are compar'd 
rogether in the ſame order, ©* As in the fore- 
© ooing example. Prop.22, 

20, Proportionality of Equality diforderly 
plac'd, is that in which the terms are compar'd 
in a different order. ©* As if, there being the 
ame proportion of Ato B, as of GtoH ; and 
ofBroC, as cf FroG; andofCtoÞD, as - 
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*Ero F ; I conclude that there is the ſame pro- 
portion of A to D, as of Eto H. Prop, 23, 

See in ſhort all the different manners of at- 
*aumentation by Proportion. 


*As AtoB,ſoCtoD ; therefore 
© By Alternate proportion : as AtoC, ſoB 
woD: 
Inverted : AsBro A, ſoDtoC: 
*Compolition. As AB to B, ſo CD toD. 
<DiviGon. If as AB to B,ſo CD co D: then 
As AtoB, ſo C to D. 
*Converhon. As ABto A, ſo CD toC. 
Orderly Equality. Ifas Aro B,ſoCtroD; and 
as BroE,foDroF: then 
aS AtoE, ſoCroF. 
Diſorderly Equality. If as A to B, ſo D to F,and 
as BroE,ſoCtoD: then 
as AtoE,fſoCtoF. 


© Eaclid's fifth book contains but 25 propoli” 
ions, to Which nine more have fince been add- 
td, and are commonly receivd. And the fit 
*ix in Euclid, ſerving only for the proof of 
© thoſe that follow by tbe method of Equimul- 
©£;p/es, fince I intend not to make uſe of ctharne- 
©hod,l ſhall wholly omit; begining wich the Se- 
nth, withour changing either the order or 


*umber of che Propoſitions, 
Demands 
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Demands, or Suppoſittons, 


Three quantities A, B, C, being propos'd, ir 
is requir'd to be granted, that there is a fourth 
poſſible, ro which the quantity C has the ſame 
proportion, as A to B, 


_—_ 


PROPOSITI ON VIL 


A THEOREM. 


Equal quantities have the ſame proportion to aroe 
ther quantity, and another quantity has the ſame 
proportion to quantities that are equal, 

[a, 8. F the quantities A and B be e- 

"+3FU - qual they wilt have the fame 
B, 8. proportion to the third C, 
4M Demonſtration. 

If one of the two, ſuppoſe A, had a greater 
proportion to C than B: A would contain any 
aliquor part of C, oftner than B could contain 
the ſame ; -and conſequently A would be greater 
than B, Which 1s contrary to what was ſup- 

o8'd. : 

: Aoain, 1 ſay, if the quantities A and Þ be e- 

qual, the quantity C 112ll have the ſame propor- 

tion to A as to B, 


ic 
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Demonſtration, 

If the quantity C had a greater proportion 
to A, than to B, it would contain a certain ali- 
quot part of A, oftner chan the like part of B; 
which part therefore of A muſt be leſs than the 
like aliquor part of B, and conſequently the 
quantity A would be leſs than B, which ts con- 
trary to the ſuppoſition, 


_— 


PROPOSITION VIII 


A Trfrorerm. 

The greater of two quantities has @ greater propur- 
tion to the ſame, than the leſs ; and the fame 
quantity has a lefſer proportion to the greater, 
than to the leſs. 


bonne | ——} Uppoſe the 
as quanrities AB 
G G1 and C be com- 


E j—1j—-1-F} par'd with the 


ſame EF, and thar 
AB exceeds C. I ſay, that AB will have a grez- 
rer proportion to EF, than C will have tothe 
fame. Cut AD equal ro C, and divide EF in 
the middle, and again one half in the middle, 
and ſo on, till you come to an aliquot part of 


EF leſs than DB, as GF, 
x Demo». 


Q mn CN — © «© 
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Demonſtration, 

AD and C being equal, AD has the ſame 
proportion to EF, as C to EF, (by the 7.) and 
therefore AD will contain GF an aliquot parc 
of EF, as oft as C will contain the ſame, (by de- 
fin. 5.) Bur AB contains the ſame aliquor parc 
once more than AD, DB being greater than 
GF ; therefore (by defin.6.) the proportion of 
AB to EF 1s greater than that of C to the ſame 
EF. 

Secondly, I ſay, that EF has a leſs proportion 
to AB, than to C. Take a certain aliquot part, 
as the fourth, of C, as oft as you can in EF, 
which ſuppoſe to be five times ; either there 
will remain ſomething of che quantity EF, or 
nothing z if nothing remain, ir is evident, that 
five times the fourth pare of AB making a gre2- 
ter line than ſo many rimes the fourth parr of C, 
the fourth part of AB could nor be five times 
contain'd in EF, Bur if the fourth part of C 
taken five times reach no farther than G, the 
fourth parc of AB taken ſo many times will pro- 
ceed either as far as F, or to I ſomething (horr 
of F. If ir reach as far as F, EF will have the 
ſame proportion to AB as EG to C, Pur (by the 
preceding part) EF has a greater proportion to 
C, than EG to the ſame C ; therefore EF has 
zreater proportion to C, than to AB, Bur if che 
fourth-part of AB reach no farther chan I, }} 
#ill have the fame proportion to AB as Et to 


MK + a 
[2 
— 
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C. But EL has a greater proportion to C, than 
EGtoC; therefore EF, greater than EI, has 
_=_ proportion to C, than the ſame EF to 


om 


PROPOSITION IX. 


A THEOREM, 


Quantities that have the ſame proportion to another 
quantity, or ts whom another quantity has the 
ſame proportion, are equal, * 


F the quantities A and B have 
A, B, © che ſame proportion to a third 
12.12.6 | quantity 'C, I ſay, A and B are 
equal. 
Demosſtration, 

If one of the two, v. g. A were greater 
than B, it would have a greater proportion to 
the quantity C, (by the 8.) which 1s contrary to 
the ſuppoſition. 

Secondly, if the quantity C has the ſame 
proportion to the quantities A and B I ſay A 
and B are equal, For if A were greater than B, 
C would have a greater proportion to the quan» 
tity B, than co A, (by the 8,). which 1s alſo con- 
rrary to the ſuppoſition. 


PROP. 
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PROPOSITION X. 


A TrEoREmM 
The quantity that has the greater proportion tn An- 
other, ts the _— quantity ; and that the leſ- 
other quantity kas the greater 


ſer, to which that 


- 


proportion. 


F che quantity A has a ereater pro- 
[A.B.C | portion to che qu ancity C,thanB to 
' the ſame C,Ifay,A is greater than B, 
Forif A and Bwere equal,they would have both 
the ſame proportion to Czand if A wete Jeſs than 
B, B would have a greater proportion to C, than 
A to the ſame C; both which are contrary to 
the ſuppeſition. ; | 
Secondly, if.C has a greater proportion to B 
thanto A, I ſay that Awill be greater than B, 
For if A and B were equal, - C would have the 
ſame proportion to both, (by the 7.) Andif A 
were 1eſs than B,” GC would have a leſs propor- 
tion to B than to A, (by the 8.) both which are 
contrary to What was ſuppos'd, 


Ff 2 PROP, 
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PROPOSITION XI, 


A THEOREM, 


Proportions that are equal to another, are alſo «- 
qual amongſt themſelves, 


PER Be. Boe F A has the ſame pro- 
A,B; C, _— portion to'B, as C to 
4, 2: 8,4; 6,24 D; and Cthe ſame pro- 
pottion to D, as E to F; 
1 ſay, A will have the ſame proportion to B, as 
E toF. Demonſtration, 

Since, A has the ſame proportion to B, as C 
rwoD; A will contain any certain aliquor part 
of B, as oft as C contains the like aliquot part 
of D, (by defin. 5.) And in like manner;as oft as 
C contains that aliquot part of D, ſo oft will E 
contain the like aliquot, pare of F, ,So that as 
oft as A contains apy cefrain aliquot part of B, 
ſo many times alſo will E contain the like ali- 
quot part of F, Therefote A has the ſame pro- 
portion to B, as E to F, ; 


PROP, 


ww I S T 


0 Fic. & ©  / 
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PROPOSITION XII, 

A THEOREM. 
If many quamities be proportional, one Antecedent 
will have the ſame proportion to his conſequent, 


as all the Amtecedents taken together to all the 
Conſequents, 


—_—— 


A,BJ JFA has the ſame proportion to B, 
3,12 asCroD; I fay that A and C 


C, D,] taken together will have che ſame 
2, $,] proportion-to B and D, as AroB, 
as Demonſtration. 

Since A has the ſame proportion to B, as C to 


D; the quantity A will contain any certain 
aliquot part of B, as oft as C contains che like 
aliquot part of D, (6y defi", 5.) ſuppoſe che 
fourth part. Now the fourth part of B and the 
fourth part of D, make che fourth part of BD 
and accordingly AC will contain the fourth 
part of BD, as oft as A contains the fourth parr 
of B ; and che like may be ſaid of any other ali- 
quot parts. Therefore A has the ſame propor- 
tion to B, as AC to BD, 


PROP, 
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PROPOSITION XIII 


A Turorem, 


If of two equal proportions one is greater than 4 
third, the other will be ſo likewiſe. 


ET FF A has the ſame pro- 
1A, B:C,D: E,F. portion to B, as C to 
| ©. --.D;. but a greater pro- 

portion to B, than E to'F : I ſay, that C alſo 
will have a greater proportion to D, than E to 
F. Demonſtration. 

Since A has' a greater proportion to B than 
E.co F, A. will contain a certain aliquor part of 
B, oftner than E contains the like aliquot part 
of F, (by defin, 6.) bur C contains a like ali- 
quot part of D, as ofc as A contains that of B; 
becauſe A has the ſame proportion to B, as C to 
D:. and therefore. C contains a certain aliquot 
part of D, oftner than E contains the like ali- 
quot part of F 3 and conſequently, C has a gre» 


cer proportion to D, than E to F, (by def. 6.) 


PROP. 
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PROPOSITION XIV. 


A THEOREM 


If the firſt quantity has the ſame proportion to the 
ſecond, as the third to the fourth ; according as 
the firſt is greater, or equal, or leſs, than the 
third, the ſecond will be greater, or equal, or 
leſs, than the fourth, 


Ry. F A has the ſame propor- 

A,B;zC,D, tion to B, aS C co D;1l 
ſay firſt, if A be greater chan 

C, B will bealſo greater than D. 
Demonſtration. 

Since A is greater than C, A will have a grea- 
rer proportion toB, than C to the ſame B, 
(by the 8.). Bur there is the ſame proportion of 
AroB,asof C ro D: therefore C has a greater 
proportion to D, than © to B, and conſequent- 
ly (by the 10.) Bis greater than D. 

Secondly, if A be equal to C, B will be alfo 
equal ro D, Demonſtration. 

Since AandC are equal, there will be the 
ſame proportion of A to B, as of C to the ſame 
B,(bythe7p.) Butas Aro B, ſo Cro D; there+ 
f0:e C has the ſame proportion to B, as the ſame 
C co D, and conſequently B and Þ ate equal, 
(b1theg.) 


Thi*d. 
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Thirdly, if Abeleſs than C, B will alfobe 
leſs than D. Demonſlration. 

Since A is leſs than C, A will have a leſs pro- 
portion to B, than C to the ſame B, (bythe 8.) 
Butas A istoB,ſoCto D: therefore C will 
have a leſs proportion to D, than the ſame C 
co B, and conſequently B will be leſs than D, 
(by the 10.) 


[I 


PROPOSITION XV, 


A THEOREM. 


Equimultiples, and ſimilar aliquot parts, are in 
the ſame proportion, 


A,B;CD, IF the quantities C and D be 


2,336, 9+ the Equimultiples of A and 
E,2;H,3,] By their aliquot parts, A will 
F,2;1l, 3, have the ſame proportion to B, 
G.r.K.z3] asCroD. Divide the quantity 

—— CcCintoparts equal to A, v.g. E, 

F,G, and the quantity D into parts equal to 

B. Becauſe C and D are the equimulriples of 

A and B, there will be as many parts of one, as 

of the other. Let the parts of D therefore be 

H,I,K. 


Demonſtration, 
E has the ſame proportion to H, and F tol, 


and Gro K, as Aro B, becauſe they are all c- 
quat. 
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qual, Therefore (by the 13.) as A to B, ſo E, 
F,G,toH, I, K, :z.e. {oC wo Þ, 

Coroll, The ſame numbers of the aliquoc 
parts of rwo quanticies are in the ſame propor- 
cion that the quancicies are. For fince E has the 
ſame proportion ro H, as CoD; and F to 
I, as8CroD ; E andF will have the ſame pro» 
portion to Hand I,,as C ro D, | 


PROPOSITION XVI, 


A THEOREM. 
Alrernate Proportion, 


If fonr magnitudes of the ſame kind be properti ge 
wal, they will be alſo alternatively ſo, 


J* A has the ſame propot- 
fl B;jC,D,| £2 tiontoBasCroD, and all 
12.8: 9,6, | the four quanticies are of the 
nt famekind, < char is, either all 
Lines, or all Superfictes's, or all Solids ; A 
will have the ſame proportion to C, 2s B to D, 
For if not, ſuppoſe A co have a greater vropo:- 
tion to C,, than B co D. 

Demonſtration. 

Since tis ſuppos'd, that A has a greater pro- 
portion to C than Bro D, the quantity A will 
contain a certain __ part of C, v.g. 2 thi! 


g 129a'c 
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part, oftner than B contains a third part-of D, 
Let A therefore contain a third part of C four 
times, but B the third part of D only three 
times ; having then divided A into four parts, 
each will contain one chird patt of C; but B 
being divided into four parts, they will not con+ 
rain each of them a third part of D; therefore 
chree fourths of A will contain three thirds of 
C, that is, the whole quanticy of C ; bur three 
fourths of B will not contain three- thirds, or 
the whole quantity of D, But on the contrary, 
fince rhere 15 the ſame proportion of A'roB, as 
of Cto D, there will beaiſothe ſame propor- 
tion of three fourths' of A ro rhree fourths of 
B, as of C to D, (by the coroll. of the 15.) and 
(by the 14.) if threefourths of Abe equal to C, 
three fourths of B will be equal ro D;; there- 
fore A cannot have a greater proportion to C, 


than B ro D. 
A LEMMA... 


If the firſt have the ſame proportion to. the [e« 
cond, as the third to the fourth; any aliquet part 
of the firſt will have the ſame proportion to the ſe- 
cond, as the like aliquot part of the third to the 

: ( fourth, 
32,6, Tf A has the ſame propor- 

» tiontoB, asC toD; and 

| E be an aliquor part of A, 
. and F alike aliquor part of 
C: 


s_ Gd £© an aa. ww. we O£#h ww 8N_ © io... 44 =ao<@# 


FL 
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C: Ifay,that E will have the ſame proportion 
to B, as F to D. 
Demonſtration, 

If E had agreater proportion to B than F ro 
D, E would contain a certain aliquot part of B, 
oftner than F contains the like aliquot part of 
D; and conſequently, E taken twice, thrice, or 
four times, would contain an aliquot part of B 
oftner than F taken rwice, thrice, or four times 
contain'd the like aliquor part of D. Bur E taken 
four times is equalto A; and likewiſe F taken 
four times is equal to C.; therefore A would 
contain an aliquot part of B ofi\er than C con- 
rain*d the like aliquot part of D, and by conſe- 
quence A would have a greater proportion to 
BrhanCto D; which is contrary to the ſup- 
polition. 


A COROLLARY, 
© yhich Euclid pl:ces after his 4th Profofition, 
Inverted Proportion. 


If the firſt has the [ame proportion to the ſecond, as 
the third to the fourth ; the ſecond will have the 
ſame proportton to the firft, as the fourth to the 
third. | 


AB;C,D, F Ahas the ſame proportion 
4, 8; 12324, roBasC ro D, B will have 
—_ * the ſame proportion to A as 
7  DtoGC 

_—_ G 


2 De. 


o 
O 
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Demonſtration, | 

If B had a greater proportion to A than D to 
C, B would contain an aliquot patt of A, ſup. 
poſe a fourth E, oftner than D contain*d F the 
fourth part of C, Let us ſuppoſe then that B 
contains eight times the quantity E ; D muſt 
contain bur ſeven times the quanticy F. Now 
fince A has the ſame proportion to B as C to 
D, E will have the ſame proportion to B as F 
ro D, (by the preceding Lemma,) and (by the 15,) 
E taken eight crimes will have the ſame propor- 
tion to B, as F taken eight times ro D ; bur E 
raken eight tim2s 1s contain'd in B, therefore 
F taken eight cimes mult be contain'd in D, 
notwithſtanding what was ſhown to the contra- 
ry ; therefore B cannot have a greater propot- 
tion to A, than D to C. 

The USE, 

©'The Followers of Averroes ſeem to have 
© made uſe of a manner of argumentation nor 
© much unlike this, to prove, that the world had 
&xiſied from eternity ;, urging, that there is the 
{ame proportion berween an eternal a& of the 
*will of God, and the eternal produRton of the 
*world, as herween a remporal a&, and a tem. 
oral effe&t ; therefore by a kind of Alterna. 
*rion, there 1s the ſame proportion of a tempo- 
ral aRtof the will, z.e. an at begining in time, 
fo an eternal effe&t ; as of an eternal will to a 
*remporal effe, Now tis evident, that = 

wi 


© ZE > tt 


71 


ths. | 
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\*will, or an a. of the will that begins in time, 


"cannot, produce an eternal effe& ; therefore 
the eternal a& of God could not produce an 
'Effe& in time, Bur this argument is faulty in 
two reſpeQts ; firlt, in that it ſuppoſes it poſſi 
(ble for an a& of the Divine will to begin in 
time; and ſecondly, in that it is drawn from 
*Alternate proportion, though the terms be of 


a different kind or ſpecies, 


PROPOSITION XVIL 
A THEOREM. 


The Diviſion of Proportion, 


If compounded quantities be proportional, they will 
be ſo likewiſe being divided, 


AB,Bz CD,D, FF AB has rhe ſame propor=- 
$, 3316, 6, tion to B as CD to D, 
A, B; C, D,] Awill have che ſame propor» 
s, $ » 20, 5, rionco i, 25 Cto D. 

mr —— . 

| Demonſtration, | 
Since AB is ſuppos'd to hiv< the fame proportt- 
on toBasCDroD, AB will contain a certain 
aliquor part of 2, 2s oft as CD contains the like 
aliquot part of D. Now tha aliquor pare mult 


be found as ofc in B, as the like aliquot part is 
found 


234 The Elements of Fuclid. 

found in D, Therefore taking away B from AB, 
and'D from CD, A will contain as many aliquor 
parts of B, as C contains the like of D; and con- 


ſequently A will have the ſame* propottion to 
B,asCroD. 


PROPOSITION XVvVIIL 
A THEOREM, 
The Compoſition of Proportions 
If quantities, being divided, be proportional, they 
will beſo likewiſe. when compounded, 
«3: 0 D, JF A has the ſame propor- 

5» 3z 10, 6 tion toBas Cto D, AB 
AB,B; CD,D,| alſo will have the ſame pro- 
8, 3; 16, 6,| portion toBas CD to D, 
Demonſtration, 

Since A is ſuppos'd to have the ſame propor- 
tlontoBas CtoD, Awill contain any aliquot 
part of B, as ofc as C contains the like aliquot 
part of D, Now the quantity B contains any of 
Its own aliquot parts, as oft as D contains the 
like of his ; therefore adding Bro A, and Dro 
C, AB will contain any aliquot part of Þ as ofc 
as CD contains the like aliquot part of D, and 
conſequently (by defir, 5.) AB will have the 
ſame proportion to B as CD to D, 


A COROLLARY. 
The Converſion of Proportion. 


If AB has the ſame proportion toB as CD to 
D, then AB will have the ſame proportion to 
AasCD co C.. For (by. the preceding) A has 
the ſame proportion to B, as C to D : and (4y 
the Coroll, of the 16.) B will. have the ſame pro- 
portion to A, as DroC; and therefore com- 
pounding them, AB will have the ſame propor- 
tion to A,as CD.co C, 


The USE. 


& We have frequent uſe of this manner of 
* argumentation in almoſt all parts of the Ma: 
* thematicks. 


—— — 


PROPOSITION XIX, 


A THeroREM., | 
If the Wholes be i; the ſame proportior,as the. pas ts 
that are taken away from them, the Remau- 
ders will be a! '/o in the ſame proportion, 


aB CD -B,D> J* che cuanticy AB has 
6, TE the ſame proportion to 
A "C: AB,CD,} CD, as che part B to the 
—; 16,8, ] pair DP: I tiy, A will 
ys ro ave 
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have the ſame proporricn to C, as AB to CD, 
De montration, 
AB is ſuppos'd to have the ſame proportion 
co CD, as Bro D: —_— alternatively (ac- 
Cording to the 16,) AB hasthe ſame proportion 


toB, asCDto D; and by convertion of pro» 
portion, AB will have the fame proportion to 
A,asCDroC; and again alternatively, there 
will be che ſame proportion of AB to CD, as 
of A to C, 


The USE.” 

©This Propoſicion is comT.only made uſe of 
tin the rule of Fellowſhip. Far inſtead of work- 
©*:0g by che rule of Three for every particular 
© Affociate or Partner, having done it for the 
Creſt, to the laſt they aſſign the Remainder of 
*he Gain ; ſuppoſing rhar if there be the ſame 
©®roportion of the whole ſumme of all rhe Prin- 
©cipals to the whole Gain, as of the Principal 
©f one Aſſociate to his porr of the Gain : there 
twill be alſo the ſame proportion of the Princi- 
©al that remains co the Remainder of the 
Gain, 

© The 20 and 21 Propoſitions are not necel- 
"\ary, 


PROP, 
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PROPOSITION XXII 


A THEOREM, 
The proportion of Equality orderly plac'd. 


If divers terms be propor'd, and an equal number 
of others compar*d with them, ſo that thoſe 
which anſwer to each other in the ſame order be 
proportional ; the firſts and the laſts will be allq 
proportional. 


4 F the quantities A,B,C, 
12,6,2 3 65 zl, and the quantities D,E, FE 

; be proportional z thar is, 
if there be the ſame pro- 
portion of AtoBasof DtoE, and of B roC 
$f EtoF ; Awill alſo have the ſame propor- 
tion to C, as D to F. 

Demonſtration, 

If A has a greater proportion to C than D co 
F, Awill contain n aliquor part, vg. the half 
of C, oftner than D can contain the half of F. 
Ler us ſuppoſe then the half of C to be contain'd 
ewelve times in A, and the half of Fonly eleven 
times in D. Now becauſe B has the ſame pro- 
portiontoC as E to F, the quantity B will 
contain the half of C, as oft as E contains the 
half of F : Suppoſe then thoſe halves to be con- 
H h tain'd 
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cain'd fix times in each, B and E, A, which con- 
rains the half of C ewelve times, will have a 
oreater proportion to B, which contains the 
ame halt of C fix times; than D, which con- 
tains the half of F eleven times 'only, to E, 
which contains the ſame half of F fx times ; and 
conſequently A will have a greater proportion 
to B, than D ro E, which 1s contrary-ro what 


was ſuppos'd. 


PROPOSITION XXLL 


A TrEoREM 
The proportion of Equality diſorderly 


plac'd. 


If two Orders of terms, be in the ſame proportion, 
arſorderly plac'd : the firſt and laſt eu both Or- 


ders will be proporttonal.. 


K,B,C.D;E,F. G, FF tbe quantities AzB,C, 
12,6,2. 8, 4, 2. 3, and the others DE 
. F, equal in number, c 

in the ſame proportion; diſorderly plac'd, that- 
1s, if A has the ſame proportion to B as Eto F, 
andBroCasDroE: A will have the lame 
proportion to C, as D ro F. Suppoſe B to have 
the ſame proportion to C, as F to G, 


Demon 
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Demonſtration, 

Since there is the ſame proportion of A to B as 
ofEtoF, and of BroCasof Fro(G; A has 
the ſame proportion to C, as E 19 G, (by the 
22.) Further, fince B has the ſame proporticn 
tCasDroE, annalſoas Fro G; D will 
have the ſame proportion to E, as Fro G, (by 
the 11.) and alrernatively,(according to the 16.) 
D will have the ſame proportion to F,as E to 
G. Now we have before prov'd, that as E to 
G,foAroC; therefore, as AroC, ſoDtoF. 


—— 


PROPOSITION XXIV, 


A TnueoREmM, 


If the firſt quantity has the ſame propertion-to th* 
ſecond, as the third to the fourth ; and alſo th* 
fifth to the ſecond, as the ſixth to the fourth * 
the firſt with the fifth will have the ſame propor” 
t1onto the ſecond, as the third with the ſath 19 


the fourth, 


hs Fo FF A has the ſame proporticn 
6, 


4, croBasCioD, md B roB 
6,239,3s as FroD; AE will have the 
A,B; C, D, {ame proportior to B, is CF ro 


Demon fi ration, 
Since A has the ſame proportion toB as C to 
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D, A will contain any aliquot part of B, as oft 
as.C conrains the like aliquot part of D, (by de- 
fin. 5.) In like manner, E will contain the {ame 
aliquor part of B, as oft as F contains the like 
of D ; ſo chat A and E will contain any aliquer 
part of B, as oft as C and F contain the like ali. 
quot part of D: therefore AE will have the 
ſame proportion toB, as CF to D, 


PROPOSITION XXV. 


A THEOREM | 


If four magmtudes be proportional, the greateſt 
and the leaſt will exceed the other two, 


BUT 


F the four magnitudes ADB, 
8,6, CD, E, F, be proportional, 

and AB the greateſt and F the 

leaſt; AB and F will exceed 

CD and E. Since AB has the 
ſame proportion to CD asEtoF, and AB is 
ſuppos'd greater than E 3 CD will be alſo gre:- 
rer than F, (by the 14.) Divide therefore AB 
ſo, that the magnitude A may beequal toE ; 
and CD fo, that the magnirude C may be equal 
to F, Demonſtration, 

Since AB has the ſame proportion to CD as A 
to ©, B will alſo have the ſame proportion to 
D as AB to CD, (by the 19.) and AB beivg 
ſup- 
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ſuppos'd greater than CD,B will be greater than 
D, Now if to A and E, which are equal, be 
added F and C,, which are alſo equal, A and 
F will be equalto C and E, and adding tothe 
evo firſt B, which is the greater, and to the two 
RD, which is the leſs, AB and F will be 
greater than CD and E, 

The USE, 

By this Propolition is demonſtrated a pro- 
triety of Geometrical proportionality, whereby 
ris diftinguiſh'd from that which is call'd 
(Arithmerical, For in this latter the two mid- 
tle rerms are equal to the ewo extreams ; bur 
in the former, (as has been prov'd,) the grear- 
eſt and the leaſt exceed thetwo others, 


p 


G— 


Tho the nine following Propoſitions are not 
*Exc!id's ; yer, becauſe many make uſe of them, 
©:nd quore them as if they were his, I chought 
Tought not ro omit them, 
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PROPOSITION XXVI, 


A THEOREM, 


If the firſt has a greater proportion to the ſecond 
thay the third to the fourth, the fourth will have 
a greater proportion to the third than the ſecond 


fo the firſt. 


9,436 F A has a greater proportion 
AB:CD coB than CrtoD, D wil have 
E, a greater proportion to C than B 
k to A, Suppoſe E to have the 
i ſame proportion toBas C to D, 


A will be greater than FE, (by the 10.) 
\ 


Demorſtration. 

There is the ſame proportion of E to B, as of 
C to D : therefore (by the Coroll, of the 16.) D 
has the ſame proportion to C, as B ro F, But B 
has a greater proportion to E than to A, (by the 
8.) therefore D has a greater proportion to G, 
than Bro A, 


PROP, 
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PROPOSITION XXVII 


A THEOREM. 


If the firſt has a greater proportion to the ſecond 
than the third to the fourth, the firſt will alſo 
have 4 greater proportion to the third than the 


ſecond to the fourth, 


94436, 3 Y T* A has a greater proportion 
\,B; C,D, to B than C ro D, 1 ſay, thar 
E, A will have a greater proportion 
8. to Crhan B ro D. Ler E have 
the ſame proportion to B, as G to 
D; inthat caſe A mult be greater than E, 
Demonſtration. 

E has the ſame proportion ro B, as CtoD : 
therefore (by the 16.) E has the ſame proportion 
to C, as Bro D, And becauſe A is greater than 
E, the proportion of A to C will be greater than 
that of E to C. Therefore the proportion of A 
to C, is greater than that of Bro D, TIT 
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PROPOSITION XXVIIL 


; A THEOREM, 

If the firſt has a greater proportion to the ſecond 
than the third to the fourth, the firit and the 
ſecond will have. a greater proportion to the ſe- 
cond, than the third and the fonrth to the 


fourth. 
9,4; 6,3 JFche proportion of Ato Bbe 
A,B; C,D, oreater than that of C to D, 
E, 2 portion of AB to B will 


alſo be greater than that of CD 

to D. Suppoſe E to have the 

ſame proportion to B, as C to D. 
Demonſtration, 

E has the Came proportion to B, as C toD: 
therefore (by che 18;) EB has the ſame propot- 
tion to B, as CD ro D. And AB being greater 
than EB, AB will have a greater proportion to 
B, than EB to the ſame -B, and conſequently 
than CD to D. 


fl 
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PROPOSITION X$IX; 


A'THEOKREM. 


] the ſt with the ſecond by 4 greater pro ortion 

ry FA ſecond, than the third with the Par to 
the fourth ; the firſt will have a greater proper- 
tion to the ſecond, than the third to the Folrh, 


JF the proportion of AB to B 
be greater than the proportion 
of CD to D, the propoction of A 
toB will be alſogrearer than that 
of CtoD. Suppoſe EB to have 
the ſame proportion to B, as CD to D 3; EB will 
be leſs than AB, and E leſs than A, 
Demonſtration, 5 
Since EB has the ſame proportion to B, as CD 
toD; dividing them E will have the ſame 
proportion, to Bas C to D, (by the 17.) And A 
being greater than E, the proportion of A to B 
will be greater than that of E to the ſame P, 
and conſequently than that of Cro D. 


PROP, 
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PROPOSITION XXX, 


A THEOREM. 


If the proportion of the firſt with the ſecond to the 
ſecond, be pour than that of the third with the 
fourth to the fourth ; - the proportion of the fu 
with the ſecond to the firſt, will be leſs than that 
of the third with the fourth to the third, 


A,B; C,D, IF che proportion of AB toB 
9»4; 6, 3 be greater than that of CD 
toD, the proportion of AB to 


A will be leſs than that of CD ro C, 
Demonſtration. 

The proportion of AB co B is ſuppoy'd tobe 
oreater than that of CD to D: therefore (by the 
29.) the proportion of A to B will be greater 
than that of CroD; and (by the 26.) the pro- 
portion of D ro C will be greater than that of B 
to A: therefore being compounded (by the 28.) 
the proportion of CD to C, will be greater than 
that of AB to A, 


PROP, 
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PROPOSITION XXXL 


A THEOREM. 


If many quantities are in a greater proportion a- 
mong themſelves, than an equal number of other 
yantities, plac'd after the ſame manner ; the 
&f of the firſt order will be in a greater propor. 
ton to the laſt of that order, than the fir#t of the 
ſecond order to the laſt of that, 


i B, C, | D,E,F, FF A has a greater pro- 


16,10,3,1 9, 6,2, portion to B, than D 

"Th OE; and B a greater 

proportion to C,, than E'to F; A will have a 

orearer proportion to C, than D to F, 
DemonFration, 

Since A has a greater proportion to B than D 
wE, Awill alſo have a greater proportion to 
Drhay Bro E ; and becauſe B has a greater 
proportion to Cthan Eto F, Bwill alſo have a 
orearer proportion to E than C to F, Therefore 
A will have a greater proportion to D than C 
nF: and Alcernatively (by the 27.) A will 
have a greater proportion to C, than D to F, 


It 2 PROP, 
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PROQPOSITION XXXIL 
wy 


A THEOREM, 


If many quantities are in greater proportion among 
themſelves, than an equal mdf of other quan- 
tities, plac'd after a different manner ; the firſ 
of the firt order will have a preater proportion 
to the laſt of that order, than the firſt of the [e. 
cond order to the laſt of that. 


2.6, 2, | FF A has a greater pro» 
a +. i portion to C than [ 
3, F| 1, I, RR, to K, and C a greater 
'2. 214. 2,1,] proportion to E thanH 
ah rg to 1; A wfll have a great- 
er proportion to E, than H to RK, Suppoſe Þ 
ro have the ſame proportion ro C as I ro K,and 
C the ſame proportion to Fas Hto I; then A 
will be greater than B, and F than FE, 
Demonſtration, 

Since tis ſuppos*d that B has the ſame pro- 
portion to Cas ltoK, andCroFasH to l; 
B will have the ſame progortion to F, as Ho 
K, (bythe 23.) Bur A has a greater proportion 
ro F, than B tothe ſame F, (by the 8.) and 
che proportion of A toE is greater than thar of 
AtoF, becauſe F 1s greater than E: therefore 
che Proportion of Aro F, 1s greater than that of 
Htok, PROP, 
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mh” 


FROPOSITI ON XXXI. 


A THEOREM. 


If the Whole has a greater proportion to the Whole 
than the part taken away to the part taken away, 
the Remainder will have a greater proportion 40 
the Remainder than the Who!e tothe Whole, 


WI 6, J F* AB has a greater propor- 
A,BzC,D tiontoCD thanB co D, A 
| will havea greater proportion 
to C than AB to CD. 

Demon ration, 

We ſuppoſe that the proportion of AB to CD 
1s 2re2ter than that of B ro D; therefore (by 
the 27.) the proportion of AB to B 1s greater 
than that of CD roD : and (by the 30,) the pro 
portion of AB to A, is leſs than that of CD to. 
C; therefore alternacively, the proportion cf 
AB to CD is leſs then that of A to C. 


PROP. 
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PROPOSITION XXXIV, 


A THEOREM, 


If two orders of magnitudes be propos'd, and the 
proportion of the firſt of the frſt, to the firſt of the 
ſecond, be greater than that of the ſecond to the 
ſecond ; and that greater than that of the third 
zo the third, &'c, the whole firſt order will have 
a greater proportion to the whole ſecond, than 
the whole firſt order except its firſt magnitude, 
to the whole ſecond order except its firſt mag- 
tude. But a leſs proportion than that of the firſt 
magnizude of the firſt order, to the firſt magn- 
tude of the ſecond ; and laſily, a greater propor- 
tion, than that of the laſt magnitude of the firſt 
order, to the laſt of the ſecond. 


[ 4» | 4 2, 3 J* the proportion of 


A to'E be greater 
than that of B to F, and 
the proportion of B to F greater than that of C 
to G: I ſay, thar A,B, C, will have a greater 
proportion to E,F,G, than the proportion of 
BC to FG, 


Sm COHRF,G, 


Demo nftratibn s 


Tis ſuppos'd the proportion of AtoE is 
o:22ter than thatof B tro F; and therefore al. 
rernatively 
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rernatively, the proportion of A to B is greater 
than that of E to F; and by compounding 
them, the proportion of AB to B greater than 
thatof EF to F; and again alternatively, the 
proportion of AB to EF greater than that of 
B co F. And becauſe the vroportion cf the 
whole AB to EF is greater than thar of the 
part B to the part F, the proportion of the Re- 
mainder A to the Remainder E will be greater 
than that of the whole AB to the whole EF. In 
like manner, I may prove the proportion of B 
to F greater than that of BC to FC, and conſe- 
quently that of A ro E much greater than thar 
of BC ro FG, Therefore alternatively, the prce 
portion of A to BC is greater than that of E to 
FG; and compounoing them, the proorticn 
of A,B,C, to BC, greater then thar of E,F,G, 
to FG: therefore the proportion of A, B, C, to 
E.F,G, will be greater than that of BC ro FG. 

Secondly , the proportion of A to E, is 
greater than that of A,B,C, co E,F,G, 

Demonſtration. 

I have demonſtrated, that the proportion of 
the whole A,B,C, to the whole E,F,G,is great- 
er than that of the part TC to the pare 1G: 
therefore the proportion of the Remainder A 
to the Remainder E, will be greater chan that 
of the whole A,B,C, tothe whole --E, F, G, (by 
the 33.) 

Thirdly, the proportion of A,B, C, to T,F,G, 
1s oreate: than that of C to GC, De- 
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Demonſir ation, 

The proportion of A to E is greater than 
that of Bro F; and therefore alternarively, 
that of Aro B is greater than that of E toF; 
and compounding, them, the proportion of AB 
ro B will be greater than that of EF toF ; and 
again alternarively, that of AB to EF greater 
than.that of B to F. But the proportion of B 
to F is greater than that of C to G, therefore 
the proportion of AB to EF is greater than that 
of CroG; and thatof AB to QC greater than 
char of EF ro G; and therefore by compound. 
ing them, the proportion of A,B,C, toC, will 
be greater than that of E, F, G, toG ; and that 
of ——_ roE, F,G, greater than that of C 
to G, 


THE SIX TH BOOK 
OF THE 


ELEMENTS: 
EUCLID. 


Trss Book begins to apply the dorine of 


Proportions, explain'd in general- in-the 
preceding, to parcicular matters ; and raking 
ts riſe from che-molt imple figures, 1. e, I'ri- 
{:noles, ir gives Rules ro detetmine- nat only 
the proportion of their fides, bur alſo that of 
heir capacity, 42a or ſuperficies. In the 
next place we learn from it, how 40o- find our 
Oroportional lines, and to augment or diminiſh 
"ny figute,according to any proportion afſign*s, 
Here alſo is demonſtraced the moſt uſeful Rule 
'of Three ; and'the Forry-ſeventh of the Fitlt 
*xrended to any figure whatſoever, Lafily, ir 
"Jays down the moſt facile and moſt certain 
®rinciples to conduGt us in taking any manner 
*f Dimenſions. K k DE» 
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DEFINITIONS. -, 


I, Ty ERilineal figures are 
; fimilar , when their 
| ' angles areequal, and the fides, 


B TA< that form thoſe angles , pro- 
' in portional. ** As the triangles 
FE | *ABC, DEF, will be ſimilar, 


| if the angles A and D, B and 
{*E, C and F, be equal ; *and AB has the ſame 
proportion to AC as co DF, and AB to 


*BC as DE to EF. | 
"IT... Figures are reciprocal, 
when they may be ſo com- 
C____ par'd, that the antecedent of 
one proportion and the con- 
BE DE ſequent of another are both 
found in- che ſame , figure. 
© That is, when the Analogy begins and ends 
fin the ſame figure, As if AB has the ſame pro. 
ortion to CD, as DE to BF, 
3- A line is divided according to the ex: 
ereme-and middle proportion, when che whole 
line has che ſame proportion 
mmmunzme==ſm=—=s tg the greater Part, 88. {be 
A C B oreaterpart totheleſs. * Asif 
*AB has the ſame proportion 
ro 
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toAC, as AC to CB.: the line AB is divided 
according to the extreme and middle propor- 
"lon, "4 
E © A @ 4+ The beight of any figure 
| 1s a: perpendicular drawn 
nScT 5 fromirs ſummity, to' its baſe. 
© Av:in; the: triangles ABC , 
K FGB D c EEG, the perpendiculars 
' +++; . |, © *EH and AD, whether they 
fall within or without the: triangles, + are their 
fheights.: Hence it follows, that all-triangles 
{nd 'parallelograms,-chat have equal heights, 
*may be plac'd within rhe ſame parallels,, For 
{having ſer-their baſes upjan the line HC, if the 
'perpendiculars DA; and HE be-equal: the lines 
EA and 'HC will be parallels. = 
5= A Proportion is ſaid ito. be compounded 
of . many) others ,. when the : 
*quantities of. thoſe proporti- * Penominators» 
ons . being - multiply'd-, make _ 
another: *© To underfiand the true intent of 
"his definition, it rwſt be obſerv'd, rhar every 
Proportion, at leaſt, every * ra- 
"onal Proportion,rakes its De. 
nomination from a certain num» 
\ber, denoting that reſpe& or relation that the 
antecedent of the proportion bears tothe con. 
*equent. As if two magnitudes were propos'd, 
*one of twelve foot in length, and the other of 
(ſix ; we ſhould call _ proportion of 12 to 
KK 2 6 


* Expreſſible by 
true numbers. 
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©6 the double proportion.” In like mabner if 
*4 and 12 were propos'd;” we :fhould give that 
*he name of ſubrriple proportion, + being its 
*Denominaror ; importing. agmuoh as that the 
*proportion-of 4-to 1'2;, is the ſame as that of 
fz to unity, or as one to three, This Denofni. 
*nator is <all'd the quantity of che Propotrion, 
Suppoſe therefore three terms were given, 12, 
*6, and 2 ; 'the firſt proportion of 12 to 6 being 
©double; irs Denominaror 1s-two 34 the ſecond of 
*6 to 2 being triple, irs Denominacor is three ; 
"the proportion therefore of 12 ro 2'is: faid to 
© be compoiitded of rhac of 12 £6 6,':and of 6 
* 2, the: double 'and' rhe triple proportion, 
Tofind therefote che' Denotninaror of the pro- 
{portion of 12 to 2,Multiph/three by ewo, and 
che produ& ſix will ſhow rhe proportion of 
©12t0 2 to be ſextuplez”s,e« as ne wo fix, This 
*is that which Aathematiciens. commonly: un- 
*der{tand by compounded Proportion, though 
*methidks ir' might more properly have becn 
©call'd/Proportion multiply'd, the 


F 


2 A+, Tc ,UD Km Sos a -=zs 


PROPOSITIONLI, 
A THEOREM. 


P arallelograms, and triangles, of the ſame hight, 
are 1n the ſame proportion 4s their baſes, 


AD C Uppoſe the triangles 

-þ ; AGC, and DEM, to 

| have the ſame hight , 

14 and co be plac'd berween 

LM the ſame parallels, AD, 

| . and GM: I ſay, they 

will have the ſame proportion as their baſes 

GC, and EM, Divide the baſe EM. into as 

many equal parts as you pleaſe, and draw lines 

from the pgint D to each diviſion, as DF, DH; 

DL. In like manner divide the line CG into 

parts equal to choſe of the line EM, and dravy 

lines from its ſummiry A to thoſe diviſions, as 

AB, AI, &c, All thoſe lictle triangles, being 

enclos'd wichin the ſame parallels, and haviog 
equal baſes, are 'equal, (by the 38. 1.) 

Demonſtration, 

The baſe GC contains ſo many aliquot parts 
of EM , as there are parts found init equal 
toEF ; but as many parts equal to EF as are 
found in the baſe GC, ſo many little triangles 


are contain'd in the cilangle AGC, equal to 
thoſe 


__— 
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thoſe contain'd in DEM ; which being equal 


among themſelves are the aliquot parts of the 
triangle DEM, As of therefore as the baſe GC 
contains thoſe aliquor parts of EM, ſo oft does 
the triangle AGC contain the aliquot parts of 
the triangle DEM ; which alſo will happen in 
every diviſion whatſoever : therefore the rrian- 
ele AGC has.the ſame proportion to the trian- 
ole DEM, as the baſe GC to the baſe EM, + 

Now Parallelograms , deſcrib'd upon the 
ſame baſes, and enclos'd between the ſame pa- 
rallels, are double the triangles, (by the 41.1.) 
therefore they are in the ſame proportion as the 
rlavgles, 3, e, as their baſes, 


The USE, 


This Propoſition is not only- ſerviceable in 
©Jemonſtrating thoſe thar' follow, bur alſo of 
©oreat uſe in dividing large fields, or plains. 
*As for example, ſuppoſe you were to take che 

"third part of the Trapeſium 

A__D *ABCD, having the fides AD 

*and BCparallel:; produce the 

F *Iine BC to E, ſo-cthat CE 

*may be equal ro AD; and 

B GC E© *«and raking BG the third part 

of BE, draw AG : "= che tri- 

©nole ABG is the third part of the 7rape/iumn 
*ABCD. 


Demen- 


Wn 3 _ UQ we L594 TT wo ww ifs © 


. 
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Demonſtration, 

The triangles ADF, and FCE, are equian- 
*oular, becauſe the lines AD and CE are pa- 
"rallels, and rheir ſides AD and CE are equal : 
therefore (by the 26. 1.) the triangles are e- 
*qual, and conſequently the triangle ABE ig 
qual to the trapeſium ABCD. Bur the cri- 
"angle AEG is the third part of the triangle 
*ABE, (by the preceding,) therefore the trian- 
gle ABG is the third part of the trape/ines 
*ABCD, 


PROPOSITI ON IL. 


A THEOREM. 


A line drawn in a triangle parallel to its baſe ds- 
vides its ſides proportionally 3; and the line that 
divides the ſides of a triangle proportionally, will 
be parallel to its baſe, 


A FF in the trianzle ABC the 

line DE be parallel to rhe 

baſe BC, rhe fides :\B and AC 

will be divided pro; mretonally, 

i.e, AD will have the {ame pro» 

wy e pottion to DB, as AE ro EC. 
Draw the lines DC and BE. 

The triangles DBE,and DEC, having the m— 
a2 
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baſe DE, and being enclos'd within the fame 
parallels DE and BC, are equal, (6y the 37.1.) 
Demonſtration, 

The triatigles ADE and DBE have the ſame 
hight E, taking AD and DB for their baſes, and 
therefore may be plac'd within the line AB and 
another parallel co it drawn through the point” 
E, and conſequently have the ſame proportion 
25 their baſes, (by the 1.) 7,e, rhe triangle ADE 
has the ſame proportion to the triangle DBE, 
or its equal CED, as AD to DB. Bur the cri- 
angle ADE has likewiſe the ſame proportion 
to the triangle CED, as AE ro AC ; and there. 
fore AD has the ſame proportion to DB, as AE 
ro EC. 

Secondly, ſuppoſe AE to have the ſame pro. 
portion to EC, as ADro AB: 1 ſay the line; 
DE and BC will be parallels. 

Demonſtration. 

AD has the ſame proportion to DB, as the 
triangle ADE to the triangle DEB, (by the 1.) 
and AE has the ſame proportion co EC , as 
the triangle ADE to the criangle CED ; and 
conſequently the triangle ADE has the ſame 
proportion to the triangle DEB, as the ſame 
ADE co the triangle CED, Therefore (by the 
9.5-) the triangles BDE, and CED, are equal, 
and (by the 39 1.) between the ſame parallels, 
Therefore the lines DE and BC are parallels. 


The 
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The USE, 
© This Propoſition is abſolutely neceſſary for 
the demonſtration of thoſe that follow. Ir may 
@lfo be ſerviceable in taking Dimenſions, Ag 
5n the following figure, if you were to mea- 
ure the hight of BE ; having erected a Riaff or 
pole DA, there will be the ſame proportion of 
Dro DA, as of BC co BE, 


—— 


PROPOSITION III, 


A TxfroRrEmM, 


A line that divides an angle of a triangle into 
two equal parts , divides its baſe into two parts 
which have the ſame proportion a4 the ſides. 
And if it divide the baſe into two parts propor- 
tional to the ſides, is will divide the angle into 
two equal parts, 


E JF the line AD divide the angle 

A BAC into wo equal parts, AB 

will have che ſame proportion to 

r&—oD— <e ACas BD to DC. Produce the fide 

CA, and take AE equal co AB ; 
then draw the line EB, 

Demonſtration. 

The external avgle CAB is equal to the rwo 

interna) angles AEB, and ABE: which being 

equal, (by the 5, 1.) — the tides AE w_ 
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AB are equal ; the angle BAD, which is the 
half of BAC, will be equal to one of them, ſup. 
poſe ABE ; therefore (by the 27. 1.) the lines 
AD and EB are parallel, and (by the 2.) there is 
the ſame proportion of EA or AB co AC, as 6j 
BDo DC. 

Secondly, if AB has the ſame proportion 
to ACas BD to DC, the angle BAC will be 
divided into two equal parts. 

Demonſtration, 

AB or EA has the ſame proportion to AC, 
as BD ro DC: therefore EB and AD are pz 
rallel; and (by the 29.1.) the alternate angles 
EBA and BAD, the internal BEA, and the ex. 
ternal DAC, will be equal: and the angles 
BEA and EBA being equal, the angles BAD and 
DAC will be alſo equal. Therefore the angle 
BAC will be divided into two equal parts, 

The USE. 

© We make uſe of this Propoſition chiefly to 

*ind the proportion of 'the fides ofa triangle, 


PROP, 
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PROPOSITION IV. 


A THEOREM, 
The ſides of equiangular triangles are proportie- 


nal, 


nt ! 
F the triangles ABC, and 
DCE, be equiangular, z. e. 
if the angles ABC and DCE, 
BAG and CDE be equal, AB 
mill have the ſame proportion 
W-... E toBCas DCtoCE, and alſo 
AC will have the ſame pro- 
portion to CB as DE to EC. Joyn the triangles 
after ſuch a manner, that the baſes BC and CE 
may be upon the ſame line, and produce the 
fides BA and ED ill chey meerin F ; fince the 
anzles ACB and DEC are equal, -the lines AC 
and FE are parallels, [by the 28. 1.] and by the 
{ame reaſon CD and BF are parallels, and there» 
fore AFDC a Parallelogram. 
Demonitration. 

In the triangle BFE, AC is parallel to FE, 
therefore | by the 2.] AB has the ſame propor- 
tion to AF, or, which is equal to ir, CD, as BU 
toCE: and alternatively, AB has the ſame 
proportion to BC, as CD to CE. In hike man- 
ner in the ſame triangle, CD being parallel to 

Ll 3 BF, 


264 The Elements of Euclid; 


BF, FD or AC has the ſame proportion to DF, 
as BC to CE, [by the 2,] and alternatively, AC 
has the ſame proportion to BC, as DE to CE, 


The USE. 


This Propoſition is of ſo general uſe, that it 
*may paſs for a moſt univerſal principle in tak 
*ing all manner of Dimenſions. For 1n the firſ 
lace all che merhods of meaſuring inacceſſible 
*Iines, by deſcribing a (mall triangle Gmilar to 
*hat which is form'd upon the ground, is 
founded upon it 3 as alſo the greateſt part of 
«hoſe Mathematical Inſtruments, upon which 
®are deſcrib'd rriangles,ſfimilar to thoſe of which 
© wwe delire to take the dimenſions, as the Gee. 
©etrical ſquare, the Pantometer, the eArbalef 
©rCrofs-ſtaff, &c. Nor could we know how to 
©aiſe the Plane of any place, but by the help 
*hereof. So that in fine, to unfold all the uſes 
©of this Propoſition, it would be neceſlary to 
©ranſcribe the whole firſt book of Prattical Ge- 
©omerry. 


PROP, 
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PROPOSITION V. 


A THEOREM. 


Triangles, which have proportional ſides, are equi- 
angular, 


A D F the triangles ABC and 

& DEF have proportional 

ſides, z,e, if AB has the ſame 

 Whthk - Oc proportion to BC as DE to 

G EF, and alſo AB the ſame 

proportion to AC as DE to 

DF ; the angles ABC and DEF, A and D, C 

and F, will be equal. Make the angle FEG e- 

qual to the angle B, and EFG equal to the an- 
ole C, 

Demonſtration, 

The triangles ABC and EFG have two an- 
oles equal, therefore (by Corel. 2. of the 32. 1.) 
they are equiavgular z and (by the 4.) AB has 
the ſame proportion to BT as GE ro EF. Now 
tis ſuppos'd, that DE has the ſame proportion 
to EF as AB to BC, therefore DE has the ſame 
proportion to EF as EG to EF; and confe- 
quently (by the 9.5.) DE and EG are equal, 
Aſter the ſame manner DF may be prov'd equal 
to FG, and conſequently (by the 3. 1.) the tri- 
angles DEF and GEF are equiangular, But the 

argle 
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angle GEF was made equal to B, therefore 
the angle DEF is equal to the angle B, and 
the angle DFE to the angte C ; and conſe- 
quently, the triapgles ABC and DEF are ecui- 
angular, 


— — 


PROPOSITION VL 


A THEOREM. 


Triangles, which have each one of their angles t- 
qual to one of the other, and the ſides containing 
that angle proportional, are equiangalar. 


TF the triangles ABC and DEF (ſee fig. preced.) 


have the angles B and E equal, and the fide 
AB has the ſame proportion ro BC as DE to 
EF, the triangles ABC and DEF will be equi- 
angular, Make the angle FEG equal to the an- 
ele B, and the angle EFG equal to the angle C. 

Demonſtration, 

The triangles ABC and GEF are equian. 
gular, (by Goroll, 2, of the 32.1.) therefore AB 
has the ſame proportion to. BC as GE to EF, 
(by the 4.) But as AB toBC, ſois DE to EF; 
therefore DE has the ſame proportion to EF as 
GE to the ſame EF; and therefore (by the 9. 
5-) DE and EG are equal ; and the triangles 
DEF and GFE, having the angles DEF and 
GEF, each equal to the angle B, and the —_ 
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DE and EG equal, with the fide EF common 

to both, will be equal in all reſpeRs, (by the 4. 

1.) therefore they will be equiangular ; and 

the triangle EGF being equiangular to ABC, 

the triangles ABC and DEF are equiangular, 
The Seventh Propoſition ts of no uſe, 


PROPOSITION VII, 


A THEOREM, 


A perpendicular, drawn from the right augle of 
a retlangular triangle to the oppoſite fide , di- 
vides the triangle 1nto two others ſimilar to it, 


B [* the perpendicular BD be 


drawn from the right angle 
ABC to the oppoſite t1de AC, 
' & it will divide the re&angular 
triangle ABC into two trian- 
eles ADB and BDC, which will be ſimilar, or 
equiapgular co the triangle ABC, 
Demonſtration, 

The criangles ABC and ADB have the ſame 
angle A, and the angles ABC and ADB righr 
angles, therefore they are equiangular, | by Co- 
roll, 2. of the 32. 1.| In like manner the trian- 
oles BDC and ABC haveche argle C common 
toboth, and the angles ABC and BDC right 
angles ; therefore they alſo are equiangular. 

There» 
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Therefore the triangles ABC, BDC, and ADB, 
are ſimilar triangles. 
The USE, 


©By che help of this Propofition inacceſſible 
*diftances may be meaſur'd by a Carpenter's 
*(quare, As for example, if I were to meaſure 
*he diſtance DC ; having drawn: the perpen- 
*dicular BD, and plac'd my ſquare upon the 
*point B in ſuch a manner, that by one of its 
*hdes BC I could obſerve the potnt C, and by 
*he other the point A: 'tis evident, there 
*would be the ſame proportion of AD to DB, 
©25 of DB ro DC. Therefore multiplying DB 
by irs ſelf, and dividing the produR by AD, 
©he Quotient would be DC, 


PROPOSITION IX. 


A PROBLEM. 
Of 4 line given to Cut off what part you pleaſe, 


ET the line propos'd be 

AB, from which you de- 

fre to rake away three fifth 
parts. Make an angle ECV, 

Þ - and upon one of its fides CD 
take five equal parts, three of 

5 which (ball be mans” in 
F: 
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CF: then taking CE equal ro AB, draw the 
line DE, and another parallel ro that FG: the 
line CG will contain three fifth parts of CE or 
AB, Demonit ration. 

Io the triangle ECD, FG being parallel to 
the baſe DE, CF will have the {ame propor- 
tion to FD as CG to GE, | by the 2.) and com- 
pounding them, [by the 18, 5.] CE will have 
the ſame proportion to CG as CD to CF; and 
(by the Coroll, of the 16, 5.) CG will have the 
ſame proportion ro CE as CF ro CD. Bur CF - 
contains three fifths of CD, therefore CG will 
contain three fifths of CE or AB, 


PROPOSITION MxM 


A PROBLEM. 


To divide a line after the ſame manner 4s another 
line given is divided, | 


Ls F you would divide 
"7 1 the line AB after the 


ſame manner as AC is 
divided, make with the 
two lines the angle CAB 
of what magnitude you 
pleaſe; then draw the 
line BC, and parallel ro 


M m l 
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it the lines EO,FV, ard the reſt. The line AB 
will be divided after the ſame manner that AC 
is, Demoyſiration, 

Since in the triangle BAC, HX is drawn pa- 
rallel to the baſe BC, it will divide the ſides 
AB and AC proportionally, (by the 2.) and the 
ſame may be ſaid of all the relt. 

To do this more ealily, you may draw the 
line BDygarallel ro AC ; and transferring the 
divifions of AC to BD, draw lines f:om one to 
the other, 


a cm end 


PROPOSITION XJ, 


A PROBLEM» 
Twolines being given to find a third propoytional 


JF you would find a third 

proportional to the lines 
AB and BC, z,e. that there 
may be the ſame proportion 
of ABrto BC, as of BC to 
the line ſought ; make at 
pleaſure the angle EC,and 
upon one of its ſides rake 
the lines AB and BC, one immediately after 
the other ; and upon the other fide take AD e- 
qual ro BC : then draw the line BD, and pa- 
rallel to ir che line CE ; and the line DE will 
be that which you ſeek, De- 


B C 
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Demorſtration. 

In the eriangle EAC the line DB is parallel 
co che baſe CE, therefore (by the 2.] there is 
the lame proportion of AB tro BC, as of AD or 
BC co DE. 


PROPOSITION XIL 


A PROBLEM. 


Three lines being given to o a fourth proporne- . 
nal, 


ET the three lines 
propos'd, to which 
you are to find a fourth 
proportional, be AB, BC, 
and DE, Make ar plea- 
ſure the angle FAC, and 
rake upon AC the lines AB 
and BC, and upon AF the line AD equal to 
DE ; then draw the line DB, and parallel toir 
FC : 1 fay, that DF 1s the line ſought, 5, e. 
there is the ſame proportion of AB to BC as of 
DE or AD co DF. 
Demonſtration, 
In the triangle FAC the line DB is parallel 
to the baſe FC: there is therefore the ſame 
[o_—_ of AB to EC, as cf AD co DF, 


|by the 2 
F 1 The 
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The USE, 
©The uſe of the Compaſs of Proportion is 
torounded upon theſe four Propoſitions ; for 
©*that Inſtrument reaching us to divide a line as 
we pleaſe ; to make uſe of the Rule of Three, 
*wichout the help of Arithmetick; to extra 
*he Square, and Cubick roots ; to double the 
*Cube; to meaſure all ſorts of Triangles ; to 
ind the capacity of Superfictes's, and the ſoli- 
©*diry of bodies; and ro augment or diminiſh 
®any figure, according to what proportion we 
"Gefire ; all theſe operations are demonſtrated 

by rhe preceding Propoſitions, 


—— — 


PROPOSITION XIII, 


A PROBLEM, 


'T wo lines being given fo aſſign 4 widdle propor- 


tional, 


TF you deſire a middle 
proportional between 
the lines LV, and VR; 
having plac'd them o, 
that they make bur one 
right line LR, divide 
that line into two equal 
parts in M ; and have 

ing 
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ing deſcrib'd a ſemicircle LTR from the cen- 
cer M, draw the perpendicular VT, which will 
be a middle proportional between LV and VR. 
Draw the lines LI, and TR, 

Demonſtration. 

The angle LTR, being deſcrib'd in a ſemi- 
circle, is a right angle, (by the 31. 3.) and (by 
the 8.) the triangles LVT and T'VR are {imi- 
lar ; therefore there is the ſame proportion of 
LVco VT in the criangle LVT, asof VT to 
VR in the triangle TVR, (by the 4.) there. 
fore V T is a middle proportional berween LV 
and VR, 

The USE. : 

* By this Propoſition any reRangular Paral- 
lelogram may be reduc'd ro a Square, For ex- 


*ample, in the ReRangle contain'd under LV 
nd VR, the ſquare of VT 1s equal to the 
ReQangle under LV and VR ; as I (hall here- 
"afrer demonſtrate, 
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mm 


— nem. I. At 


PROPOSITION x%IVv, 
A THE oRB/M, 


Equal equiangular Parallelograms have their 
ſides reciprocal ; and equiangaular Parallels 
grams, that have their ſides reciprocal , are 
equal, 


A. B_H FTFrhe parallelograms1. 
* 2K D and M be equlangular 


D al and equal,their ſides will 
M 


be reciprocal, z. e. CD 
will have the ſame pro. 
portion to DE as FD to 
DB. Since they have e- 
qual angles, they may be ſo joyn'd together, 
that the ſides CD and DE, FD and DB, will 
concur in two right lines, (by the coroll. of the 
15. 1.) producing therefore the fides AB and 
GE, you complear the parallelogram BDEH, 
Demonſtration, 

The parallelozrams L and M being equal, 
will have the ſame proportion to the parallelo- 
eram BDEH, Bur the proportion of L to BD 
EH, is as the baſe ©D to the baſe DE; and 
that of M, or DEGE, to BDEH, is as the bzſe 
FD to the baſe DB, (by the 1.) Therefore CD 
has the fame proportion to DE, as FD to DB. 
CC. 


ELG EC 
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Secondly, if the Parallelograms L and M be 
equiangular, and have their ſides reciprocal, 
they will be equal. 


DemonHration, 


The ſides of the parallelograms are ſuppogd 
to be reciprocal, 2. e, that there is the ſame 
proportion of CD to DE, as of FD to DB : bur 
as the baſe CD is to DE,ſo 1s the parallelogram 
L tothe parallelogram BDEH, (by the 1.) and 
8 FDroDB, fo is the parallelogram M to 
BDEH ; therefore L has the ſame propor- 
tion to BDEH, as M to the ſame BDEH; 
therefore (by the g. 5.) the parallelograms L 
and M are equal, 
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PROPOSITION XV, 


A T HEOREM., 


E qual triangles, that have one angle equal each to 
the other, have the ſides, that form that aygle, 
reciprocal : and if thoſe ſides be reciprocal, they 
will be equal, 


F the triangles F and G, 
being equal , have the 
angles ACB and DCE e- 
qual, their (ides that form 
thoſe angles will be rect- 
procal, #,e, BC will have 
the ſame proportion to CE 
as CD to CA, Place the 
triangles ſo, that the fides CD and CA may 
make one right line; and then becauſe the an- 
eles ACB and DCE are ſuppos'd to be equal, 
G and Ct will alſo make one right line, (by 
Coroll, of the 15. 1,) Draw the line AE. 
Demonſtration. : 

The triangle ABC has the ſame proportion to 
che triangle ACE, as the triangle ECD, equal 
ro the former, to the ſame ACE, (by the 7. 5.) 
But as ABCto ACE, ſois the baſe BC to the 
baſe CE, [by the 1.] having both the ſame 
hight A; and as ECD to ACE, ſo is the baſe 

CD 
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CD to CA, (by the ſame: ) therefore BC has 
the ſame proportion to CE, as CD ro CA, Bur 
if the ſides be ſuppos'd reciprocal, j. e. that BC 
has the ſame proportion to CE as CD to CA, 
the triangles ABC and CDE will be equal, be- 
cauſe they will both have the ſame provortion 
to ACE, 


PROPOSITION XV, 


A Tuxonrem. 


If four lines be proportional, the reflang le comtain'd 
ander the firſt and the fourth, will be equal to 
the reflangle Comain'd under the ſecond and the 
third, eAnd if the reflangle contain'd under 


the extremes be equal to that Contain'd under the 
midale termes, the four lines will be proportio.. 


F the lines A, B,C,D, be 
ropo:tional, 7, e. if as A 
toB, ſo Cro D, the reQan- 
as ole contain?d under the firſt 
| A, and the fourth D, will be 
equal to the reAangle con- 
tain'd under B and C, 
Demonſtration, 

The reQangles have one angle equal each ro 
th* other, becauſe tis a right angle in both ; 
their ſides al are reciprocal: cherefore they 
are equal, [by the 14] No In 
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In like manner, if they are equal, their ſides 
will be reciprocal, .e. A will have the ſame 
proportion to B as C to D. 


_— —_ 
EEE er 


PROPOSITION XVII 


A THEOREM. 


If three lines be proportional, the reflangle com 
tatn'd under the firſt and the third, will be equal 
to the ſquare of the middle terme, And if the 
ſquare of the middle terme be equal to the rett- 
argle under the extremes, the three lines art 
proport zonal, 


F the three lines A,B,D, be 

D proportional , the reQangle 

A contain'd under A and Dwill 

B be equal to the ſquare of B, 

| *| Take C equal to B, and there 

| will be the ſame proportion of 

AtoBasofCtoD ; therefore 
the four lines are proportional. 
Demon$tration. 

The re&angle under A and D will be equal 
to that under B and C, (by the preced;ng,) bur ths 
Laſt reangle 1s a ſquare, the lines B and C be- 
ing equal : therefore the re&angle contain'd 
under A and D 1s equal to the ſquare of B, 

In like manner, ifche reangle under Rn 
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Dbe equal to the ſquare of B, A will have the 
ame proportion toBasCroD: and B and C 
being equal, A will have the ſame proportion 
1B, as BtoD, 
The U SE, 
© By theſe four propoſitions may be demon- 
rated that Rule in eAruhmerick, which is 
ommonly call'd the Rule of Three ; and con- 
{equently, che Rules of Fellowſhip, of Falſe, and 
ll choſe others that depend upon Proportion, 
For example, ſuppoſe Three numbers given, 
A8,B6,andC4, and it be requir'd to find 
4 fourth proportional number ; which taking 
{2s found, I will call D. The re&angle then 
\contain'd under A and D, is equal to that un- 
der Band C. Bur I may have this larter re&- 


ngle by mulciplying Bby C , ze. fix by four, 
the produ& will be twenty four ; therefore che 
'reangle contain'd under A and D is alſo 
Twenty four ; and therefore dividing that num- 
ber by A, which is 8, the Quotient three will 
'de the number ſonghr. 
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In like-manner, if they are equal, their ſides 
will be reciprocal, :.e. A will have the ſame 
proportion to B as C to D. 


nd 


— — 


PROPOSITION XvIlL. 


A THEOREM 


If three lines be proportional, the reflangle com 
tatn'd under the firſt and the third , will be equal 
to the ſquare of the middle terme, And if the 
ſquare of the middle terme be equal to the retl- 
argle under the extremes, the three lines art 
proportional, 


F the three lines A,B,D, be 
proportional , the reQangle 
contain'd under A and Dwill 
be equal ro the ſquare of B, 
Take C equal to B, and there 
will bethe ſame proportion of 
ArtoBasofCtoD ; therefore 
the four lines are proportional. 
Demon$tration. 

The re&angle under A and D will be equal 
ro that under B and C, (by the preceding,) bur ths 
laſt reQtangle 1s a ſquare, the lines B and C be- 
ing equal : therefore the refangle contain'd 
under A and D 1s equal to the ſquare of B, 

In like manner, ifthe re&angle under Amt 
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Dbe equal to the ſquare of B, A will have the 
ame proportion toBasCroD: and B and C 
being equal, A will have the ſame proportion 


1B, as Bro D, | 
The U SE, 


© By theſe four propoſitions may be demon- 
rated that Rule in eArnhmetickh, which is 
{ommonly call'd the Rxle of Three ; and con- 
{equently, che Rules of Fellowſhip, of Falſe, and 
ll thoſe others that depend upon Proportion, 
For example, ſuppoſe Three numbers given, 
A8,B6,andCq, and it- be requir'd to find 
2 fourth proportional number ; which taking 
{2s found, I will call D. The reQangle then 
\contain'd under A and D, is equal to that un- 
der Band C, Bur I may have this larter re&- 


'ngle by mulciplying Bby C , 4. e. fix by four, 
the produ& will be twenty four ; therefore the 
're&angle contain'd under A and D is alſo 
Twenty four ; and therefore dividing that num- 
ber by A, which is 8, the Quotient three will 
'be che number ſonghr. 
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_ ny 


PROPOSITION XVIIL 


A PROBLEM. 


To deſcribe a Folygon ſimilar to another upon a 
line given, 


ET AB be the line 

aflign'd , upon 

which you are requir'd 

to deſcribe a Polygon 

. fimilar to the Polygon 

CIDE; and having divided the polygon 

CFDE into criangles, upon the line AB makea 

triangle ABH fimilar to the triangle CFE,  e, 

make the angle ABH equal to the angle CFE, 

and BAH equal ro FCE, for then the criangles 

ABH and CFE will be equiangular, | by Corol.2. 

of the 32.1,] Make alſo upoh the line BH a tri- 

apgle equiangular ro FDE. 

Demonſtration. 

Since the triangles, which are part of the 
polygons, are equiangular, the two polygons are 
equiangulare TI urther, fince the triangles AFH 
and CFE are equiangular, AB will have the 
{ame proportion to BH as CF to FE, [by the 4.) 
In like manner, the triangles HBG and EFD 
being equizngular, EH will have the ſame pro- 
Portion to BG as FE to FD : and by equality, 

(acco:d- 
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[according to defin. 18, 5-] AB will have the ſame 
proportion to [G, as CF ro FD. And the 
ſame may be ſaid of all the other ſides; There- 
fore ( by defin.1.) the polygons are (imilar. 

The US E, 

*Upon this propohition is grounded the great= 
eſt part of Pratftical rometry, that relates ro 
the railing the plane of any place, as ofa 
building, field, torreft,or a whole country, For 
*having civided a line into equal parts, to an- 
*{wer the feer or yards contain'd in the plane, 
*5ou may deſcribe a figure {imilar ro, but leſs 
han, the Original, in which you may ſee the 
proportion of all its lines, And having by ex= 
Perience found it much more eahe to travel 
*upon paper, than to take a tedious journey e1- 
her by land or water, this propokron will 
"Iikewiſe 2fford us afſiftance in this reſpec, ins 
forming us in almoſt all the parts of © eodeſia, 
fand Chorography ; and giving infiructions how 
*o compole Geographical Charts, and Maps; 
*which are nothing elſe bur methods of recuce- 
Ing great figures to {mall Futther, the uſe of 
*his propoſition extends it ſelf to almolt 2ll 
"thoſe Arts, that require the defign and model 
'of their works before hand. 


PROP. 
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PROPOSITION XI, 


A THEOREM, 


Similar triangles are in the duplicate proportion of 
their homologowa ſides. 


A F the triangles ABC and 
= DEF be fimilar or equi. 
angular, they will bein the 


BG CC £ F duplicate proportion of 

their homologous ſides BC, 
EF, 3.e. the proportion of the triangle ABC to 
the triangle DEF will be the duplicate of the 
proportion of BC to EF ; ſo that finding a 
third proportional HI co the lines BC and EF, 
2nd making BC to have the ſame proportion to 
EF as EF co HI, the triangle ABC will have 
the ſame proportion to DEF as the line BC to 
the line HI ; which is to have to ir a duplicate 
proportion, [by defin. 11.5.) Take BG equal to 
to HI, and draw the line AG, 

Demonſtration. 

The angles B and E of the triangles ABG 
and DEF are equal ; and befides, ſince rhe trt+ 
angles ABC and DEF are fimilar, AB will have 
che ſame proportion to DE as BC to EF, |6y 
the fourth. | Butas BC to EF, ſo EF to Hl or 
BG; therefore as AB to DE, ſo EF to BG ; 

an 


co T Las 


LE) 


) 
) 
I 
) 
) 
} 
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2nd conſequently , the fides of the triangles 
ABG and DEF being reciprocal, the triangles 
will be equal, |6y the 15.] And [by the 1.] the 
triapgle AEC has the ſame proportion tothe 
triangle ABG, as BC to BG or Hl: therefore 
the triangle ABC has the ſame proportion to 
the triangle DEF, as BC to HI. 
The USE. 

Theſe Propoſitions may help to corre& the 
error of thoſe, who are apt to imagine ſimilar 
figures to have the ſame proportion as their 
des, For if two ſquares, two pentagons, two 
thexagons, or two circles, be propos'd, and the 
{ide of the firſt be double that of the ſecond, 
the firſt figure will be quadruple the ſecond : 
4fthe (ide of the firſt be triple that of the ſe- 
ond, the firſt figure will be nine rimes greater 
than the ſecond. "Therefore to make a ſquare 
*riple to another, you mult ſeek a middle pro- 
vortional between one and three, and you'l 
find for the ſide of your triple figure almot} 14, 


PROD, 
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PROPOSITI ON XX, 


A THEOREM. 


Similar Polygons may be divided into An equal 
number of triangles, and are mm the duplicat, 


proportion of their homologous ſides, 


A F the Polygons 

ABCDE and 

E GHILM be fimi 

H M lar, they may be 

divided into an e- 

C D I LL, qual number of 

iimilar triangles , 

which will be the Gmilar parts of their wholes, 
Draw the lines AC, AD,GI,GL. 

Demonſtration, 

Since the Palygons are fimilar, their angles 
B and H will be equal ; and AB will have the 
ſame proportion to BC as GH to Hf, (by defi, 
1.) rherefore the triangles ABC and Gt] are 
fimilar, (by the 6.) and (by the 4.) BC has the 
ſame proportion to CA as HI ro Gl, Further, 
becauſe CD has che ſame proportion to BC as 
IL coI H, and BC the ſame to CA as HI to 
IG ; by e jualicy, CD will have the ſame pro« 


portion to CA as IL.to GI, Now the, angles 
x BCD 
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BCD and HIL being equal, if the angles ACB 
and GIH, which are equal,be taken from them, 
the angles ACD and GIL will remain equal, 
Thercore (bythe 6.) rhe triangles ACD and 
GIL will be fimilar. In like manner, tis eafie 
to run over all the triangles of the Polygons, 
2nd to prove them ſimilar. 

I add furrber, that the triangles are in the 
{me proportion as the polygons. 

Demonſtration. 

Since all the triangles are ſimilar, their ſides 
will be proportional, (by the 4.) but each cti- 
mole to its ſimilar is in the duplicate propor» 
tion of the homologous ſides , (by the 19.) 
therefore every triangle of one polygon toevery 
triangle of the other is in the duplicate pro 
portion of its fides ; which being che ſame, the 
duplicate proportion mult be the ſame ; and 
there will be the ſame proportion of each trian- 
ole to its ſimilar, as of all the triangles of one 
polygon to all the triangles of the other poly- 
iy (by the 12.5.) 3.e, of one polygon to the 
other. 

Coroll, 1, Similar polygons are in the dupli- 
cate proportion of their (ides, 

Coroll. 2, If three lines be in continual pro- 
portion, a polygon deſcrib'd upon the firſt will 
have the ſame proportion to a polygon de- 
crib'd upon the ſecond, as the firſt line tothe 
third, 5,6, it will be in the duplicate propor- 

Oo Lion 
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tion of that of the firſt line to the ſecond, 


Dm. 


PROPOSITION XKkXx1.9 


A THEOREM. 


Polygons, that are (imilar to another polygon, are 
ſo alſo among ft themſelves, : 


F two polygons be ſimilar 
roa third, they will be 
A ſo alſo berwixt themſelves, 
/\ For they may each be di. 
| vided into as many ſimilar 
W.. ; a triangles,as are 1n the third, 
Bur triangles fimilar to a third, are alſo fimilar 
amongſt themſelves ; becauſe angles equal toa 
third, are equal amongft themſelves z and the 
angles of the triangles being equal, thoſe of the 
polygons being compounded of them mult be ſo 
likewiſe. : 
I. add, that the fides of the triangles being 
proportional, thoſe of the polygons mult be (0 


alſo, becauſe they are the ſame, 
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PROPOSITION XXII, 


A THEOREM. 


Similar polygons deſcrib'd upon four proportional 
lines, are alſo proportional, . And if the poly- 
gons be proportional, the lines are [0 too, | 


A F BC has the ſame pro- 
—/\P [ portion to EF as HI to 
MN, the polygon ABC 
B CE = ii} alſo have the ſame 
L roportion to the f{imilar 
H_I be Ye "_ DEF, as HL ro its 
P—— tfimilar polygon MO. Scek 
a third proportional G to the lines EC and EF, 
and to the lines HI and MO another third 
proportional P, (by the 11.) Since BC has the 
fame proportion to EF as HI to MN, and EF 
to Gas MN-to P; by equality, BC .will have 
the ſame proportion to G,'as HI to P:- ant 
this proportion will be the double of "that 'of 
BC to EF, or HI ro MN, £ 
Demonſtration, 

The polygon ABC to the. polygon DEF- is 
inthe duplicate proportion of that of BC co 
EF, (by the 20.) that is, as BCcroG ; and the 
polygon HL has the ſame proportion ro MO, as 
HI to P. Therefore ABC has the ſame pro- 

Oo 2 portion 
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portion to DEF , as HL to MO, 

And if the fimilar polygons be proportional, 
the lines being in the ſubduplicate proportion 
to then, will be alſo proportional, 


The USE. 


A,B; C,D This propoſition may be ex- 

3, 23 6, 4,| ily apply'd ro numbers, if the 

9,4; 36,16, *numbers A,B,C,D, be propor- 

E,FzG, H,j frional, their ſquares E,F,G,H, 

— ill be ſe alſo; which is very 

-— in Arithmetich, and more in Alge. 
A, 


PROPOSITION XXlIL 


A THEOREM. 


Equiangular Parallelograms are in the proportion 
. Compounded of the yr eb of theb ſraes. 


B_H. TPF the parallelograms L 
D and M be equiangulat, 
E] the proportion of L to M 
will be compounded of chat 

eG Of ABro DE, and that 
BD co DF. Joyn the pa- 
rallelograms ſo, that cheir 

ſides BD and DF may make bur ene right live, 
as alſo CD and DE another; which, che pa- 


ral- 


« 
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rallelograms being equiangular, may be done» 

[by the coroll, of the 15.1.) and compleat the 

parallelogram BDEH. C 
Demonſtration. 

The paralleJogram L has the ſame propor- 
tion to the paral lelogram EDEH, as the baſe 
AB tothe baſe BH or DE, [by the 1.] and the 
parallelogram 3BDEH has the ſame proportion 
to the parallelogram DFGE, 5.e. M, as the baſe 
BD co DF. But the proportion of the paralle- 
logram L to the parallelogram M is compound- 
ed of that of L to the parallelogram BDEH, 
and of that of BDEH to the parallelogram M. 
/Therefore the proportion of L to M 1s com- 
pounded of that of AB to DE, and that of BD to 
DF, For example, let ABbe8, DE 5, BD 4, 
DF 7; and make as 4 to 7, ſo5to 8;; by 
which means you will have three numbers, 8, 
5, and $83; $8 co 5 being the proportion of the 
parallelogram L ro BDEH, which 1s that of 
ABroDE; and 5 to 8; that of the paralle- 
logram BDEH ro M. Taking away therefore 
the middle rerm five, there will remain 8 to 


$2 for the proportion compounded of the two, 


PROP, 
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PROPOSITION XXIV, 


A THEOREem. 
Is all parallelograms, thoſe __ - which the d;- 


ameter paſſes, are ſimilar t9 the great one, 


parallelogram AC paſs thro 
the parallelograms EF, GH: 1 
ſay they are milar to the paralle- 
logtam AC, 

Demonſtration, | 

The parallelograms AC and EF have the 
ſame angle B: and becauſe in the triangle BCD, 
IF 1s parallel ro the baſe DC, the triangles 
BFI and BCD are equiangular. Therefore |by 
the fourth BC has the ſame proportion ro CD 
3 BF to Fl,and conſequently the fides are in 
the ſame proportion. In like manner IH being 
parallel ro BC, DH will have the ſame propor- 
tion to HI as DC to BC; the angles are alſo 
equal, all rhe fides being parallels: therefore 
[by defin.1,] the parallelograms EF and GH are 
ſimilar ro the parallelogram AC, 


The USE, 


I have made uſe of this propoſition to de- 
<monſkrate the 10. propoſition of my laſt book 
of , 


AE _B Copoſe the diameter of the 
G 


D H 
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of Perſpeftives, where I have ſhown a way to 
raw an Image ſimilar to the Original, by a Pa- 
frallelogram composg'd of four Rules, 


D —— 


PROPOSITION XXV. 


A PROBLEM. 


To deſcribe a polygon ſimilar to one polygon given 
and equal to another, 


IF you defire to de- 


ſcribe a polygon e- 


> D| © qual to the re&ili- 
H neal A, and fimilar to 

oy the polygon B, make 

a parallelegram CE equal to the polygon B, [by 


the 44.1+] and upon the line DE make another 

parallelogram equal to the reilineal A, | by the 

45.1.) Then find a middle proportional GH 

berween CD and DF, [by the 13. | Laſtly, make 

upon GH a polygon O,fimilar to B,[by the 18,] 

which will be equal co the reQilineal A, 
Demouſtration, 

Since CD, CH, and DF, are in a continual 
proportion, the reQilineal B deſcrib'd upon the 
firſt, will have the ſame proporrion to the reRi- 
lineal O deſcrib'd upon the ſeeond, as CD ro 
DF, | by coroll, 2. of the 20.] But as CD to DF, 
fois the parallelogram CE to FE, orBroA, 
which 
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which are equal ro them, Therefore B has the 
ſame proportion to O as Bro A, and conle- 
quently [by the g.5.] Aand O are equal, 


The USE. 


©This propoſition teaches hoiv to change one 
*figure for another, retaining Riill its equality 
oathird z which is very uſeful in prattical 
*Geometry , for the reducing all fignres to 
©\quares. 


PROPOSITION XXVI, 


A THEOREM, 


If in one angle of a parallelogram you deſcribe 4 
leſs, ſimilar to the former, the dsameter of the 
greater will fall upon the angle of the leſs, 


A Sb: IF in the angle D of the pa- 


he / rallelogram AC you de- 

1,47 / ſcribe a lefec parallelogram 

ELLE. DG, ſimilar to the other, the 

DEF C diameter BG will paſs by the 

' point G. Forif it do not paſs 

by that point, ſuppoſe ir then ro paſs by the 

point I, and to make the line BID. Draw the 
line TE parallel to HD, 

Demonſtration, 
The parallelogram DI would be f6milar to 
the 


[ 


—O— 
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the parallelogram AC, (by the 24.) But the 
parallelogram DG is alſo ſjuppos'd fimilar to ir, 
therefore the parallelograms DI and DG would 
be ſimilar , which 1s impoſſible; for ſo HI 
would have the ſame proportion to -E or GF, 
as HG to the ſame GF ; and (by the g, 5.) the 
lines HI and HG would be equal, 


—_— —— CC — 


PROPOSITION XXX, 


A PROBLEM. 


To divide a line according to the extreme and 
widale proportion, 


m——_ — ET AB be the line pro. 
A C B L1.poy'd tobe divided accot- 
ding to the extreme and middle 
proportion, #, e. ſo, that AB may have the ſame 
proportion to AC as AC ro CB,Divide the line 
AB (by the 1 1-2+)ſo,that rhe reQangle contain*d 
under AB and CB may be equal co the ſquare 
of AC, , Demonſiration, 
Since the re&angle under AB and CB is e- 
qual to the ſquare of AC, AB will have the ſame 
"roportion-to AC as AC to CB, (by the 17.) 


The USE. 


(This propoſition is neceſſary in the Thir- 
*eenth book of Exc1:4, for the finding the fide 
P p NW 
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©f five regular bodies. And Frier Lucas, of the 
© Holy Sepulcher, has compos'd a whole book 
«concerning the properties of a line divided 
eaccording tothe extreme and midd!e propor. 
ion, 


PROPOSITION XXXL 


|—__—— 


A TntrorEm, 
cA polygon deſcrib*d upon the baſe of a reflangu- 


lar triangle, ts equal to the two ſimilar polygons 
deſcrib'd 4pon the other ſides of the ſam: tris 
angle, 


F the angle BAC of the 


triangle ABC be a right 
angle, the polygon D, ce- 
ſcrib'd upon its baſe BC, will 
be equal to the two fimilar 
polygons F and E deſcrib'd 
upon the ſides AB and AC, 
| Demonſtration. 

The polygons D,E, and F, are amongſt them. 
ſelves in the duplicate proportion of the ho- 
mologous ndes BC, AC, and AB, (by the 20.) 
and if. ſquares were <efcrib'd upon the ſ:me 
ſides, they alſo would amongſt themſelves be in 
che-duplicate 570p07tion of their fides ; but [by 
the 47-1.] tac tquare of BC would be equal to 

the 
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the ſquares of AC and AB : therefore the po- 
lygon D deſcrib'd upon the baſe BC, will be e- 
qual co che ſimilar polygons E, and F, deſcrib'd 
upon AB and AC. 


The USE, 


This propoſition is made uſe of ro augment 
or diminiſh all manner of figures, being more 
univerſal than the 47.1, which yet is exceed- 
ing uſeful, in as much as almoſt all Geometry is 
rounded upon that principle. 

The 32. Propoſition is uſeleſs, 


PROPOSITION XXXIII, 


A THEOREM, 


In equal circles, the angles as well at the center as 
ercumference, as alſo the ſeftoy, aye in the ſame 
proportion as the arches upon which they ſtand, 


F rhe circles 


N .* 
ANC and 
/\ D DOF are equal, 
D E the angle ABC 
/I\N /\\e will have the 
Kr *% 


ATHE © the ſame pro- 
portion to the 

angle DEF as the arch AC tothe arch DF. 
Suppoſe AG,G?, and HC, to be equal archs, 
p 2 an 
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and conſequently the aliquot parts of AC ; and 
ler DF be divided into as many parts, equal to 
AG, as it contains ; and draw the lines EI,EK, 
and the reſt, DemonFtration, 

All the angles, ABG, GBH, HBC, DET, 
IER, and the Teſt, are equal, (bythe 27.3.) fo 
that AG, an aliquot part of the arch AC, will 
be contain'd in the arch DF, as ofc :s the angle 
ABC, -an aliquot part of the angle ABC, is 
contain'd in the angle DEF ; therefore the 
arch AC will have the ſame proportion to the 
arch DF, as the angle ABC to the angle DEF. 
And becauſe N and Q are the halves of the an» 
| gles ABC and DEF, they will be in the ſame 
proportion as theſe : therefore the angle N has 
the ſ:me proportion to the angle O, as the 
arch AC to the arch DF, 

The ſame holds likewiſe of the SeQtors: for 
if you draw the lines AG, GH, HC,DIIK, and 
the reſt, they vill be equal, (by the 29.3. ) and 
each little ſecior will be divided into a triangle, 
and a ſegment, But che triangles will be equal, 
(by the 8.1.) and the little” ſegments will al- 
ſo be equal, (by the 24. 3.) therefore the whole 
Iitcle S:&tors will be equal ; and conſequently, 
as many aliquot parts of che arch AC as are con- 
cain'd in thearch DF, ſo many aliquor parts of 
the ſe&or ABC will be contain'd in the ſe&or 
DEF. Therefore the arch has the ſame propot- 
tion co the arch, as the ſeRor to the _ 
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THE ELEVENTH BOOK 
OF THE 


ELEMENTS 
EUCLID. 


*F*His ook eſtabliſhes che firſt principles re- 
; lating to ſolid badies ; infomuch that ir 
is impoſſhhle ro know any thing certainly con» 
\cerning the third ſpectes of quantiry, withour 
underſtanding what 1s herein ravught. Upon 
"which account the knowledye of it 1s abſolute- 
ly neceſſary to a through-infight into the great- 
'eſt part of Mathematical Treatiſes, Inthe firit 
place, the Doctrine of the Sphere «/eliver'd by 
'Theodoſizs does ſuppoſe a perfe&t knowledge 
'of the whole. In like manner Spherical Trigo- 
*ometry, the third part of Prathcal Grome:ry, 
"divers propoſitions of Staticks and Geography 
fare built upon the principles of Solids. The 
'main difficulties in Gnomonichs, Comck Se- 

©<1ons, 
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"thous, and the TraQs concerning the cutting of 
-Pretious Stones, ariſing chiefly from their emi. 
nencies and rais'd parts, not eahily repreſented 
"upon paper, and their being contain'd under 
*many ſuperficies's , are render'd intelligible 
*and eafie by the previous knowledge of the 

*do&rine of Solids, 

*f have omirted the ſeventh, eighth, "EY 
and enth Books of the Elements of Euclid, be- 
*ing of lictle or nouſe in any part of the Me. 

*thematicks. And I have oft wondred how they 
*obrein'd a place amongſt the Elements, lince tis 
*vident Exclid compil I'd them for no other end 

®ur to ſectle the do&rine of Incommenſura- 

®bles ; which being lictle better than a vain 
<uriofi Ity, ought not to be receiv'd into the 
books which treat of the Firſt Principles of the 

*Science, bur to make a particular Treatiſe by it 

(elf. The ſame may be ſaid of the Thirteenth 

*book, and thoſe that follow it. And therefore 


*is my opinion, that almoſt all parts of the Ma- 
*thematicks may ſufficiently be underſtood by 
**he help of theſe Eight books of the Elements 
of Exclid. 
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DEFINITIONS. 


. 8 * Solid body is a 

quantity , that 

N T7 hath length, bredth, and 

N depch,, or thickneſs, As 

T *rhe figure LT, whoſe 

"length is NX, bredth NO, and thickneſs 

«T N* 

2. The extremes or terms of a ſolid body 
ae ſuperficies's. 

3. A Line is right, or perper- 
dicular toa plare, when tis per- 
pendicular ro all the lines,which 
1c meets inthe plane, **As the 
*Iline AB will be right to the 

"plane CD, ifir be perpendicular to the lines 
"CD and FE, which being drawn upon the 
"plane CD, paſs by the point B, ſo that the' 
"angles ABC, ABD, ABE, and ABF, are right 
"angles. | 
D 4. One plane is perpendicular 
A to another, When a perpendicular 
line araiwn upon one of them to 

che common ſe:tion, is alſo per- 
pendicular to the other. 

* We call the line that is com- 
mon 


c 
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<mon to both the planes the common ſeQicn 
«of che planes: As che line AB, + hich is as 
*well in tbe plane AC, as in the other AD, If 
<*cherefore the line DE, dravn on the plane 
«AD, perpendicular to AB, be aiio perpendi- 
&culir to the plane AC, che plane AD will be 
©righr to the plane AC, 

5- Ifthe line AB be nor per- 
pendicular co the plane CD, nd 
f:om the point A a perpendicular 
be drawn toit AE, and alſothe 
line BE ; the angle ABE is che 

Inclination of the line AB to the plane CD. 

6. The Inclination of one 
plane ro another, is the acute 
angle form'd by the rwo pet- 
pendiculars d:awn upon each 

E plane to their common ſeRi- 
on. **As the Inclination of the plane AB to 
rhe plane AD, 1s nothing elſe bur the angle 
&BCD, form'd by the lines BC and CD, drawn 
©*1pon the two' planes, perpendicular to ther 
*common ſe&ion AE. 

7. Planes are inclin'd after rhe ſame manner 
if their angles of Inclination be equal. 

8. Planes ace parallel, if being continu'd as 
far as. you pleaſe, they till recain the ſame Ct- 
tance oneifram rhe other. 

9. Solid figures are ſimilar, which are con- 


tain'd within, or rerminared by, an equal _ 
er 


B 
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ber of ſimilar planes; as rwo Cubes, *This 
«Jefinition does not agree co thoſe figures, 
«whoſe ſuperficies's are crooked ; as the Sphere, 
«he Cylinder, and the Cone. 

10, Equal and timilar ſolid Ggures are con- 
tain'd within, or terminated by, an equal num- 
ber of equal and (imilar planes. ©** Inſomuch, 
"hat if they were ſuppos'd to penetrate each 
*xher, neither of chem would exceed, having 
"heir fides and angles equal, 

11. A ſolid angle 1s the con- 
courſe, or inclination, of divers 
lines, in different planes, © As the 
*concourſe of the lines AB, AC, 

- C <©nd AD, Which are in different 

&” planes. 

12, APyramid isa ſolid figure, rerminated 
by triangles, whoſe baſes are 1n the ſame plane, 
«As the figure AECD; 

13. A Parallelepipedon is a ſolid figure con. 
tain'd within fix quadrilateral planes, of which 
the oppoſites are parallel, 

14, A Priſme 1s a ſolid fi- 
oure, having two parallel planes 

ſimilar and equal, and. the 0- 

thers Parallelograms. As the 

*ftoure AB. Irs oppohite planes 

**may be polygons. ; 

15. A Sphere is a ſolid figu:e, terminated 
by one only ſuperficies ; from which —_— 

Ines 
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lines being drawn to a point in the middle of 
the figure, they will be all equal, **Some de- 
*fne a Sphere by the motion of a ſemicircle, 
Erurn'd about upon its diameter, Which re. 
(mains immoveable, 

16. The Axis of a Sphere is 'that immove- 
able line about which the ſemicircle is turn'd. 

17. The Cenrer of the Sphere, 1s the ſame 
with that of the ſemicircle, by whoſe motion 
It 1s made, 

18, The Diameter of a Sphere, is any line 
whatſoever palling through its center, and tet- 
minared at the ſuperficies, 

19. If aline, immoveable at one of 
irs points, taken above the plane of 2 
\ circle, be moy'd about the circumfe- 
rence, 1t will deſcribe a Cone, &As if 
*he line AB, being fix'd at the point 
«KA, be movd about the circumfe- 
KFrence BED, it will deſcribe the Cone ABED. 
*The point A will be its ſummiry or vertex, 
«nd the circle BED its baſe. 

20, The Axis of a Cone, 1s the line drawn 
from the vercex to the center of the baſe, **As 
«AC. 


21. If a line be mov'd abour the 
circumference of two parallel cit- 
cles, ſo that ic remains always parallel 
toa line drawn from the center 
one of the circles to that cf the 0- 
ther, 


i A 
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ther, z. e. the Axis, it will deſcribe a Cylinder, 

22, Cones are ſaid ro be right, when the 
axis is perpendicular to the plane of the baſe, 
Alſo right cones are ſimilar, when their axts's 
and the diameters of their baſes are in the ſame 
proportion. But Inclin'd cones are nor fimilar, 
unleſs they have a third condition ; that their 
= be equally inclin'd to the planes of their 
aſes, 


——=2 — —  _— — ——- [8 


PROPOSITION I, 


A THEOREM. 


eA right line cannot have one of its parts #pou a 
plane, and the other above or below it, 


FF the line AB be upon the 

- plane AD, it will nor, being 

A continu'd,” either riſe above or 

fall below ir, bur all its parts 

will lie upon the ſame. For if 

itbe poſſible that BC can be a part of AB con- 

tinued, draw upon the ſame plane AD the line 

BD perpendicular to AB, and alſo ÞE perpen- 

dicular ro BD upon the ſame. 

Demonſtration, 

The angles ABD and DEE are two right an- 

oles; therefore (by the 14, 1.) AB and PE 

make but one right linz, and conſequently BC 


Qq 2 is 
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1s no part of the line AB continued : otherwiſe 
two right lines CB and EB would have the ſame 
part AB :n common , Which 1s repugnant to 
the 13, Axiom of the firſt book, 


The USE, 


Upon this propofirion 1s built a principle in 
*Gnomonicks, by which we prove, that the ſha- 
©* low of the Style cannot fall our of the plane of 
*a grear citcle, in which is the Sun. For the 
©*xtremity of the Style being raken for the cen- 
of rhe heavens, and conſequently of all the 
®orearer c1rcles, and the ſhadow being always in 
©a right line of a Ray drawn from the Sun to the 
*opacous body, and this ray being in the plane 
tof this great circle, the ſhadow muſt be {© 
*Iikewiſe. 


————— 


PROPOSITION IL 


A THEOREM. 


Lines that cut each other, are in the ſame plane» 
44 are alſo allthe parts of a triangle. 


D E JF the rwo lines -BE and CD 
cur each other at the point A; 

A and a triangle be form'd by 
drawing the baſe BC ; 1 ay, all 


© the parts of the triavgle ABC 
are 
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are in the ſame plane, ard alto the lines BE and 
CD. Demonſtration, 

Ir cannot be ſaid thar any parc of the triangle 
ABC is 1n a plane, and another part of the 
ſame triangle -or in the ſ:me, bur it 
muſt be alſo afirm'd, that ane part of a right 
line is in a plane, ani another part of the fame 
line is nct 1n the ſame plane z which is contra- 
ry to Prop. 1. And becauſe the fides of the tri- 
angle muſt be 1n the ſame plane in which is the 
triangle, the lines BY and CD will be alfoin 
the ſame plane, 


The USE. 
©This provotit;on ſvſhciently determines a 
Þl:ne, by che concouſe of ewo right lines, or by 
© rriangle, I have alſo made uſe of it in Op- 


ticks, to prove that objeAive parallel lines, 
which meer upon a Table, ought ro be repre» 
ſented by ligesghat Concul in a point, 
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PROPOSITION II. 


A THEOREM, 
The common ſeftion of two planes is one right lint, 


= JF the planes AB and CD 


cut each other,their com- 

mon ſe&ion EF will be one 

D 7ight line. For if not, take 

rwo points common to both 

planes, as EandF ; and draw 

2 right line from the point E to the point F 

upon the plane AB, which ſuppoſe to be EHF, 

Drav likewiſe upon the plane CD a right line 

from the ſame point E toF ; and if it benot 

the ſame with the former, ſuppoſe it to be EGF, 
— Demonſtration, 

Theſe lines draivn upon two planes are two 
different lines, and encloſe ſpace ; which is con- 
trary to the 12, Axiom. of the 1, Therefore 
they will make bur one right line, which being 
_ the planes will be cheir common ſe- 

10n, 


The US E, 
©This 15a fundamental propoſition, ſuppos'd in 
*divers parts of the Mathematicks, though it 
be not always quoted. Particularly, it is ta- 
*ken for granted in Gnomonicks, when the hour- 
lines 


m On Mm ov wonngy apy &@ 
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(lines are repreſented upon Drals, by marking 
fonly the common ſeRion of their plane, and 
hat of the wall, 


PROPOSITIONIV, 


A THEOREM. 


If a line be perpendicular to two others that cut 
each other, it will alſo be perpendicular to the 
plane of the ſame lies, 


A F the line AB be perpendi- 
: cular to the lines* CD and 
EF, which cut each other at 
che point B, ſo that the 'an- 
oles ARC, ABD, ABE, and 
ABF,be right angles, (which 
cannot conveniently be repreſented upon a 
plate, ir will be alſo perpendicular to the 
plane of the lines CD and EF, ze, to all the 
lines that ſhall be drawn upon the ſame plane 
through the point B ; as, for example, the line 

UH. Ler the lines BC, BD, BE, and BF, be 
equ:l,and draw the lines EC, DF, AC,AD,AE, 
AF,AG, and AH. 

Demonſtration, 

The four triangles ABC, ABD, ABE, and 
ABF, hweeach a right angle at the point B ; 
and the fides BC, BD, BE, and BF equal, = 

the 
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the fide AB common to all. 'Ti.-refore their 
baſes AC,AD, AE, and AF, are equal, (by the 
4+ 1.) 

2, The triangles EBC and DBF will be in 
all reſpe&s equal, havirs their ues Bu, BD, 
BE, and BF, equal ; and the angies CBE and 
DBF, being oppos'd at the rop, equal: there- 
fore the angles BCE, BDF, BEC, and B*D, 
will be equal, (bythe 4. 1.) and alſo the baſes 
EC and DF. 

3« The triangles GBC , and DPH, having 
the oppoſite angles CBG, and DBH, equal 2s 
alſo the angles BDH, and BCG; a 1d the ſides 
BC and BD; the ſides BG and BH, CG and 
DH, will be alſo equal, (bythe 26.1.) 

4+ The triangles ACE and AFD, having the 
ſides AC,AD, At, 2nd AF, equal, and the ba- 
ſes EC and DF alſq equal; the angles ADF and 
ACE will be equal, (by the 8, 1.) 

5+ The triangles ACG and ADH have the 
fides AC and AD, CG and DH equal, with 
the angles ADH and ACG; thzrefore their ba- 
ſes AG and AH are equal, | 

Laſtly, the criangles *BH and AEG have 
all their cides equal ; therefore (by the 8, 1.) the 
ansles AB and ABH will be equal, and the 
line AB perpendicular ro GH Accordingly the 
line AB will be perpendicular: to any line {rawn 
through the point B upon the plane of the 
lines CD and EF, which 1 call being perpendi- 
cular to their plane, The 
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This Propofirion occurs very ofc in the firſt 
book of T heodoſixe : for example, to demon- 
rate that che Axis of the world is perpendi- 
{ular to the plane of the ' Equinotiial, Jn like 
"manner in Gnomonicks, tis demonlirared by 
(this propohition, chat the E quinoCtial line in 
* Horizomal' Dials is perpendicular to the Me 
'71dian, Not is it leſs uſeful in other Mathe- 
'matioal Treatiſes ; as thoſe concerning Aſtro- 
{abes, and the cutting of ptetions (tones, 


— —— —— — 
—— — 


PROPOSITION V, 


A THhtoRsy M, 
If a line be perpendicular to three others, which 
cut each orber at the ſame point, they will be all 
three 11 the ſame plant,” 


A T* the line AB be perpendicu- 
A F L larto three lines BC, BD, and 
| - BE, which cur each other at rhe 
—>p | ſame point B, rhe lines BC, BD, 

and BE, are in the ſme plane. 
=: G Suppoſe the plane AF ro be thar 
of the lines AB and BE, and CF that of the 
lines BC and BD. If BE be the common ſe. 


Aion of both the planes, it will be in the plane 
Rr '0f 
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of che lines BC and BD, as was afferced : bur if 


BE be nor, let BG be their common ſeRion, 
DemonFtration. 

AB,is perpendicular to the lines BC and BD, 
therefore ir is perpendicular to their plane CF, 
(by the 4.) and (by defin. 3.) 4B will be per. 
pendicular ro BG. Bur. 1t is alſo ſuppos'd per- 

dicular to BE ; therefore the: angles ABE 
and ABG are right angles, and conſequently 
equal , chough one be part of the other, There- 
fore the two planes can have no other common 
ſe&ion but BE, BE is therefore in the plane 


CF, 


Dn D—— 


PROPOSITION VL 


A THEOREM ( 
7! 


Lines that are perpendicular to the ſame plane, 
parallel, | 


FF he lines AB,and CD be per- 
pendicular ro the ſame plane 
EF, they will be parallel. Tise- 
vident , that the internal angles 
ABD and BDC are right angles; 
but chat is not enough ; it re- 
mains to be prov'd, that AB and CD are inthe 
ſame plane, Drav DG perpendicular to BD, 
and equal to AB ; dray alſo the lines BG, AG, 
and AD. De. 


E 
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Demonſtration, 
The triangles ABD and BDG have the ſides 
AB and DG equal, and BD comman to both : 


2D) andthe angles ABD and BDG are right angles, 

' F therefore their baſes AD and BG are equal, (by 
-Þ the 4. 1.) Further, the triangles 4BG and 
_ ADG have all their des equal : therefore the 


angles ABG and ADG are equal ; and ABG 
being a right angle, becauſe AB is. perpendicu- 
lar to the plane, ADG is alſo a right apgle. 
Therefore the line DG is perpendicular to 
three lines CD, DA, and DB, which conſe- 
quencly are in che ſame plane, (by the 5.) bur 
the line AB is in che plane of che lines AD and 
DB, (by the 2.) therefore AB and CD are in 
the ſame plane, 

Coroll, Two parallel lines ate in the ſame 


plane, 
The#sS E. 

*By this propoſition we demonſtrate, that the 
*hour-lines, in all planes that are parallel to 
the eAxis of the world, as the Polars, Mert- 
_ and others, are parallel among them- 
ſelves, 


PROP. 
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PROPOSITION VIL 


ce EEE 


A TuBoOREM. 


eA line drawn from one parallel to another, ic in 
the (ame playe with them, 


c_D JE line CB,being drawn from 
FE, che point B of the line AB 
_ — tothe obak C of its parallel CD, 
. ; 
is (I ſay) in the plane of the lines 
AB and CD. 
4% Demonſtration, 

The parallels AB and CD ate in the ſame 
plane : in which if you draw a night line from 
the point B ro the point C, it will be the ſame 
with © B; otherwiſe cvo right lines would en- 
cloſe ſpace, contrary to the 12, Axiom. of the 1, 


PROPOSITI ON VIII 


A THEOREM 


If ane of two parallel lines be perpendicular to a 
" plane, the other will be ſo alſo, 


JF of the two parallel lines AB and CD,[ ſee fg. 
prep. 6.] the one AB be perpendicular - the 
plane 
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plane EF, the other CD will be fo alſo. Draw 
che line DB : ſince the angle AED is a t1ght an« 
gle,and AB and CD are ſuppos'd tq be p-rallels, 
the angle CDB will be a right angle, (by the 29, 
x. therefore if.1 can prove,thar the angle CDG 
is alſo a.r1ght apgle, it will- follow. (by the 4.) 
that CD is perpendicular cothe plane Eb. Make 
a right angle BDG, and rake DG equal ro AB 3 
then dravv the lines BG and AG. 


Demonſtration. 


The triangles ABD and BD have the fides 
AB and DG equal, with the ide ED common 
to both ; and the angles ABD and B:.G are 
right angles : therefore (6b the 4. 1.) their ba- 
ſes AD and BG are equal. The triangles ADG 
and ABG have all theic ſides equal, therefore 
(by the 8.1.) the angles ADG and ABG are 
equal : Bur the latcer is a right angle, becauſe 
AB 1s ſuppos'd ro be perpendicular to the 
plane EF, therefore the angle ADG is a righe 
angle ; and the line DG being perpendicular 
to the lines DB and DA, will be perpendicu- 
lar to the plane cf the lines DB and DA, which 
is the ſame ir: which aze the parallels AB and 
CD. Therefore the angle G1i)C 1s a right an» 


gle, (by defin, 3-) 
PROP. 
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PROPOSITION IX. 


A TurorEM. 


Lines, that are perallel to a third, are alſo paral. 
- among themſelves, though not all in the ſame 
plane. 


A B [TF thelines eAB and CD we 

E parallel co the line EF, they 

F will be parallel to each other, 

though all the chree lines be not 

C IT D in the ſame plane. Upon the 

plane of the lines AB and EF 

draw the line H' » perpendicular to AB , which 

will be alfo perpendicular to EF, [by the Lemma 

@ftey the 26.1.] In like manner upon the plane 

of the lines EF and CD draw the line HI per- 
pendicular to EF and CD. 

Demon#tration. 


The line EH being perpendicular to the lines 
GH and HI, isſo ao co the planes of the lines 
HG and HI, (by the 4.) therefore (by the 8.) 
the lines AG and CI are perpendicular to the 
plane of the lines HG and HI, and [by the 6.] 
parallel ro each other, 

The KSE, | 
© This propoſition is frequently uſed in Per- 
Thpellives, to determine the repreſentation 0 

©oarallel 
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&arallel lines upon a table ; as alſo in the cut- 
**ing of pretious Stones, to prove the fides of 
{he Pannels to be parallel among themſelves, 
becauſe they are ſo to a line in a different 
lane. In G-omonicks likewiſe we are ſome- 
*imes oblig'd to prove, that the Verrticafi cir« 
©les ought to be deſcrib?d on walls by perpen+ 
Gicular lines ; becauſe tbe lines, char are the 
*<0mmon ſeAions of them and the walls, are 
toarallelto a line drawn from the Zexith rothe 
Nadir, 


_ 


PROPOSITION X. 


A THzoOREM. 


If two lines, which concur, art parallel to two 6+ 
thers concurring, of a different plane, they will 
make equal angles. 


TF the lines AB and CD, AE and 

CF be parallel, though they be 

not all four upon the ſame plane, yec 

the angles BAE and DCF will be 

equal, Ler the lines AB and CD, 

D =E AEandCF beequal, and draw the 
lines BE,DF,AC,ÞD, and EF, 

Demonſtration. 

The lines AB and CD are ſuppos'd to be 

both parallel and equal, therefere |by the 3 zote} 

che 
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the lines AC and BD are parallel and equal, 25 
alſo AC and EF; ayd |by the preceding| BD 
and EF are parallel,and-equal, and conſequent- 
ly [by the 33-1.] BE and DF will be alſo px 
rallel and equal. Therefore the triangles BAE 
and D_F have all their ſides equal: and |by 
the8, 1.] the angles BAE and DCF will be e. 

ual. 
, Coroil, Many the like propoſitions might be 
made, which would not be alcogeth=r unuſeful ; 
as for example, if upon a parallel plane the line 
CD be drawn parallel to | on line A3, and the 
angles B \E and DCF be equal, the lines AE 
and CF will be parallel, 


The USE, 


By this propoſition we demonſtrate, that 
*the "angles made by'tne planes of the hour- 
Fircles with a plane parallel to the Equator, 
re equalrothe angles made by them with the 


plane of che Equator, : 


PROP. 
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PROPOSTTION NI, 


A-PROBLEM. 
To draw 'a perpendicalar:.to a plane from a poirs 
| given ous. of the plane, 


E.you defire ro draw a per- 

. & pendicular from the point C 

rothe plane AB, draw the line 

D, EF ac pleaſure, and CF per- 

pendicular to it, [by the 12, 1.] 

And; agajn [by the 11.1.) upon 

.the plane: AB draw FC perpen- 

dicularto ED; and CG /perpendicular to FG. 

I ſay, CG will be perpendicular to the plane 
AB, Draw GH parallel ro FE, 
Demonſtration. 

The line EF being perpendicular to the lines 
CF and FG, will be perpendicular to the plane 
CFG, :{by the 4.] and t:G being parallel co 
EF, will be alſo perpendicular co the fame 
plane, (by the 8.) And becauſe CG is perpen- 
dicular to the lines GF and GH, it will be pe-- 
pendicular to the plane AB, [by the 4.] 


'S 8 TROP. 
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PROPOSITION XII, ! 
A PRonBLiM- 


To draw a perpendicular to'a- plane through « 
point of rhe ſame plane, 


O dray aÞerpendicular to 

'A ''theplan&A} chrough the 

point”:C, 'draw from” the point 

* \ BE, taken at pleaſure our of the 
BY+——» plane, the- line ED perpendi- 
cular to the'ſame plane, {bythe 11,] Draw alſo 
[by the 31, 1.] CF paraltelto DE, CF will be 
perpendicular te th&plane AB, [by-the'L;] 


— 


PROPOSITI@N XII. 
A THEOREM, 


T wo lines perpendicular to a plane cannot be drawn 
' through the ſame point. 


D - I* the. rao lines CE and CD, 
draivg.threugh the ſame. point 

C,. were perpendicular co the 
plane AB, and CF the common 
ſeRion of the planes of thoſe 


lines, with che plane AB che angles ECF and 
DCF 
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DCF would be both right. awwsles, which igim-. 
poſſible. 205, q- © £58 

I adde, thar ewo perþendicutars DC 4hd'DF 

to the plane AF cannot be drawn from the fame 

point D': for havins-dtawy'the line CF, there 

would be two right angles; '[DCF and DFC, in 
the ſans criangle, contrary'to the 32.7, - 


7 7.5 _ 


*This pfopoſition is neceſſary to ſhow, that a 
perpendicular co a plane was ſufficieftly de- 
"{crib'd; ins mitch- as but one ſuch can be 
*drawn through the ſame point. 


a 3 4s  * 


PROPOSITION XIV. 


| A Trzoxren. 
Pl aves, to which the ſame line is perpendicular, are 
parallel, 


F the line ABbe perpendicular 
to the planes AC and BD, 
they will be parallel, 7, e. chey 
will in all places be equally di- 
tant from each other, Drav 
the line DC parallel ro AB, [5 the 3 1, 1.] and 
joyn the lines BD and AC. 
Demonſtration, 


AB is ſuppos'd to be perpendicular to the 
$$ 2 by planes 
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planes -AC-and BD, therefore the. line CD» 
which is parallel to it, will be alſo perpetidicu- 
lar to them, [by the 8.] and conſequently the 
angles.Band D, A andC, will be right angles; 
and [6y the 28, 1.) the lines:-AC and BD will 
be parallels, and the figure ABDC a-parallelo- 
gram. Therefore the:lines AB and CD ate e- 
qual, [by the 34.1.) 5.e. the planes in the points 
A and C, B and D, are equally diſtant. Accor- 
dingly the line CD may be drawn through any 
otter point whatſoever z therefore the planes 
ACand BD are equally diftanr in all places the 
one from the other, _ ..., - 


The SE, 


©Theodofius demonſtrates the circles,that have 
"the ſame poles, as the Equator, and the two 
© Tropicks, tobe parallel, . becauſe the Axis of 
*he world is perpendicular to their planes. 
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———— 


PROPOSITION XV. 


A T HEOAEM, 

If two lnes, meeting at a pornt, be parallel to two 
lines of another plane, , the planes of thoſe lines 
wi be parallel. 


A FT the lines AB and AC be px- 

rallel co the lines DE and 

DF, which ace in another 

c plane, the planes BC and FE 

are parallel, Draw AI perpen- 

dicular to the plane BC, [bythe 1 1.] and Gl 

and IH parallel ro FD and DE: they will be 

alſo parallel to the lines AB and AC, | by the g.] 
Demonſtration, 

The lines AB and Gl are parallel, and che 
angle IAB is a right angle, Al being perpendi- 
cular to the plane BC: therefore 1b the 29.1.] 
the angle AIG is a right angle, as alſo the an- 
ole AIH. Therefore |by the 4.] the line Al is 
perpendicular to the plane GH; and being alſo 
perpendicular to the plane BC, the planes BC 
and GH, or FE, will be parallel, [5 the 14. | 


PROP. 
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PTY _ OD 


PROPOSITION XVI. 


A THEOREM. 


If a plane cut two others which are parallel, theiy 
Common ſethons will together - with them be 
parallel, 


G F the plave AB cur two other 
D parallel planes, AC and BD; 
I ſays their common ſeQ&ions 
AF and BE will be parallel. 
B Forif not, being continu'd they 
would at length concur, e, g. at the point G, 


Demonſtration. 

The lines AF and BE are upon tbe planes 
AC and BD ; and therefore [by the 1.] can ne- 
ver be either above, or below it; therefore if 
- they concur at che point G, the planes muſt do 
ſo likewiſe, and conſequently they would not 
be parallel, which is contrary to what was ſup- 
pos'd. 

The USE, 

By this Propoſition we demonſtrate, in the 
*Treatiſe of Comck and Cylindrick » SeRions, 
*hat if the Cone or Cylinder be cut by a plane 
Earallel to its baſe, the ſeRions are circular. 
*By the ſame we deſcribe Aſtrolabes z and 
trove in G nomonicks, that the avgles, _ 

ene 


OO» 


— *--z 


«as oe + 


' 

| The; Elevent Book, | 323 

he hour.circles make with a plane parallel co 

"a great circle, are equal to thoſe which they 

"make in the circle it ſelfs and again in Per. 

ſpet;ves, that the Images of the objeQive lines 

*perpendicular ro the cable, concur at the poing 
'of fight, 


— 


PROPOSITION XVII, 


A Tancadks 


Two lines are divided proportionally by parallel 
planes, 


JF the lines AB and CD be 

be divided by parallel 

planes, I ſay, AE will have 

the ſame proportion to EB 

as CF to FD. Drawtheline 

AD, paſſing through rhe plane EF at the point 
G : Draw alſo AC,BD,FG, and GE, 

1. Demonſtratzon, 

The plane of the criangle, ABD cuts the three 

planes, rherefore{by the:16,), rhe ſetions BD 

and EG aj6;payallel ; and {bythe 2, 6.) AE 

has the ſame proportion to EL, as AG to GD. 

In like manges4be plane of the -criangle. ADC 

cuts.the planes EF and AC, therefore the ſe- 

Ations AC and FG are parallel ; and FC has . 

the ſame proportion to FD as AJ to GD, 8.6, 

JAE to EB, PROP, 
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PROPOSITION XVII. 


A TnrorkEM 


If a line be perpendicular to a plane, all the planes, 
in which that line ts found, are perpendicular to 
the ſame plane, 


Tf the line AB be perpendi- 

cular to the plane ED, all 

the planes in which it is found 

will be perpendicular to the 

27M plane ED. Suppoſe AB to be1n 

the plane AE, having for a common ſe&tion 

with the plane ED the line BE ; to which 
draw a perpendicular FI, 


Demonſtration, 


- The angles ABI and BIF are right angles, 
rherefore the lines AB and Fl areparallel ; and 
(by the 8.) FI will be perpendicular to rhe 
plane ED, Therefore the plane AE will be 
perpendicular to the plane ED, (by def. 4.) 

*© 1 he ſame may be prov'd of the plane AD, 
poRRE 5-4 The USE. + | 

"The firſt Propoſition in G nomwmeks, which 
*may paſs for a Fundamental one, is built upon 
*this - propoſition ; which is alſo frequently 
'made uſe of in Spherical Trigonometry, in Per- 
* ſpetiives, 
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ſpeflives, and generally in all choſe Treatiſeg 
"which are oblig'd co conſider divers planes. 


PROPOSITION KXIX. 


A TuHuEoREM, 


If two planes cutting each other be perpendicular to 
another, their common ſeftion will be perpendi« 
_ Culay to the ſame, 


ED , which cur 
K eachother, be perpen- 
.Oicular to the plane 
JK,' their common ſe+ 
-- ion EF is alſo per- 
, pendicular tothe plane 
IK, 

| Demonſtration, | 
If EF be not perpendicular to the plane IK, 
upon the plane AB*draww' the line GF perpen- 
dicular ro rhe comirion' ſeftion BF : and the 
plane AB being perpendicular to the plane IK, 
the line BF will be perpendicular co the fame 
plane. Draw likewiſe FH perpendicular eorhe 
common ſe&ion DF ; it will be alſo' perpen- 
dicular ro the plane TK. We ſhall have there- 
fore rwo perpendiculars ro che ſame ' plane, 
drawn through the \ my point F, (contrary to the 
l FN 


oak FF the planes ABand 
E/ | A 
WH /G 
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1 3, Propaſ.) ir muſt therefore be granted tha |} bo! 
EF. is perpendicular to the plane IK, the 
oe re 
©By this propolition,we demonſtrate, that the &Þ for 

| *circle which paſſes through the Poles of the | rhe 
*world and the Zenith is the Meridian, and NB th 
*curs. all. the diurnal arches inco.rwo equal E an 
parts. ; and that the Scars ſpend as much time I hi 
©1n their motions from their rifings to this cir- | Fo, 
&le, as from the circle to their ſettings. th 
| = Qu 

1 any 
PROPOSITION XX. 2n 


A THEOREM, 


if three plain angles make one ſolid one, auy two of 
them ought 10 be greater than the third, 


D JF che angles BAC, BAD, and 


/ CAD, make the ſolid angle A, 

A and the: angle BAC be the great- 

> eſt angle ;;the rwo others, taken 

Go . together, are greater: than BAC, 

Suppoſe the angle "CAE to be equal to the an- 

ole CAD, and the lines, AD and AE to be c- 
qual ; and draw the lines CEB, CD,:nd BD. 

Demonſtratwov. R 
The triangles CAE and CAD have the fides 
AD and AE equal, and the hde AC common to 


both, 
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both, and the angles CAD and CAE equal - 
therefore (by the 4. 1.) cheir baſes CD and CE 


are equal, . Bur the ſides CD and DB are great- 
er than the fide CB alone, (by the 20. 1.) there- 


he | fore raking away the equal lines CD and CE, 
be Þ che line BD will be orearer than BE. Further, 
- the triangles BAE and BAD have the fides AE 
Fl 


and AD equal, and the fide BA common, and 
the baſe BD greater than the baſe BE : there- 
fore (by the 18. 1.) the angie BAD is greater 
than the angle BAE ; adding therefore the e- 
qual angles CAD and CAE, the angles BAD 
and CAD will be greater chan the angles CAE 
and BAE, 2. e, the angle BAC, 


— —  —— 


PROPOSITION XXI, 


A TnroREm. 
All the plain angles, that make one ſolsd arg 't, are 
leſs than four right angles, 


D JF the plain angles BAC, BAD, 
and CAD, make the ſolid an- 

al ole A, they will be leſs than 
_—>\ four right angles. Draw the lines 


% B BC, BD, and CD, and you will 
have a pyramid, whole baſe is the triangle BCD. 
Demonſtration, 


The folid angle at the point B, has the an» 
gles ABC and ABD greater than char of the 
Te'2 baſe 
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baſe alone CBD, In like manner ACB and 
ACD are greater than BCD alone, and the an 
oles ADC and ADB are greater than CDB - 
lone. Bur all the angles of che baſe are equal to 
rwo right angles, therefore rhe angles ABC, 


ABD, ACB, ACD, ADC, and ADB, are great Þ jf, 
er than two right angles. And becauſe all the 
angles of the three triangles BAC, BAD, and 
CAD, are equal to fix right angles ;, taking + 
way more than two right angles, there willre- | * 
main leſs than four, for cbe angles made at the 
point A. _ But if the ſolid angle A conhiſt of 
more than three plain angles, ſo that the baſe of 
the pyramid be a polygon, it may be divided in- 

. totriangles'; and che compuration being made, | 
you will find, rhar all the plain angles, which | »: 
make up the ſolid one, are always leſs than four © © 
right angles. ſ0 

The USE, Pp: 

(Theſe two propoſitions ſhow when many || © 
*plain angles may make up one ſolid one, which (| ® 
*1s often neceflary in the treatiſes of cutting of | P 
*Stones, and in the following propoſitions. 2 
f 


The 22, and 2.7, Propoſitions are of no uſe. 


PROP. 
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PROPOSITION XXIV. 


| A Tntror tm, 
If a ſolid body be terminated by parallel planets 


At» 
- the oppoſite ſides will be ſimilar and equal paral- 


lelograms, 


E A []Fcbe ſolid AB bererminared 
; by parallel planes, the oppo» 
DF? E] fite ſuperhicies's will be fimilar 
1 and equal parallelograms. 
Demonſtration. 


[7 4 

e, M7” The parallel planes AC and 
-þ & BE are cut by the plane FE : therefore their 
ir common ſeRions are parallel, (by the 16.) and 


ſo likewiſe DF and AE; therefore AD will be a 
parallelogram, Afrer rhe ſame manner 1 may 
demonſtrate, that AG, FB, CG, and the reſt, 
are parallelograms. I adde, that the oppohte 
parallelograms, e, g. AG and FB, are 6milar 
and equal. 'T he lines AE and EG are parallel 
to the lines FD and DB: therefore the angles 
AEG and FDB are equal, (by the 10.) Accord- 
ingly | may demontirare all che hides and all 
the angles of the oppohte parallelograms ro be 
equal, therefore the parallelograms are fmilar 


and equal, 
PROV. 


=, I. 
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PROPOSITION XXKV,. 


A THEORE Mw. 


If a Parallelepipedon be divided by a plane paralle! 
to one of its planes, the two ſolid bodies which 
ariſe hy that diviſion, will have the ſame pre- 
portion 4 their baſes, 


IF the parallelepipedon ABbe 

divided by the plane (.D, 
which is parallel co the planes 
AF and BE, the ſolid AC 
will have the ſame proportion 
ro BD as the baſe AI to the 
baſe DG. Suppoſe the line 
AH, which ſhows the highr of the figure co be 
divided into as many equal parts as you pleaſe; 
for example, ten thouſand ; which we may take 
as indivifibles, 1c, wichour refleRAing upon 
che poſſibility of their being furcher ſubdi- 
vided, Suppoſe alſo ſo many ſuperficies's pa- 
rallel to the baſe Al , as there -are parts in the 
line AH ; I have deſcrib'd only one OS : ſo that 
the ſolid AB be compounded of all choſe ſu- 
perficies's of the ſame thickneſs, as a Ream of 
"aper is compounded of all irs ſheets and quires 
laid one upon another. Tis evident that ſorthe 


ſolid AC will be compounded of cen _ 
uper- 
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ſuperficies's equal ro the baſe AT, (by the pre- 

ceding,) and the ſolid DB will contain tea 

chouſand: fuperficies's equal ro the baſe DG. 
Demonſtration, 

Every ſuperficies of the ſolid AC has the 
ſame proportion to any of the ſuperficies's of 
the ſolid DB, as the baſe Al ro the baſe DG ; 
becauſe they are every one of them equal to 
their baſes : therefore (by the 12,5.) all the 
ſuperficies's of che ſolig AC, raken together, 


Ye } will have the ſame proportion to all thoſe of 
D, I he ſolid DB, as the baſe Al to the baſe DG, 
c But all the ſuperficies's of che ſolid AC make 


up the ſolid AC, which has no other parts bur 
thoſe ſuperficies's ; and all*the ſuperticies's of 


The USE. © 
This is Capeleriw's demonſration z which 
':nd that the line, by which is meaſur'd rhe 
{ame reſpe& in both the cerms. I ſhall make 
uſe of ir hereafter, to render ſome intricate and 
'perplex'd -demon{irarions more facil and cleats 


PROP. 


the ſolid DBare nothing elſe but the ſolid DB; 
therefore the ſolid AC has the ſame proportion + 
to the ſolia DB, as the baſe Al to the baſe DG. 


1s very clear, provided ir- be uſed as it ought ;. 
thickneſs of rhe; ſuperfictes's, be taken in the . 
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CO ——— 


b — Cd 


PROPOSITION XXVL 


A THEOREM. 


4 varallelevibedon is divided into two equal arts 
4 F ";, the diagonal plane. POE 


H geo the parallelepipe- 

don AB to be divided by 

D the plane CD, drawn'from one 

- angle ro another : I ſayit will 

be divided into two equalparts, 

& A. Divide the line AE into as 

many parts as you pleaſe, and 

draw {o many planes parallel to the baſe AF; 

each of rhoſe planes is a parallelogram equal to 
the baſe AF, (by the 24.) 

Demonſlrasion, 

All the parallelograms, that can be drawn 
parallel to the baſe AF, are divided into two 
equal parts by the plane CD : for che criangles 
which are form'd on both fides the-plane CD, 
have their baſe common, in each equal roCD , 
ado their (ides equal, being thoſe of a parallelo- 
gram.” But tis evidenr, that the parallelepipe- 
don is nothing elſe bur choſe parallelograms, 
which are each divided into two equal trian- 
oles': therefore the parallelepipedon is divided 


into two equal parts by the plane CD, , 
The 
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The 27. and 28, Propoſitions are of no uſe as- 
cording to this way of demonſtrating. 


hr — 
— 


PROPOS. XXIX, XXX, XXXI. 


A THEBORE M. 


Parallelepipedons of the ſame hight, having the 
ſame oy equal baſes, are equal. 


B D F the Parallele- 
F pipedons AB 
Ny and CD be of che 
—_— ſame hight ac- 
L —— ro thefer- 
—_ pendiculars AE 
hu and FG, and have 

the ſame or equal baſes AH and CI, they will 
be equals Suppoſe che two baſes to be ſer up- 
on the ſame plane ; fince their perpendirulars 
are equal, the baſes EB and FD will be in the 
ſame plane, which will be parallel co the plane 
of the baſes AH and CI . Suppoſe then the line 
AE or FG to be divided into as many equal 
patrs as you pleaſe, e.g. ten thouſand , and ac- 
cording to them ſo many ſuperficies's oc planes 
drawn of che ſame thickneſs : 1 have deſcrib'd 
only one foc all,as K or M. Each ſtiperficies will 
form ip theſe ſolids a parallel plane, fimilac 
and equal ro the baſe, (by the 24.) a4 — 

Vyv an 
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and there will be as many in-one ſolid as in the 
other ; becauſe their thickneſs, which 1 rake 
rpendicularly according to their reſpeftive 
lickes, is equal, 
Demonſtration, 

The baſe AH has che ſame proportion to the 
baſe CI, as each plane KL to OM. Bur they 
being equal in number in both, all che antece- 
dents (by the 15.5.) will have the ſame propor- 
tion to all the conſequents, 5, e. the whole ſolid 
AB to the whole ſolid CD, as the baſe AHto 
che baſe CI. But tis ſuppos?d that the baſes 
are equal, rherefore the ſolids are equal, 


Coroll, 'To find the ſolidiry of a parallelepi- 


vedon, tis uſual ro multiply the baſe by the 
hight raken perpendicularly, becauſe that per- 
pendicular ſhows how many ſuperficies's equal 
to the baſe are contain'd in it, As for example, 
if I cake a foot for my indivinble meaſure, ». e. 
which 1 will not afterwards ſubdivide ; if the 
baſe concain twelve feet fquare, and the perpen- 
dicular hight ren, I ſhall have an hundred and 
rwenty cubick feet for the ſolidiry of the body 
AB. For the hight containing ten feer, I may 
make ten parallelograms equal co the baſe, hav- 
- ing each a foot in thickneſs ; bur the baſe with 


one foot in thickneſs makes twelve cubick feet : 5 


the whole cherefore witl make an hundred and 
ewenty, if the hight contain ten feer. "TIM 
OP. 


"EY 


a a i©t% ea. O©mb oa eons om os © mw Doc co ave aa ww A 
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--PROPOSITION XXXI1, 


A THEOREM, 


he YN Paralielepipedons of the ſame hight arc'in the ſame 
x Ppropertion a1 their baſes, 

fo Haye prov'd this propoſition in the preced- 
id ing, demonſtrating, that the parallelepipe. 
to 


don AB has the ſame proportion to the paralle- 
ark (4 CD, as the bal / AH to the baſe CI, 
(See fig, preced,) . . 

Coroll, Parallelepipedons that have equal 
baſes; are in the ſame proportion as thei: 
highrs. As the parattelepipedons AB and AL, 
whoſe perpendicular hights are AR and AE, 
For if you divide the hight AK inco as many 
aliquor parts as you pleaſe, and AE into as ma» 
ny a8. it containg equal to the former, and drav, 
aceording to each; pane, planes parallel ro the 
baſe ; as many as AE'conrtains of the aliquor 
parts:of AK, ſo many will the ſolid AB contain 
of the ſuperfices's equzl to the baſe, which are 
the. aliquot parrs of the ſolid AL ; cherefore (by 
defin, 5. 5.) the folid: &B: will: have. the ſame 
proportion to the ſolid AL, as the hight AE to 


che highe AK, 
'gh Vv 2 eThe \ 
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The USE. 

©The three preceding propoſitions contain 
almoſt all the ways of 'meaſoring patallelepi- 
*pedons, and may be efteem'd as firſt principles 
*or that purpoſe. Tis 'after the ſame manner 
*alſo that we take the dimenſions of the. ſolidity 
*of Walls, by mulciplying their - baſes by their 
*hights. 


PROPOSITT ON XXX. 
A TrEoREM 


Simil ay paralelepipedons are in the triplicate pro- 
portion of their howologous fde. 


\JF- 'the parallelepipe- 
dons AB and CD be 

/* - firmilar , '7, 6 if all the 
planes 'of one: be like 
thoſe of the other ; and 
all rheir angles equal, ſo 
chat rhey may 'be plac'd 

in a right line, 7. that'AE and EF, HE and 
EI, GE-and EC, may make right lines ; and 
AE has the ſame proportion to EF as HE co EI, 
and as LE ro EC: I ſay,that bere are four ſolids 
1n continual proportion according to the pro- 
portion of the ſide EA to that, which is ho- 
mologous to it, EF or DI. De. 
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| DemorFtration, 

The parallelepipedon AB has the ſame proe 
portion to El. of the ſame hight, as the baſe 
AH ro the baſe EO, (by the 32.) Bur the baſe 
AH has the ſame proportion to the baſe EO, as 
AE to EF, (by the 1.6.) In like manner, the 
proportion of the ſolid EL to the ſolid EK, is 
che ſame with that of rhe baſe EO co the baſe 
ED, z.e...that of HE co EI. And laſtly, the ſos 
lid EK as the ſame proporrion ro the ſolid 
EN, as. the hight. GE-ro the hight EC, (by the 
coroll, of the _, or (raking the line EF for their 
common hight;) -as che baſe Gl co the haſe CT, 
1,6 as GE.toEC. Bur the proportion of AE 
to EF, of HE co EI, and of GE to EC,was ſup- 
pos'd to be the fame; and. conſequently, the 
ſolid AB has the ſame proporcion to EL as EL 
to'EK, and as EK to CD, Therefore (by dey 
fin, 11, 5.) the proportion of AB to CD will be 
che triplicate proportion of rhat of AB to El., of 
of AE to its homolozous fide E F. oP 

Coroll, If four lines be in continual propore 
tion, the parallelepipedon deſcrib'd upon the 
firſt, has che ſame proportion to another ſimi- 
lar parallzlepipedon deſcrib'd upon the ſecond, 
as the firſt ro the fourth ; for the proportion of 
the firſt ro the fourth, is the triplicate propor- 
tion of that of the firli ro rhe ſecond. 

The{SE. 


*You may perceive by this propoſition that 
**hat 
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*har famous problem of rhe duplication of the 
*Cube, propos'd by the Oracle, conſiſts in find- 
10g two middle terms in continual proportion, 
For if you make-the fide of che- firſt cube the 
<irit cerm, and the double of that the fourth ; 
*having found rwo middle proportionals, the 
©cube deſcrib'd upon the firſt line will have the 
"ame proportion to that deſcrib'd upon the (e- 
*cond, as the firſt line ro the fourth, 3. #. as one 
*o two. By this propoſition alſo may. be core 
Te&ed their error, who fancy fimilar ſolids to 
*have the ſame proportion as their fides ; as if a 
*cube of one foot in length was the half of 
*cube rwo foot long ; when indeed ir is but the 
*eighch part thereof. This is likewiſe the foun- 
*dation of the Rule concerving the ſize of the 
®ores of Canons ; and is applicable not only to 
©*ullers, bur to all ſorts of ſimilar bodies, For 
*example; ſhould a man, abour to build a Na- 
©&y, 2nd reſolving to retain the ſame proportion 
*n all.his veſſels, reaſon thus wich himſelf ; If 
*2 Ship of an hundred tun require fifty foor in 
*teel, another of two hundred tuns ought to 
have an hundred foot in Keel ; he would be 
*ouilry of a great miſtake : for inſtead of mak- 
*10g a veſſel twice as large as the former, he 
*would make one eight times ſo much, He ought | 
Oo aflign to the ſecond veſſel ſomewhar leſs ! 
**han fixty three feer. | 

PROD. 
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PROPOSITION XXXIF, 


A THroOR £M 


Equal parallelepppedons have their baſes's and 
bights reciprocal, and thoſe that have their 
baſes and bigkts reciprocal are equal, 


lepipedons 

AB 1 iD be 

equal, their ba- 

fe ſes and hights 

will be recipro- 

cal, 3, e, the baſe AE will have the ſame pro- 

pa to the baſe CF, as the hight CH co the 

ishe AG, Having made CI equal to AG,draw 
the plane IK parallel co che baſe CF. 

| Demonſtration, 

The parallelepipedon AB has the ſame pro- 
portion co CK, being of the ſame highc, as che 
baſe AE to the baſe CF, (by the 32.) Bur as AB 
ro iCD 5e CD ro the ſame CK, becauſe AB 


D.2 jdk F* the paralle. 


and CD are equal; and as CD to CK, which 
have borki the ſame baſe, ſo is the hight CH to 
the highr CI, (by the coroll, of the 32. therefore 
as the baſe AE totte baſe CF, ſo is the hight 


CHro the hight CI or AG. 
l 


ms -- -. OE OE In 
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I add, that if the baſe AE has the ſame pro- 
portion to the baſe CF as the hight CH tothe 
hight AG, the ſolids AB and CD will be equal, 

Demon#tration. 

AB has the ſame proportion to CK, being 
of rhe ſame highr, as the baſe AE to the baſe 
CF, (bythe 32.) Alſo the hight CH has the 
fame proportion to the hight CI or AG, as CD 
ro CK : bur we ſuppoſe thar AE has the ſame 
proportion to CF, as CH to Cl or AG ; there- 
fore the ſolid AB has the ſame proportion to 
che ſolid CK as the ſolid CD to the ſame CK, 
and conſequently the ſolids AB and CD are e- 


ual, (by the g.5. 
IRE LEY ASE, 


©This Reciprocation of the baſes and hights 
makes the ſolid very eafie to be meaſur'd. And 
*he propoſition ſeems to bear ſome analogy to 
he 14. Prop. of th: 6. which aſſerts, Thar e- 
*quiangular and equal parallelograms have their 
*ides reciprocal ; and the 7riQice of the Rule 
*ot Three may be der:2'+:aced from both, 


The 35. Prop. my oe omitted. 
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PROPOSITION XXXVI, 


A THEOREM. 


If three lints be in continual propertion, 4 parallele- 
pipedon made of thoſe rs lines i —_ to an 
equiangular paraktle _ which has all ts 


; 
ſides equal to the middle line, 
T £ M 
/ 1209 
ll 
K Q 


WM E P ABC 
F the lines A,B,C, be in continual propor- 
cion, the parallelepipedon EF made of thoſe 
three lines, the fide Fl being equal to the line 
A, HE equal co B, and HI equal to C, is equal 
ro the equiangulat parallelepipedon KL, whoſe 
fides LM,MN, and KN, arte each of them equal 
to the line B, From the points H and N draw 
the lines HP and NQ perpendicular to the 
lanes of the baſes ; which lines will be equal, 
cauſe the ſolid angles E and K are ſuppos'd 
equal, (ſo char if rhey could penetrate, neither 
would exceed the others) and the lines m 

x an 


F 


- 
- - mr _— yn nm——_—_ 
- —_ m2" = —_—— Pd " . 
8 - Pu” roo 


7 2 
£5 Do PIE: 


"—— 
— 


—_— 
* 


w_—_ 


= = - S EPITOPE 
oy A . 
-—_ 


—— 
_— 


342 The Elements of Fuclid. 


2nd KN are alſo ſuppos'd equal, Therefore the 
hights HP and NQare equal. 
Demonſtration, 

There is the ſame propottion of AtoB, or 
of Flto LM, as of Bro C,or LM ro H!: there. 
fore the parallelogram FH contain'd under F/ 
and {H is equal the parallelogram LN con- 
tain'd under LM and MN beth equal ro B, (by 
the 16.6.) therefore the baſes are equal. Bur rhe 
highrs HP and NQ, are alſo equal ; therefore 
(by the 31.) the parallelepipedons are equal, 


PROPOSITION XXXVIIL 


A THEOREM. 


If four lines be proportional, the parallelepipedon! 
deſcrib'd upon thoſe lines are proportional: and 
if the ſimilar parallelepiptdons be proportional, 
their homologom ſides will be alſo proportional. 


A B JF rhe line A has the ſame 

ne proportion to Bas C to 

—=— —>- D, the ſimilar parallelepi- 

pedons, Whoſe homologous 

fides are the lines A, B, C,D, will be in the 
ſame proportion, 

Demonſtration. © 

The parallelepipedon A is in the triplicate 

proportion-to the parallelepipedon B, of thar 

. of 


the 
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of the line A to the line B, or that of the line 
Crothe line D. Bur the patallelepipedon C to 
the parallelepipedon D is alſo in the triplicate 
proportion of that of the line C to the line D, 
(by the 33.) Therefore the parallelepipedon A 
has the ſame proportion to the parallelepipedon 
B, as the parallelepipedon C to the pzralle- 
lepipedon D. 


i OY —_— 


PROPOSITION XXXVIV. 
A THEOREM, 


If two planes a 6a ne to each other, a per” 
pendicular drawn from 4 point in one of tht 
planes to the other will fall ' upow the common ſe- 


' en. 


B Tf, the planes ABand CD being 

D perpendicular to each other, 

\ you draiv from the point E in the 

plane AB a line perpendicular co 

the plane CD, it will fall upon 

(Y, che common ſection of the planes. 

Draiv EF perpendicular to the common ſeQion 
AG. - Demonſtration, 

.The line EF,perpendicular ro AG, the com- 
mon ſeFtion of the planes, which are ſuppos'd 
to be perpendiculax,; . will be perpendicular to 
the plave CD, (by defi, 3.) and becauſe rwo 


Iinzs 
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lines cannot be drawn from the point E pet- 
pendicular to the plane CD, (by the 13.) eve- 
ry perpendicular will fall upon the common 
ſeRion AG. 
The USE. 

©This propoſition ought to have follow'd next 
©afrer the 17th, becauſe it reſpeRs ſolids in 
*oeneral. Tis of uſe ro us in the” Treatiſe of 
©* Aſtrolabes, to prove that in the Analemma. all 
*he circles, perpendicular. ro the Meridian, 
ought to be mark by right lines. 


PROPOSITION XXXIX, 


\A THEOREM. 


If in a parallelepipedon be drawn two planes, which 
divide the oppofite fides into two equal parts, their 
common ſethion and the dvameter will alſo die 
v;de each other into two equal parts. 


CUppole'the oppolitefides 
of rhe parallelepipedon 
AB to be divided into two 
L equal parts by the planes 
CD and EF, their common 

| ſeftion GH and the diame- 
| | " rer BA will equally divide 
each other at the point O, Draw the lines BG, 
GK, AH and HL. I ſhall prove firſt, that be 
to 


N D 
G 


{SE 


E 
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two firſt of theſe, BZ and GK, (and ſo like- 
wiſe AH and HL,) make bur one right line. 
For the triangles DGB.and KMG have their 
fides DB and KM equal, becauſe they are the 
halves of equal fides ; as alio GD and CM, Fur- 
ther, DB and KM being parallel, the alternate 
angles BDG and GMK will be equal, (6y the 
29.t.) and therefore (by the 4. 1.) the trian- 
gles DBG and KGM will be equal in all re- 
ſpe&s, and conſequently the angles BD and 
KGM ; and | by the coroll,. of the 15, 1.] BG 
and GK make bur one right line, as alſo LH 
and HA : therefore ALBK is one plane, in 
which are found borh the diameter AB, and rhe 
common ſeRion of the planes GH. T he plane 
ALBK cucring the parallel planes AN and CD, 
their 'common ſe&ions GH and AK will be 
parallel : and {by the 2.6.] BG will have the 
ſame proportion to GK, as BO ro OA ; and 
therefore |by the 18. 5.] as BK ro GK, fo BA 
roBO ; and [bythe 4.6.] ſo GH or AK to 
OG. Bur BK 1s double ro BG, therefore BA is 
double to BO and AK, equal ro GH, double 
ro GO. Therefore the lines GH and AB di- 
vide each other equally at the point O. 

Coroll, 1, All the diameters are divided ar 
the point O, 

Coroll, 2, Here we may aade ſome CorolR- 
laries, which depend upon divers proj ohtions, 
As for example, that triangular priſms of the 
ſame 


346 The Elements of Euclid. 


ſame hight are in the ſame . proportion as their 
baſes : for che. parallelepipedons, of which 
they ate the halves, are [by the 32.] in the ſame 
proportion as their baſes : therefore che halves 
of their baſes, and the halves of the paralle- 
lepipedons, 5. e. the priſms, will be 1n the (ame 
proportion. _ + 

Coroll, 3. Polygon priſms of the ſsme hight 
are alſo in the ſame proportion as their baſes, 
becauſe they may be reſolv'd -into' rriangular 
nes, each of which will have the ſame propot- 
tion as their baſes. 

Coroll. 4. The reſt of the propoſitions con- 
cerning paral lelepipedons are alſo applicable to 
priſms: as for example, that equal priſms have 
their hights and baſes reciprocal 3 and that (i- 
milar priſms are ip the triplicate proportion 


of that of their homologous fades, 


The USE. 


©This propoſition may help us to find out rhe 
©*center of Gravity in parallelepipedons z and to 
<Jemonlirate ſome other, propoſitions in the 
©hirteenth and fourteenth books of Exclid, 


PROP. 
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PROPOSITION XL. 


A THrEokRen. 


A Priſm, that has a parallelogram for its baſe 
donble to the triangular baſe of another priſm, 
and of the ſame hight, 1s equal to it, 


Er ABE and CDG be two triangularpriſms, 

of the ſame hight; and the baſe of one 

tte parallelogram AE; double to the triangle 
FGC, the baſe of the other priſm : I ſay theſe 
priſms are equal, Suppoſe the parallelepipe- 
dons AH and GI were completed. 


NN 
= 


G — : A. 


Fl 


Demonſtration. 


Tis ſuppos'd, that the baſe AE is double to 
the eriangle FGC, bur the parallelogram GK 
is double to the ſame triangle, [by the 34. 1.) 
therefore the parallelograms AE and GK are 


equa) ; | 
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equal ; and conſequently, the parallelepipedons 
AH and Gl, having the ſame baſes and the ſame 
hights, are equal ; and cherefore the priſms. 
that are the halves, [by the 26.] will be like. 
wiſe equal. ' 
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THE TWELFTH BOOK 
OF THE 


ELEMENTS 


4, afcec having in the preceding books 
{£4 deliver'd the general principles of ſolid 
bodies, and explain'd che manner of 
meaſuring the moſt regular of them, char is, 
ach as are terminated by plain ſuperficies's ; 
*creats in this of fuch bodies as are contain'd in 
*(uperficies's that are crooked, as the Cylinder, 
*Cone, and Sphere : comparing one with the 
*orher, and giving rules, relating boch to their 
*folidiry, and the manner of raking their dimen- 
ons. The book is of exceeding great uſe, be- 
cauſe in it we find the principles upon which 
the molt learned Mathematicians have built ſo 
*many famous demonſtrations concerning the 

Cylinder, the Cone, and the Sphere. 
Yy PROP. 
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PROPOSITION I.:: 


A THYzonrPu, 
Similar polygons, inſerib'd in circles, are' in the 
ſame proportion as the [quares of the diameter: 
of the ſame C:reles, 


» F che polygons 
[ ABOPE nnd 
: & | »* Its 
ſciib'd in cir- 
4 cles, be ſimilar, 
T7 H they will be in 
the ſame propor- 


tion as the ſquares of the diamerers AM, FN, 
Draw the lines BM,GN,AC, and FH. 
Demonſtration, 
Tis laps < chat the polygons are Gmilar, 


that is to (ay, that the angles B and G are e- 
qual, and that AB has the ſame proportion to 
BC as FG to GH: from whence 1 infer, [by the 
6.6.] that the-criangles ABC and FGH are e- 
quiangular, arid that the angles ACB and FHG 
are equal : ſo that likewiſe | by the 21.3.} the 
angles AMB and FNG are equal. Bur the a- 
les ABM and FGN, being in a ſemicircle, are 
righe angles, [by the 31.3.] and conſequently, 
the criangles ABM and FON are equiangular, 

There 
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Therefore [by the 4. 6.] AB has the ſame pro- 
portion to FG, as AM to FN : and [by the 22, 
6.] if rwo ſimilar polygons be defcrit?d upon 
AB and FG,as thoſe that are propog'd ; and two 
other fimilar polygons upon AM and FN,which 
ſhall be wo ſquares ; the polygon ABCDZ 
will have the ſame proportion to the polygon 
—_— » as the ſquare of AM to the ſquare 
of FN. 

*This propoſition is neceſſary to deir.onfirate 
*<rhat which follows, 


L—— 


LEMMA. 


If a certain quantity be leſs than a circle, a regular 
polygon may be inſcrib'd ip the ſame circle 
greater than that quantity, 


uppoſe.the 
figure A 

*to be leſs 
than rhe cir- 
(cle B; are- 
*gular poly- 
©0n May be 
Taſcrit?d wn 
*the ſame circle, which ſhall be greater than the 
oure A. Let the figure G be the difference 
HGerwecn the figure A and the circle, ſorhar the 
fioures 


OOO 
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*gures A and G taken together, may be equal 
ro the circle B. 1nſcribe' in the circle B the 
*\quare CDEF, [by the 6, 4.] and if the: ſquare 
*e greater than the figure A, we ſhall have 
*whar we wanted. Ifyr be-leſs, divide the four 
©quarters of the circle*CD, DE, EF; and FC, 
*each into rwo equal parts at the points H, I,K, 
*L, that ſo you may have an oRogon. But if 
"the oRogon be ill leſs chan che figure A, 
*{udivide ts archs, and you will have a polygon 
©of ſixteen ſlides, afrerwards of thirty two, and 
*hen of fixty four, I ſay,at length you will have 
*2 polygon greater than the figure. A, 7.e, a po- 
*lygcn whoſe difference- from the circle 1s leſs 
*han that of the figure A, that is, leſs than the 
*fgure G, Demonſtration, 

The inſcrid's ſquare is-more than half of the 
Ecircle, being half of the ſquare defcrib'd about 
*he circle ;* and in deſcribing che oogon you 
*take more than half of the Remainder, z.e. of 
*he four ſegments CHD, DIE,EKF,and CLF, 
'For the triangle CHD is the half of the rec- 
*angle CO, [by the 34.1.) therefore 1t 1s more 
*©han balfof the ſegment CHD ; and the ſame 
*may be ſaid of all the other arches, In like 
*nanner, in deſcribing the polygon of fixreen 
hides, you rake more than half of what was left 
©of the circle ; and ſoin all the others, There- 
*fore you will leave ar laſt a Teſs quantity than 


*G. For tis evident, chat evo unequal quanti- 
Lies 


pL . 
A £© -- 


«a © 
4 
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"ties being propos'd, if you rake away more 
*han half of che greater, and afterwards more 
"than half of what remains, and again more chan 
*balf of whar is tI1 lefr behind ; ar lengrh char 
*which remains will be leis than the ſecond 
*quantity. - Suppoſe the ſecond quanticy to be 
*contain'd in the firlt an hundred times : ris 
*evident,char dividing the firſt inco an hundred 
©arts, in ſuch ſort, thar the firſt part may have 
*2 greater proportion to the ſecond than two to 
cone; the laſt will be leſs chan the hundredrh 
*part: fo that at laſt you will obtain a polygon, 
*which will be leſs exceeded by the circle,than 
*he circle exceeds the figure A; that is to ſay, 
**hat what will remain of the circle, when the 
polygon is caken away, Will be leſs than G. 
Therefore the polygon will be greater than the 
*houre A. 


PROPOSITION IL 


A THEOREM. 
Circles are in the ſame proportion as the ſquares 
of their diameters. 


Prove,thar 
\ & the circles 
EA A and B are 


in the ſame 
proportion,as 


the 


# 
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the ſquares of CD and EF. Suppoſe the figure 
G to have the ſame proportion to the circle B, 
as the ſquare of CD to the ſquare of EF : if the 
figure G be leſs than the circle A, [by the pre- 
ceding Lemma,] a regular polygon may be in- 
Ccrib'd in the circle A greater than G, Ler a fi- 
mular regular polygon be alſo 1nſcrib'd 1n rhe 
ciicle B, 
Demonſtration, 

The polygon of the circle A will have the 
{ame proportion to the polygon of B, as the 
ſquare of CD to the ſquare of EF, :, e. the ſame 
as Gro the circle B; bur the quantity G is 
leſs than the polygon inſcrib'd in A: accord- 
ingly therefore [by the 14. 5.] the circle B muſt 
be leſs chan the polygon inſcrib'd in it, which is 
manifeſtly falſe, It muſt therefore be granted 
char the figure G, being leſs than the circle A, 
cannot have the ſame proportion to the circle 
B, as the ſquare of CD to the ſquare of EF ; and 
conſequently, that the circle A cannot have a 
oreater proportion to the circle B, than the 
ſquare of CD to the ſquare of EF: Nor can it be 
ſaid ro have a leſs; for then the circle B would 
have a greater proportion to the circle A, and 
the ſame demonliration would be applicable to 
It. 

Coroll, r. Circles are in the duplicate pro- 
portion of thar of their diameters ; becauſe the 
ſquares being ſimilar figures, are inthe dupli- 

cate 
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cate proportion of - that. of their ſides, [by the 
20.6.] 

Corel. 2. Circles are in the ſame proportion 
- che Gimilar polygons, chat are inſcrid'd in 
chem, 

Coyoll, 3. This ought to be well obſerv'd as 
a general rule : When ſimilar figures, being in- 
ſcrib'd in others, ſo chat they may approach ſtil 
nearer and nearer to them, and at laſt degene- 
rate into the figures rhemſelves, are in the ſame 
proportion ; the figures that contain them are 
alſo in the ſame proportion. What I would 
ſay is this; Thar fimilar regular polygons, 1n- 
ſcrib'd in divers circles, are always in the ſame 
pa as the ſquares of the diamerers ; and 

eing made of more (des, ſo a8 to approach ill 
nearer and nearer to the circles, they ill retain 
the ſame proportion ; and the circles them- 
ſelves are in the ſame proportion as the ſquares 
of their diameters, This manner of meaſuring 
round bodies, by inſcribing in chem others, is 
of great uſe, 

| The US E, 

©This being a very general Propoſition, en« 
*ables us to argue about circles in the ſame man- 
*ner as we do of ſquares, For example, we ſay 
*inthe 47.1.) That in a reQangle triangle che 
*{quare of rhe baſe alone is equal to the ſquares 
*of both the ſides taken togerher. We may ſay 
*the ſame of circles, 35, e, That the _ = 
cli 
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*\crib'd upon the baſe of a reQangle triangle, is 
*<qual co che circles, whoſe diameters fre the 
*hdes. And inthe ſame manner may we aug- 
*menc or diminiſh circles, according to what 
Proportion we pleaſe. We prove allo by it in 
*Opricks, tbar the light decreaſes in the dupli- 
*cate proportion of that of the diſtances of the 
*Iucid bodies. 


mms 


PROPOSITION IIL 


A THEOREM. 


Every Pyr amid, whoſe baſe ts triangular, may be 
divided imo two equal priſms, ich ders up 
more than half of the pyramid ; and into two 
equal pramias. 


N the pyramid ABCD 
may be found two equal 
priſms, EBFI , and EHKC, 
which will be greater than 
half the pyramid. Divide the 
fix fides of the pyramid e- 
qually at the points G,F,E,1, 
H,K, and draw the lines EG, 
GE, FE, EI, HI, FH, IK, and EK. 
| Demonſtration, 
In the triavgle ABD, AG has the ſame pro- 


portion ro GB as AF to FD, becauſe AB — 
A 
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AD are equally divided in G, and F ; there- 
fore [ by the 2.6.] GP and BD are parallels ; and 
GF will be the half of BD, z. e. equal coBH. 
In like manner, GE and BI, FE and HI, will 
be parallels, and equal : and [by the 15,11,] the 
planes GFE and BHI will be paralle}, and con- 
ſequently EBFI will be a priſm. The ſame 
may be ſaid of the figure HEKF, which will be 
alſo. a. priſm equal co the: other, [by thego. x1.) 
the parallelogram baſe HIKD being double rhe 
criangular BHI, [by the 41.1.] 

Secondly, I ſay, the pyramids AEFG, and 
ECKI], are ſimilar and equal. 

« Demonſtration, 

The triangles AFG and FDH are equal, [by 
the 8.1.) as alſo FDH and EIK ; and likewiſe 
AGE; and FIC, and ſo of all the other crian- 
ples of the pyramids: therefore the pyramids 
are equal, (by defin.10.11.) They are alſo fimi- 
lar to the great pyramid ABDC : for the cri- 
angles'AGE and ECI are ſimilar, (by the 2.6.) 
the lines GE and B(; being parallels ; and the 
like may be demonſirated of all the other eri- 
angles of the lefler pyramids. 

Laſtly, I ſay the priſms are more than half of 
the firſt pyramid, - For if each was equal ro one 
of the leſſer pyramids, both would be equal to 
the half of the greater pyramid. Bur they are 
each of them grexer than one of thoſe pyra- 


mids ; as the priſm GHE contains the pyramid 
L 7 GBRHI 
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GBHI!, and ſomeywhar more ; and that pyramid 
is equal and fimilar to. rhe others, having all 
their eriangles equal and limilar to thoſe of the 
pyramid AGFE, as may be eafily prov'd by the 
paralleliſm of their fides : from whence infer, 
chat the ewo priſms taken _—_ are greater 
than the two pyramids, . and canſequenrly 
greater than half of the-greit pyramid, 


W— 
—_ 


PROPOSITION IV. 


A TuHREOREM, 


If two triangular ppramads of the ſame hight be 
divided into two priſms and two pyramids, and 
the latter ppramids ſubdivided after the ſame 
warner ; all the priſms of one pyramid will have 
the ſame proportion to all thoſe of the: athor, a, 
the baſe of one pyramid to the baſe of the ather. 


FF the two pyra- 


D A. 
N * mids ABCD, 
S © ; DEFG, of the ſame 
0 D highe, and baving 
h triangular baſes, be 
E Ns V - dvided into evo 


priſms and two py- 

ramids, according to the method laid down in 
the third propoſition ; and the to leſſer pyra- 
mids be ſubdivided after the ſame manner, and 
ſo 
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ſoinorder, that, having made as many diviſions 

of one as of the other , you have rhe ſame 

pumber of priſms in both ; I Cay, thar all the 

priſms of one will have the ſame proportion to 

all the priſms of che other, as their baſes, 
Demonſtration, 

The pyramids being of the ſame hight, the 
priſms, produc'd by the firſt divifion, will have 
alſo the ſame hight, becauſe they have each the 
half of that of their pyfamids. Bur priſms of 
the ſame highr are in che ſame proportion as 
their baſes, (by the coroll. of the 39.11.) The 
baſes BTV and EPX are fmilar co the baſes 
BDC and EGF ; and having for their ſides the 
half of thoſe great baſes, they can make bur the 
fourth part of them , bur they are in the ſame 
proporcion as the great baſes are ; therefore the 
ficſt priſms will have the ſame proportion as the 
oreat baſes, After the ſame manner 1 may prove 
that the priſms produc'd by the ſecond diviſion, 
:.e. the leſſer pyramids, will be in the fan.e 
proportion as the baſes of thoſe lefler pyramids, 
which are in the ſame proportion as the gre:t 
baſes. Therefore all che priſms of one have the 
ſame proportion to all the priſms of the other, 
as the baſe to the baſe, 

The USE, 

©Theſe two propoſitions are neceflary to 
© -ompare pyramids together, and to rake their 
*dimenhons, 

PROP. 
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PROPOSITION V. 


\ A THEORE M. 


Triangular pyramids of the ſame hight are im the 
ſame proportion as their baſes. 


" = pyramids ABCD 
| and EFGH are in the 
ſame proportion as their ba- 

D ſes. For if they were nor, 

B EF HK oneof them, e. g. ABCD, 
wm: would have a greater pro- 
portion to the pyramid EFGH, than the baſe 
BCD co the baſe FGH ; ſo 'that a quancity leſs 
than ABCD would have the ſame proportion to 
the pyramid EFGH, as the baſe BCD to the 
baſe FGH. Divide the pyramid ABCD after 
the manner of the third propoſition ; divide 
alſo the pyramids, thar reſult from that fir@di- 
viſion, inro two priſms and two pyramids, and 
thoſe again into two other priſms, continuing 
the diviſion as long as there ſhall be occaſion, 
Since the priſms of the firſt diviſion are more 
than che half of che pyramid AF CD, (by the 3.) 
and the priſms of che ſecond diviſion more than 
half the remainder, 7, e. of che two leſſet pyra- 
mids, and thoſe of the third divifion ill more 
than the half of whar is left ; it is evident, that 
| ſo 


ET nr = FF =. 
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ſo many diviſions may be made, that that which 
remains ſhall be leſs than the exceſs of che py» 
ramid ABCD above the quantity L, that is, 
that all the priſms rcaken together (hall be 
oreater than the quantity L, Make as many 
diviſions of the pyramid EFGH, fo that you 
may have as many priſms as there are in AB 
CD. Demonſtration. 

The priſms of At CD have che ſame propor- 
tion to the priſms of EFCH, as the baſe BCD 
ro the baſe FGH : bur the proportion of che 
baſe BCD to the baſe FGH is the ſame with 
char of the quanticy L to the pyramid EFGH : 
therefore the priſms of ABCD have the ſame 
proportion to the priſms of EFGH, as the 
quantiry L ro the pyramid EFGH, Eut alſo the 
priſms of ABCD are greater than rhe quantity 
L: therefore (by the.14. 5.) the vriſms con- 
tain'd in the pyramid EFGH would be greater 
thanthe ſame pyramid EFCH, which 1s evi- 
dently falſe, becauſe the part cannot be greater 
than the whole. Therefore it muſt be granted, 
that no quantity leſs than one of the y yramids 
can have the ſame proportion to the other as 
the baſe to the baſe, and conſequently neither 
of the pyramids can have a greater proportion 
to the other than the baſe to the baſe, 


FROP 


362 The Elements of Euclid. 


PROPOSITION VI. 


A THEoRE nm 
All forts y, pyramids, of the ſame hight, have the 


ſame proportion as. their baſes, 


HE pyramids ABC 
and DEFG, of the 
ſame hight, are in the 
{ame proportion as the 
baſes BC and EFG. Di. 


vide the baſes into triangles. 
Demonſtration. 

The triangular pyramids AB and DE, being 
of rae ſame biohr, are in the ſame proportion 2s 
their baſes, ( by the 5.) So alſo the triangular 
p;ramids AC and DF arein the ſame-proportion 
as their baſes, Therefore the pyramid ABC 
has the ſame proportion to the pyramid DEF, 
as the baſe BC to the baſe EF, (by the 12.5, ) 
Further, ſince the pyramid DEF has the ſame 
proportion to the pyramid AUC, as the baſe EF 
tothe baſe BC ; and again, the pyramid DG has 
the ſame proportion to che pyramid ABC, as 
the baſe G to the baſe BC; the pyramid 
DEFG will alſo have the ſame propnreion to 

ri + ABC, as the baſe EtG to the 
: BC, PROP. 
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PROPOSITION VIL 


A TuereoOREM. 


Every pyramid is the third part of 4 priſm , bei 
wpon the (ame baſe, and of the ſame hight, by 


A Qypoſe firſt the rriangu= 

lar priſm AB be pro. 

C pos'd: I fay, a pyramid, 

_ having one of the triangles 

F ----E ACE or BDF for its baſe, 

and being of che ſame high, as the pyramid 

ACEF, will be the third part of the priſm, 

Draw the three diagonals AF, DC, FC, of the 
chree parallelograms. 

bw Demonſtration, 

The priſm 1s divided into three equal pyta- 
mids, ACFE, ACFD, and CFBD; therefore 
each will be the third part of rhe priſm, The 
two firſt, having for their baſes the triangles 
AEF and AFD, which (by the 34.1.) are cqual, 
and for their hight the perpendicular drawn 
from the top C to the plane of their baſes AF, 
will be-equal, (by the preceding,) The pyra- 
mids ACFD; and CFBD, which for their 'baſes 
have the equal triangles ADC and DCB, -and 
the ſame top F, will be alſo equal, (by the pre- 
teding.) Therefore one of rhoſe pyramids, > 1 
AFCE, 
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AFCE, having the ſame baſe BOF with the 
priſm, and the ſame hight, which is che perpen- 
dicular drawn from the point F to the plane of 
the baſe ACE, is che third part of the ſame 
priſm. If che priſin be a polygon, it muſt be 
divided into divers triangular priſms ; and the 
pyramid, which has the ſame baſe, and the ſame 
hight, will be alſo divided into as many trian- 
gular pyramids ; each of which will be the 
third part of its priſm. Therefore (by the 12. 
5«) che polygon pyramid will be the third part 
of the polygon-priſm. 


PROPOSITION VII, 


A TnEoRE mw. 
Similar pyramids are in the triplicate proportion 


of that of thery homologous ſides, 


E the pyramids be triangular, compleat the 
priſms, which will be alſo ſimilar, becauſe 
they will have certain planes the ſame with 
thoſe of the pyramids. Buc the fimilar priſms 
are in the triplicate proportion of their homo» 
logous lides, | by Corol,4.of the 39.11.] therefore 
the pyramids, which [by the preceding] are the 
third parts of the priſms, will be in che cripli- 
cate proportion of that their homologous ſides, 
If the pyramids be polygons, they mult be re- 

duc*l ro triangular pyramids, 
| PROD. 
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PROPOSITION IX, 


A THEOREM. 


Equal pyramids have the hights and baſes recipro” 
cal, and thoſe that have their hights and baſe* 


reciprocal, are equal. 


[ F-xrwo equal triangular pyramids be ptopos'd, 
& make priſms upon the ſame baſe, and of the 
ſame hight. Since every priſm 'is triple his py- 
ramid,.(by the 7.) they will alſo be equal;' But 
equy] priſms have their baſes and hights reci. 
procal, (by Coroll. 4.of the 39.11.) therefore the 
baſes and hights of-.ch& pyramids, which are 
the ſame wich thoſe of the priſms, w1ll be alſo 
reciprocal RS YCFS OE 

Secondly, if che baſes and hights of the py* 
ramids be reciprocal, che priſms will be equal, 
as alſo the pyramids, which are the third parts 
of the priſms. | 

If the pyramids propos'd be polygons, they 
muſt be 'reduc'd to-triangular pyramids, 

Coroll. Ocher propoſitions may be made con« 
cerning pyramids : as for example; Thar py, 


'ramids of the ſame hight, are in the ſame pro- 


portion as their baſes ; and thoſe that have the 
ſame baſes, are in the ſame proportion as their 


hights. 
A a 2 The 


- 


>  ——— 
: — — - 


366 The Elements of Euclid. 


The USE, 

From theſe propofitions is drawn the .man- 
*ner of meaſuring pyramids, which is, by mul- 
"(iplying their baſes by the third part of their 
tights. Other propohitions may alſo be made, 
*2s, That 1f a priſm be equal to a pyramid, the 
baſes and the hight of che. priſm, with the third 
*oarc of che highc of the pyramid, will be reci- 
erocal 3 which 1s as much as toſay, that if the 
©baſe of the pyramid has the ſame proporrion to 
©the baſe of che priſm, as the highr of the priſm 
©o the third = of the hight of the pyramid, 
©he priſm and the pyramid will be equal. 


A LEMMA, 


If a quantity leſs than a Cylinder be propes'd, a 
polygon priſm may be inſcrib'd in the Cylinder 
greater than that quantity, | 


TF che quantity 

A be leſs than 
*the cylinder , 
*whoſe baſe is 
he circle B, a 
*polygon priſm 
© may be in- 
ſcrib'd in the 
*cylinder greater than the quantity A. The 
ſquare 
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*(quare CDEF inſcrib'd in, and GHIK circur- 
*(crib'd abour, the circle. CLOMENFO is an 
*oRogon inſcrib'd, Draw the tangent PLQ: and 
*(uppoſe you had ſo many priſms as there are 
*polygon baſes, and all of the ſame hight with 
*he cylinder. 1 hat which has the circymſcrib'd 
*\quare for its baſe, will encompaſs che cylin- 
*der; and thar whoſe baſe is the inſcrib'd ſquare, 
*will be alſo inſcrib'd in the cylinder. 
Demonſtr. Priſms of 'the ſame hight are in 
*the (ame proportion as their baſes, (by coroll, 3, 
*of the 39.18.) and the inſcrib'd ſquare being 
*he half of that which is circumſcrib'd, its 
riſm will be the half of the ocher, and there- 
*fore more than the half of the cylinder. And 
© making the priſm with the oogon baſe, you 
rake away more than half of what remain'd of 
*he cylinder, after the priſm of the inſcrib'd 
©\quare was taken from it , becauſe the trian- 
ole CLD is the half of the refangle CQ. And 
*becauſe priſms of the ſame hight are in the 
*fame proportion as their baſes, the priſm,whoſe 
aſe is the triangle CLD, will be che half of 
*the priſm, which for its baſe has che re&angle 
DCPQ: it will therefore be more than the 
thalf of thar part of the cylinder, whoſe baſe 1s 
*the ſegment DLC. The fame may be ſaid of 
©:11 rhe other.ſegrgents. Afterthe ſame manner 
© may demonlirare, that making a polygon 
©riſm of lixreen ſides, I rake away more than 


half 
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*half of what remains of the cylinder, . after the 
©<Kogon priſm is taken from it : ſo that there 
«will remain art laſt a pare of the cylinder, leſs 
than the exceſs of.the cylinder above the quan- 
«tity A. We ſhall have therefore a priſm in- 
«\cr1b'd in the cylinder, which ſhall be leſs ex- 
«ceeded by the cylinder than the quantity A, 
ce, which ſhall be greater than the quantity A, 
The ſame way of arguing will hold of the py- 
cramids inſcrib'd in a cone. : 


PROPOSITION X, 


A TnrroRrtMm. 


A Cone ts the third part of a path having the 
ſame baſe, and being of the ſame hight. 


_ 


_ 


S—> JF a coneand a cylinder have 

= dz [ the citcle A for their baſe, 

and be of the ſame hight, the 

cylinder- will be triple the 

cone. For if the proportion of 

the cylinder ro the cone was 

greater than the triple propor- 

tion, the quanticy B lefs than che cylinder 
would have the ſame proportion to'tbe cone as 
chree to one: and (by the preceding Lemma) a 
polycon priſm may be inſcrib'd 'in che cylinder 
oreater than the quantity, B, Suppoſe that which 
has for its baſe the polygon CDEFGH- to be 
ſuch an one. Make alſo upon the ſame baſe a 
pyramid inſctib'd in the cone. De. 
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Demonſir. The cylinder, the cone;thepriſm, 
and the pyramid, are of the ſaine hight ; thece- 
fore the priſin is che criple of the pyramid, (by 


- the 7,) But the quanticy B is alſo the criple of 


the cone ; therefore the priſm has the ſame pro- 
portion to the pyramid, as the quantity B ro the 
cone: and- (by the 14.5.) the priſm being 
oreater thon the quantity B, the pyramid 
would be greater than the cone, in which it 1s 
inſcrib'd, which is impoſſible. 

Bur if ic be ſaid, rhat the cone has a greater 
proportion tothe cylinder than one to three, 
the ſame method may be made uſe of co demon- 
ſtrate the contrary. 


PROPOSITION KI. 
A T HEOREM- 


Cylinders and cones of the ſame hight are inthe 
ſame proportion as their baſes, 
ET to 


cones , 


= 


% 
%g * I 
% \ / pe 


[/ 
(KB Hy f—T j of to «y- 
Wo //} | L | ! linders, of 
&©z |__ the ſame 
hight , Is 
propos'd, having for their baſes the 'circles A 
and B ; I ſay, they are in the ſame proportion 
as their baſes. For if not, one of them, e. g. the 
cylinder A would have a greater proportion (0 


[ac 
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the cylinder B, than the baſe A has to the baſe 
B ; ſuppoſe then char the quantiry L, leſs than 
the cylinder A, has the ſame proportion to the 
cylinder B, as the baſe A to the baſe B. There- 
fore a polygon priſm may be inſcrib'd in the 
cylinder A, which ſhall be greater than the 
quantity L, Suppoſe ir that therefore, whoſe 
baſe 1s the polygon CDEF ; and inſcribe 'a <- 
milar polygon GHIK in the baſe B,which is alfo 
the baſe of a cylinder of the ſame hight. 

Demorſtr, The priſms of A and B are in the 
ſame proportion as their polygon baſes, (by co- 
roll, 4. of the 39.11.) and the polygons are in 
the ſame proportion as the circles, (by coroll, 2. 
of the 2.) therefore the priſm A has the ſame 
proportion to the priſm B, as the circle A to 
rhe circle P, But as the circle A to the circle 
B, fo ts the quantity L tothe cylinder B: there» 
foreas the priſm A tothe priſm B, ſo is the 
quantity L co the cylinder B. But the priſm A 
15 greater than the quantity L, and conſequent- 
ly [by the 14.5.] the priſm B, inſcrib'd in the 
cyl:nder B, would be greater than its cylinder, 
which is impoſſible. Therefore neither of the 
cylin:iers has 2 greater proportion to the orher, 
than its baſe to the other's baſe. 

Coroll. Cylinders are triple the cones, of the 
ſame highr , therefore cones of the ſame 
bighr are in the ſame proportion as their baſes. 

PROP, 
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PROPOSITION XIL 
A Trurtokem 


Cylinders and cones, that are ſimilar, are in the 
triplicate proportion of that of the diamers of 
therr baſes, 


D I T two 


—— L t 
pi: cones Or 
G | B wo cylinders , 
a 5 WW * that are hmilar, 


HS —SSRTPE be propos'd , 
having the cir+ 
cles A and B for their baſes; I ſay, that the 
proportion of the cylinder A to the cylinder B 
1s the triplicate proportion of chat of the dia. 
merer DC to the diameter EF, For if it be not 
the rtiplicate proportion ; let the quantity G, 
leſs rhan the cylinder A, be, to the cylinder B, 
in the triplicate proportion of that of the dia- 
merer DC tothe diamerer EF; and 1nicribe a 
priſm in the cylinder A greater than G, and an- 
other ſimilar co ir in the cylinder B : they will 
be of the ſame Light with the cylinder, becauſe 
ſimilar cylinders have cheir hightrs and the di- 
amerers of their baſes proportional, as we!l as 
priſms, (by defin.22.11.) 
Demorſir. The diamerer DC has the ſame 
proportion to the diameter EF 2s the fide D! 
ro the ſide EL, or as DC ro EF. a: / have ow: 
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zn the fit, Bur Gmilar priſms are in the tri. 
plicate proportion of that of their homologous 
tides, (by coroll. 4. of 39.11.) therefore the priſm 
Arto the priſm B 1s in the triplicate proportion 
of that of DG to EF. Bur we ſuppos'd chat the 
quantity. G 1n reſpeR of the cylinder B was in 
che triplicate proportion of that of DC to EF ; 
therefore the priſm A will have the ſame pro- 
portion to the priſm B as the quantity G ro the 
cylinder B z and (by the 14. 5+) the priſm A be- 
ing ereater than the quantity G , the priſm B, 
mſcrib'd in the cylinder B, will be greater than 
the cylinder B, which is impoſſible, "There. 
fore himilar cylinders are in the triplicate pro- 
portion of chart of rhe diamerers of rheir baſes. 

Cones are the third parts of Cylinders, | by the 
ro. ] therefore hmilar cones are in the triplicate 
proportion of that of the diameters of thei: baſes, 


PROPOSI I ION XIIL 
A T HEORE M, 


If a cylinder be cut by a plane, that 15 parallgl to 
to its baſe, the parts of ts axis will be in the ſame 
proportion as the parts of the cylinder, 


2. T ET the cylinder AB be cut by 
yd the viane DC parallel to its 
: Y baſe : 1 ſay, the cylinder AF will 
+/<|” have the C:me proportion to the cy- 
=> © lipdet FB, as the line AF to = 

ine 


A ———— 


us 
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line FB. Draw the line BG perpendicular co 
the plane of the baſe A. Draw alſo upon the 
planes of the circles DC and A the lines FE 
and AG, Demonſtration, 

The plane of the criaygle BAG cuts the pa- 
rallel planes A and DC ; therefore the ſe&ions 
FE and AG are parallel, (by the 16.11.) So that 
AF has the ſame proportion to FF, as the hight 
GE co EB, Take any aliquot part of EB ; and 
having divided GE and EB into parts equal to 
it, draw ſo many planes parallel ro the baſe A ; 
then will you have ſo many cylinders of theſame 
hight ; which, having their baſes and hights 
equal, will be equal, (by the 11.) 

Further, the lines AF and FB will be divided 
afcer the ſame manner as EG and EB, [by the 
17.11.] ſo that the line AF will as oft contain 
any aliquot part of the line FB, as the cylinder 
AF contains the like aliquot part of rhe cylin- 
der FB ; therefore the parts of the cylinder 
will be in the ſame proportion as the parts of 
rheir axis, 

Coroll, The parts of the perpendicular are in 
the ſame proportion as the parts of the cylinder. 


Bbb PROP 


374 The Elements of Fuclid. 


PROPOSITION XIV. 
A THEOREM. 

Cylinders and cones, having the ſame baſes, are i» 
the ſame proportion as their hights, 


I 


D id | WO cylinders of eguz! 
Þ baſes being propoy'd, as 
Ar: and CD, cut in the greater 
a cylinder of the ſame hight with 
A 


che leſs, drawing a plane EF pa- 
rallel co ics baſe. Tis evident [by the 11.) that 
the cylinders CF and AB are equal ; and that 
CF has the ſame proportion to CD, as GI to 
GH , or |by the Coroll, of the preceding} as the 
hight of CF to the hight of CD ; therefore AB 
has the ſame proportion to CD, as the hight of 
CF or: AB to the hight of GD. 
Cones, being the third parts of cylinders, if 
their baſes be equal, will be alſo in the ſam 
proportion as their hights, 


PROPOSITION XV. 
" A THrEeoren. 
Cylinders and cones that are equal, have their ba- 
ſes and hights reciprocal : and thoſe, that have 
their baſes and hig hts reciprocal, are equal. 


AC E the cylinders AB and CD 
>. 


be equal, the baſe B wili 
JA have the ſame proportion to 
the baſe D, as the hight CD 


= co 
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tothe hight AB, Take the hight DE equal to 
che hight AB, 

Demoyfir, The cylinder AB has the ſame pro- 
portion to the cylinder DE, of the ſame hight, 
as the baſe B co the baſe D, [by the 11.) Bur as 
the cylinder AB is to the Cylinder DE, ſo is 
che cylinder CD, equal co AB, to the cylinder 
DE ; 5,e. ſois the hight CD to the hight AB 
or DE. Therefore as the baſe B to the baſe D, 
ſo is the hight CD to the hight AB. 

Secondly, if the baſe ' B has the ſame propor- 
tion to the baſe D,as the hight CD to the highr 
AB, the cylinders AB and CD will be equal, 
For the cylinder AB is in the ſame proportion 
ro the the cylinder DE,as the baſe B to the baſe 
D: and the cylinder CD will have the ſame 
proportionto DE, as the hight C D to the hight 
DE : therefore AB has the ſame proportion to 
DE, as CD co DE | and [by the 9.5.] the cy- 
linders AB and CD will be equal. 

*The 16. and 17. Propofitions are very dif- 
©ficulr. and of no other uſe bur to prove the 18, 
**which may more eaſily be doae by the follow- 
ing Lemma's, 


LEMMA }. 


If a quantity be propes'd leſs than a ſphere, cyl:n- 
þ Ws fans hight may be inſcriv'd in the 
ſame ſphere greater than that quant:ty, 


SUP = 
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__/\ ©C Uppoſe A 
SH BC to be 


*7 oreat. ſemi- 
? *ircle of the 
} 7 AN TI *(ohere,where- 

of we treat , 
*and the quantity D to be the quantity leſs 
*han that ſphere : I ay, ſeveral cylinders of 
* he ſame highr may be 1oſcrib'd in the ſphere, 
*which taken together will be greater than the 
*quantity D. For if the ſemi-ſphere exceed the 
*quantity D, ir will exceed ir by ſome magni- 
*ude ; ler it then be the cylinder MP, fo that 
*The quantities D and MP raken together may 
tbe equal to the ſemi-ſphere. Make a great cir- 
©le of the ſphere to have the ſame proportion 
*to the baſe MO, as the'hight MNN-to the hight 
*R; Then divide the:line EB inrs as many e- 
*qua] parts as you pleaſe, each being leſs chan 
*R: and drawing parkllets to the line AG, de- 
*{cribe rhe inſcrib'd and .ctreumfcrib'd paralle- 
©lograms, The number of the circumſcrib'd 
*w1ll exceed that of the inſcrib'd by one. Bur all 
*the reRangles circumſcrib'd will ſurpaſs all che 
*inſcrid'd by the little reRangles through 
*which the circumference of the circle paſſes ; 
*all which taken together are equal to the re» 
*angle Al.. I imagine then the ſemicircle to 
tbe turn'd about upon the diameter EB ; the ſe- 
*micircle will by that motion deſcribe a ſemi- 
"ſphere, 
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©\phere,- and the reQangles inſcrib'd ſo many 
*cplinders inſcrib'd in the ſemiſphere ; and the 
i *{1rcumſcrib'd, other cylinders circumſcrid'd. 
Demoryſtr. The circumſcrib'd cylinders ſur. 
8 Gaſs the inſcrib'd more than the ſemi-ſphere 
) *ſurpaſſes the fame 1nſcrib'd cylinders, it being 
G *ontain'd within the circumſcrib'd cylinders. 
J Bur the circumſcrib'd ſurpaſs the inſcrib'd by 
, *the cylinder AL: therefore the ſemiſphere 
; *will ſurpaſs choſe inſcrib'd cylinders by leſs 
*than the cylinder deſcrib'd by the re&angle 
*AL. Bur the cylinder AL is leſs than the cy- 
*linder MP : for there is the ſaine proportion 
©of a great circle of the iphere, Which is che 
*"baſe of the cylinder AL, co MO, as of MN to 
R ; therefore (by the preceding) a cylinder, 
*which ſhould have a great circle of the ſphere 
Eor its baſe, and the highr R, would be equal 
co the cylinder MP : bur the cylinder AL, tho 
{ir have the ſame baſe, yer its hight CL is leſs 
*than R ; therefore the cylinder AL 1s leſs than 
*he cylinder MP. Conſequencly the ſemi- 
<(phere, that exceeds the huantity D by the cy- 
*linder M2, and che inſcrib®d cylinders by a 
quantity leſs than AL ; exceeds the inſcribd 
&©ylinders by leſs, than ic exceeds the quantity 
*D; therefore the quantity D is leſs than the 
*©ylinders inſcrib'd in the ſemiſphere. 
Thar which I have ſaid of the ſemi-ſphere, is 
"applicable co an entire ſphere, 
LE M- 
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LEMMA IL 
Similar cylinders, inſcrib'd in two ſpheres, are in 
the triplicate proportion of the diameters of the 
ſpheres, 


F two fi- 

milar cy- 

F <linders CD 

*and EF be 

*inſcrib'd in 

**he ſpheres 

AandB, 

*hey will be in the triplicate proporrion of the 

*Jiamerers LM and NO. Draw che lines GD 
©nd IF. Demonſtration. | 

©The right cylinders CD and EF are fmi- 

lar ; therefore HD has the ſame proportion to 

*DR as QF to FS,as alſo KD has the ſame pro- 

orrion toDZ as PF to Fl. Conſequently the 

©riangles GDK and 1FP are (imilar, (by the 6, 

*6.) therefore KD has the ſame proportion to 

*oPFasGDrolF, or LM to ON, But the 

*imilar cylinders CD and EF are in rhe tripli- 

are proportion of KD and PF, the ſemidiame- 

*rers of their baſes, (by the 12.) therefore the 

&Gmilar cylinders CD an1 EF, inſcrib'd in the 

*pheres A and B, are in the triplicace propor- 

C:1on of the diameters of the ſpheres. 


PROP, 
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PROPOSITION X VIIL 


A THEOREM. 
Spheres are in the triplicate proportion of their diae 
meters, i 


'- ſpheres A and B are in the triplicate 
proportion of that of thetr diamerers CD 
and EF. For if ner, one of the ſpheres, ſuppoſe 
A, will be in a greater proportion to B, than 
the triplicate of that of the diameters CD and 
EF ; therefore the quanticy G, leſs than the 
ſphere A, will bein che triplicate proportion 
of that of CD to EF, to the ſphere Bz and then 
ſome cylinders may (according to the Lem.1) be 
inſcrib'd in the ſphere A, greater than the quan- 
rity G. Inſcribe an equal number of cylinders 
in the ſphere B,ſimilr co thoſe in the ſphere A. 


Q 
Demonſtr, 'The cylinders of the ſphere A to 
thoſe of the ſphere B are in the criplicate pro- 
portion of chat of CD to I F, bur the quantity 
G co che ſphere B is alſo in the triplicate pro- 
portion of that of CD to EF : therefore the cy- 
linders of the ſphere A have the ſame propor- 
tion to the timilar cylinders of the ſphere B, - 
the 
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the quantity G co the ſphere B. Conſequently 
the cylinders of A being greater than the quan- 
tity G, the cylinders of B, s, e. infcrib'd inthe 
ſphere B, will be greater than the ſphere B, 
which 1s. impoſhble. Therefore the ſpheres A 
and B are 1n the triplicate proportion of that of 
their diameters, 

Coroll, Spheres are in the ſame proportion as 
the cubes of their diamerers ; becauſe cubes, 
being ſimilar ſolids, are in the triplicate pro- 
portion of their ſides, [by the 33.11.] 
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ERRATA. 


Pag. 1. line 12, read Propoſitions. Pag. 10« |, 8. 
add 44; p. 24+1. ult. dele be. Prop. 22. 1 Sch. the letters 
4 and B are Tranſpoſed. p.64 Sch.2. add F to line EB pro: 
duced below CD. P. 73, 1. 15+ Cf. #04. ], 23, I. by the 37» 
pag. 99+ |. pznult, qele of, p+ 191-1.2. for EC read FB, pag. 
T5 l.6.for AEr. Al, p. 167. 1.3. for EF x. DF, p. 180. 10- 
for EHr, FH. p. 199. 1.20. dzl. of p. 209. 1.9. for bad read 
bave pe:60, 1.13. for ACr. EC |. 17. for AB r. DB. p. 263, 

(ck, transfer A to the other fide of the ſcheme, 


